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Motion of waves in shallow water 
Interaction between waves and sand bottoms 
By R. A. Bagnold, F.R.S. 

(Received 14 August 1945 —Read 31 January 1946) 

With an additional note by Sir Geoffrey Taylor, F.R.S. 

[Plates 1-4] 

The loss of energy of a travelling water wave, due to the mechanism of the formation of sand 
ripples and water vortices on a sandy bed, becomes of practical importance when models are 
used to predict full-scale foreshore movements. 

On the assumption that the bottom-water oscillation is nearly simply harmonic, the 
mechanism was studied by oscillating a section of bed through still water. 

The pitch, p, of the sand ripple formed was found to vary as the square root of the grain 
diameter, independently of the speed and of the grain density, for amplitudes, R, of water 
motion exceeding this pitch. But for smaller amplitudes the pitch shortens with decreasing 
amplitude of movement. 

The mean drag coefficient, k t in the case of artificial rigid ripples, was measured directly. 
For R/p less than unity, k remains constant. For R/p greater than unity, k was found to vary 
as (R/p)“ 0 ' 75 . These results are compared with the case o*f steady flow. 

The critical water speeds and amplitudes for first disturbance of grains on a smoothed 
surface was also measured, over a wide range of grain diameters and densities. The results 
conform closely to a simple empirical expression. 


1. Introduction 

The success of many major maritime engineering projects depends on the 
correct prediction of the movement of the bottom under the action of waves. Were 
the laws known which govern the interaction between the bed material and the 
oscillating motion of the water in contact with it, the use of models would be of far 
greater help than is at present the case. For though model waves over a smodth rigid 
bed run remarkably true to scale, serious discrepancies occur when one tries to 
imitate their effect on loose granular bed material. The quantity of sand transported 
is too little; the area where the bed is active is too restricted; and the bed is cor¬ 
rugated with ripples of a size out of all proportion to their full-scale prototypes. 
These comparatively big ripples make the drag between the*bed and the water too 
great, and the waves become exhausted too soon. 

The object of the experiments to be described was to obtain quantitative data 
(a) on the size and character of the sand ripples made by waves, (6) on the drag to 
which these ripples give rise, and (c) on the minimum oscillating water motion 
required to disturb the sand in the first instance. 

* The experiments were confined to the simplest case of a continuous train of 
symmetrical waves travelling over a horizontal bed. They are intended as a first 
instalment of a research into the movement of sand by water motions in which wave 
action predominates. 
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2. Bottom-water motion 

Classical wave theory, though it neglects drag, was assumed to give with sufficient 
accuracy the water motion near the bottom. For waves in deep water, and also for 
those shallow-water waves in which the wave height is small compared with the 
depth, the horizontal oscillations of the water near the bottom are known to approxi¬ 
mate closely to simple harmonic motion. For shallow-water waves of extreme height 
a co nne cted train of solitary waves of greatest height may be taken, as worked out 
by McCowan ( 1891 ). Here, too, when a suitable steady reverse motion is super¬ 
imposed on the whole body of the water in order to approximate to the practical 
case of a channel of finite length, the remaining motion at the bottom deviates 
surprisingly little from simple harmonic. It is only when the repetition distance 
exceeds the * wave-length ’ 2 v\m that large deviations occur. The horizontal accelera¬ 
tion at the bottom appears never to exceed gj6 provided the wave is steady. 

Hence simple harmonic bottom-water motion of amplitudes less than g/6(o 2 
(where the angular velocity co = 277 /wave period) appears to cover a wide range of 
practical conditions. 


3. Nature oe the experiments to be described 


In view of the above it was felt that the results of observations, made far more 
conveniently by oscillating the bottom harmonically through still water, would not 
differ appreciably from the real effects on a still bottom produced by water motion 
provided the accelerating form on the grains via the bed, due to the driving mech¬ 
anism, is small compared with the fluid force acting on them. All the results given 
and discussed in this paper have been obtained in still water. 

The two sets of experiments were carried out between October 1944 and February 
1945in the hydraulics laboratory at Imperial College with the help of Dr C. M. White. • 
In experiment 1 , in which was observed the behaviour of actual sands, the sand 
was contained in a cradle suspended from a pivot in the roof so that it could be 
oscillated through a circular arc in still water in a narrow tank. (Incidentally, this 
tank happened by chance to be one of those used years ago by Mrs Ayrton for her 
qualitative study of water-sand ripples.) The oscillation was maintained by means 
of a motor-driven crank, as shown in figure 5 a, plate 1. 

For each of a range of different semi-amplitudes It, from 25 to 0-5 cm., a series of 
runs were made at different angular speeds a, increasing from the lowest speed at 
which each sand began to move over the bed, up to the point at which the accelera¬ 
tion of the cradle at the end of the stroke reached such a value ju,g ——— that the 


whole sand mass started sliding on the steel cradle-floor. Between these limits' a 
wide range of ripple phenomena was observed. 

In experiment 2 -(figure 56, plate 1 ), by which the ripple drag was measured, a 
celluloid plate, of submerged dimensions 1 m. long and 50 cm. deep, to which fixed 
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imitation ripples were attached, was hung vertically in a large tank of water from 
a horizontal runway. The plate was oscillated by the same driving mechanism, 
from which, however, the motor was disconnected and replaced by a winding drum 
and a wire to which weights could be hung. 

This apparatus, motor driven, was also used to take still and cine-pictures of the 
’water motion near the plate, as indicated on the free surface by a scattering of 
aluminium powder. The cameras were mounted on the plate carriage and moved 
with it. 

4. General observations on the water motion over the ripple 

In figure 6, plate 2, where R was 20 cm., the ripple pitch p, 10 cm. and ripple 
height h (trough to crest), 1 -5 cm., the phase of the stroke in which each exposure was 
made is indicated by the pointer, end of stroke being at the bottom. The series 
shows one stroke (half a completed oscillation) during which the pointer rotated anti¬ 
clockwise through a complete revolution, the ripple (and camera) moved to the left 
and the main water-mass to the right. 

In interpreting the series it should be remembered that the camera moved with 
the ripples, and though the small eddies within the ripple trough and travelling 
with it appear sharply in each photograph, the large free vortices are only visible 
clearly as such when they happen to be at rest relatively to the camera, i.e. at the 
end of the stroke. They are, however, there all the time, and their ghosts can be 
distinguished by the waviness of the particle streaks. 

The water motion differs according as the stroke length 2 R is greater or less than 
the ripple pitch p (crest to crest). If it is greater (high mid-stroke velocities and low 
end-stroke accelerations), the trough is occupied dining most of the stroke by small 
eddies which have developed from the lee crest, and we seem to have the begin¬ 
nings of successive true, though incipient, stead-flow boundary layers. For strokes 
many ripples in length the little eddies may grow, break up and drift away and be 
replaced by others several times before the stroke ends. 

* But as the stroke is shortened, the formation of the eddies inside the troughs is 
delayed till a later and later phase, and when 2 jR is less thanp the troughs are empty 
of eddies till the last quarter is reached. 

During retardation at the end of the last quarter of the stroke, a single eddy in 
the middle of the trough rapidly grows into a very large vortex, which fills the 
whole trough. At the end of the stroke, or in the case of very short strokes at the 
beginning of the next return stroke, its inertia causes the vortex to lag behind, so 
that it leaves the middle of its trough and mounts up the slope past the crest and 
out into free water. During successive subsequent strokes it is forced farther and 
farther outwards away from the surface as new vortices are formed and ejected 
after it. In the first photograph the vortex appearing centrally over the ripple crest 
is an old one ejected at the end of the previous stroke. The remains of older ones can 
also be seen farther out. The general outward drift of the vortices produces a slow 
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cellular circulation in the mass of the water, which extends to a great distance from 
the ripple surface; and if the terminal velocity of fall of the sand grains is slow, the 
vortices carry up curtains of suspended grains with them. 

Time has not allowed of a detailed study of the effect on the water motion of 
varying the shape of the ripple section. In the artificial fixed ripples used, the ratio 
of wave-length to height was 6*7. It will be apparent from what follows that the big 
end-of-stroke ripple vortex will not form if this ratio is much increased. The formation 
of the ripple vortex seems to be confined to oscillatory motion, and there is no evidence 
for the existence of vortices of such a size under conditions of steady flow. The 
frictional drag between plate and water is discussed in § 9. 


5. Ripple formation under oscillatory water motion 

The rolling-grain ripple. The relations between the sand-grain size and density, 
the repetition distance or pitch p of the ripple, and the elements o) and J? of water 
motion producing it was complicated by the existence of at least two distinct types 
of ripple, each having its own formatory mechanism. Though the two ripple types 
may in some cases be similar in appearance, they differ greatly in character. The 
similarity in appearance between the two kinds of ripple, and between these and the 
profile of high-crested water waves is due respectively to the constancy of the angle 
of repose to which sand grains are tipped over the ripple crest in the two cases, and 
to the fact that this angle of a little over 30° makes at the crest, quite fortuitously, 
the precise angle of 120° which is the limiting angle of the water wave of greatest 
amplitude. 

At the critical speed of the water motion at which grains on a smoothed surface 
first begin to move (see § 11), grains start to be rolled to and fro over the surface, but 
are not lifted off it. Since the grain movement is here confined to that phase of the 
stroke at which the relative water-sand velocity at the surface is greatest (which 
occurs at about quarter-stroke), the length of the grain path remains short. It 
lengthens, however, as the oscillation speed is raised. 

Though initially distributed at random, the rolling grains become organized as 
time goes on, and tend to come to rest in parallel transverse zones. More grains reach 
these zones than leave them, so there is a progressive congregation of grains in them, 
and the zones soon become little wavy ridges a few grains high, whose crests sway 
from lee side to lee side during successive stroke reversals. Each lee side becomes 
a miniature scree at the angle of repose. As the ridge grows it shelters from the water 
action a wider and wider strip of flat surface on its successive lee sides; and when the 
sheltered area extends as far as the next ridge no further grain movement can take 
place anywhere but on the ridge itself. Hence, since the ridges can now collect no 
more grains, they cease to grow, and the arrangement becomes stable. The repetition 
distance is evidently the width of the flow shadow of the ridge, and depends on its 
height. 



Motion of waves in shallow water 5 

If the speed is, raised, the increased water speed over the intervening flat strips 
sets more grains rolling, and these in turn become trapped whenever they reach a 
ridge. So the ridges grow again until a new state of stability is reached. Adjustment 
of the repetition distance between the ridges takes place by redundant ridges joining 
up and amalgamating. 

The rolling-grain ripple occurs on all sands, but the profile varies. With fine 
grains the intervening surface regains flat. But with larger grains it becomes a nearly 
circular arc of large radius. The essential distinguishing feature of this type of ripple 
is, however, the entire absence of grain movement within the troughs, whose 
surfaces remain undisturbed either by water flow or by the impact to descending 
grains—for no crest grains leave the surface. The length-height ratio is evidently too 
big for the formation of the ripple vortex. 

The rolling-grain ripple appears to be stable, for a given oscillation amplitude, 
between the critical speed of first movement on a smoothed surface and about 
double that speed, and within this range the vortex ripple will not form at all, 
provided there are no irregularities anywhere on the surface higher than say 20 grain 
diameters. 

But if the speed exceeds twice the critical speed, the steep lee slopes reach such 
a height that an abrupt change takes place in the character of the water motion; 
the ripple vortex suddenly appears, and the whole regime breaks down. 

The vortex ripple. The breakdown begins at one spot, where the crest happens 
first to exceed the critical height. From this spot the new regime of vortex ripples 
spreads rapidly over the rest of the surface like a disease. Successive stages are shown 
in figure 7, plate 3. Here the breakdown was started artificially by placing a small 
heap of sand, about 30 grain diameters high, on the surface. But any kind of surface 
feature will suffice—a pebble dropped on it, for instance, or a steep-sided dent 
made in it. 

Indeed, it is not even necessary that the oscillation speed should have attained 
that needed for the spontaneous breakdown of the rolling-grain ripple. For the 
vortex-ripple mechanism will operate, and the ripples develop, from any sufficiently 
large surface feature at speeds even below that needed to start grain movement on 
a smoothed-out surface. 

The operation of the vortex-ripple mechanism appears to be as follows. At the 
end of the stroke when the fully grown vortex begins to overrun the ripple, it comes 
into contact with the sand at the ripple’s foot. Grains are scooped out from here 
and shot upwards parallel with the surface of the slope, as if the sand at the bottom 
had been touched by a spinning wheel. The path of the bulk of the lifted grains is 
such that they come to rest just at the crest of the ripple; and it seems to be this fact 
that maintains the ripple system in equihbrium and controls the size of the ripple. 

With grains of a high terminal velocity of fall, none of them overshoot the crest 
into the water above, and there is therefore no suspended sand cloud. But with fine 
or with light grains a proportion of them get involved in the water of the vortex, 
and are carried up with it. 



6 R. A. Bagnold 

After the grains from the bottom have been lifted to the crest there is, except 
with very short strokes, a short pause till the vortex on its upward journey parallel 
with the ripple slope has passed the crest and become separated from the ripple 
altogether. By this time the ripple has just begun to move backward in the reverse 
direction. A jet of water now begins to squirt down the outward slope of the ripple, 
between the crest and the departing vortex. This jet flicks a volley of grains from the 
crest downwards parallel with the outward ripple slope. The grains impinge 
violently on the sand surface at the bottom, ricochet off it, scoring out a hollow 
where they strike, and finally come to rest beyond, where they gradually, collect 
and build up the ridge of a second ripple. 

As the return stroke proceeds no further grain movement takes place in the trough 
until the end of the stroke, when new vortices perform the same operation in the 
opposite direction. But during the stroke, while there is no large vortex in the ripple 
trough, the velocity of the water flow over the crest tends to flatten it by dislodging 
the grains at the sharp cusp and rolling them over down the lee side. 

This velocity effect at mid-stroke becomes more pronounced as the stroke is made 
longer, so that the ripple height decreases. When the stroke length is very long and 
the velocity high the crests become so flat and rounded that the limiting wave¬ 
length/height ratio is reached at which the restoring end-of-stroke vortex cannot 
develop. 

With very short strokes, on the other hand, there is no horizontal flow over the 
crest at any part of the stroke, and the crests remain sharply cusped, as in plate 3, 


% 6. The pitch oe vortex ripples 

The first attempts to measure the pitch of the ripples gave inconsistent results 
because it was not realized that the ripples are capable of considerable compression 
when overcrowded. When generated directly from a smooth sand surface at speeds 
exceeding the breakdown value for the rolling-grain ripple (i.e. exceeding twice the 
critical speed), vortex-ripple nuclei are formed at several haphazard places at once. 
As each of these develop and multiply, the separate groups compete with one 
another for space; and the resulting pattern, though regular and apparently stable, 
has in reality a shorter pitch than would be the case if each ripple had adequate 
'living room 5 . Thinning out can only occur if two ripple crests happen to incline 
towards one another and to coalesce. So, since the transverse arrangement seems 
to be very stable, accidental coalition can occur but rarely and one has to wait a 
very long time. , 

This elasticity is no doubt possible owing to the fact that each ripple ridge together 
with its alternate lee-side vortices comprises a complete unit capable of separate 
existence. At the true natural spacing the mean points at which the vortices scoop 
out grains from the bottoms and throw them up to the crests coincide with the 
centres of the troughs. Overcrowding merely results in these points being pushed 
off the trough centres towards the feet of the opposite ridges. 
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This uncertainty as to the true natural pitch was finally overcome by ensuring 
that the ripple system started from a single nucleus only. This was done by working 
at very low speeds—the critical speed for initial smooth-surface grain movement 
was taken as a standard—and by starting the ripple mechanism from a single 
artificially made transverse ridge. From this nucleus the ripples can multiply freely, 
in both directions. The final natural pitch was assumed to have been attained when 
three adjacent ripples had grown to equal size. Ripples formed at higher speeds 
were started by the same method. 

In all cases it was found that the pitch was independent of the speed of the 
oscillation. The experimental pitch measurements for sands of various grain dia¬ 
meters and densities are plotted in figure 1 against the oscillation amplitude R. 
A wide range of grain diameter and of grain density was used. The diameter varied 
between 0-25 and 0-009 cm., and the densities used were those of steel (cr = 7-9), 
quartz (cr = 2-65) and coal (cr = 1-3). 



COM. d* 0-15 cm 
STEEL d« 0-06 - 
QUARTtd»0-O8 * 

QUARTZ *d-0-036 « 
COAL d * 0*036 . 

STEEL d >0*036 « 
• 

QMrfVPTZ d • 0016 « 


QUARTZ d « 0*009 * 


SEMI - AMPLITUDE R OF OSCILLATION (Cm.) 

Figure X 


It will'be seen that as the amplitude R of the stroke was decreased from the 
experimental maximum of 32 cm. the pitch p of the ripple, measured from crest to 
crest, remained constant at avalue P which seems to depend only on the character¬ 
istics of the sand. But with the exception of the two biggest grain sizes, coal 0-25 cm. 
and quartz 0*08 cm., the pitch length began to fall suddenly as soon as the ratio 
R/P had reached unity, and for smaller values of R this ratio remained approxi¬ 
mately constant. 

From table 1 (in which values of P and d are given in cm.) it appears that the 
natural pitch P of the sand is independent of the grain density and varies nearly as 
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the square root of the diameter. The range of values of to and M for whioh the experi¬ 
mental values of P were found to hold extended from the lowest value of (o for 
initial grain disturbance, as given in § 11 up to the limits disoussed in § 8. 


Table 1 



steel 



quartz 



coal 


d 

P 


d 

P 

P/jd 

d 

P 

PNd 

0*06 

20-0 

82 

0-08 

18-7 

66 

0-25 

20-5 

41 

0-036 

10*5 

55 

0-036 

12-3 

64-5 

0-036 

11-0 

58 




0-016 

‘ 8-0 

63*5 







0-009 

5-8 

61 





' The above measurements were made on the pitch of ripples in sands of nearly 
uniform grain size. In order to test the effect on the pitch of non-uniformity of size, 
a quartz sand was made up in which the grades fell off very gradually on both the 
smaller and larger sides of the dominant diameter of 0-036 cm. It was found that 
although the size distribution was considerably wider than most sands found in- 
nature, the ripple pitch still followed exactly the same curve as that for the uniform 
sand of 0-036 cm. diameter shown in figure 1. 

The absence of any appreciable variation with the grain density is curious. Of 
the two most likely ways in which the diameter alone could become a controlling 
factor, surface roughness within the ripple trough and permeability of the material, 
there is a little evidence in support'of the former. For in the case of the sand of mixed 
grain size whioh had the same value of P as that of the uniform sand of the dominant 
diameter, there was a distinct segregation of the grains; the hollow of the ripple 
was covered with those of the dominant size, whereas the smallest and largest grains 
collected together to form the crests. 

The. pitchjheigJit ratio of vortex ripples reaches a minimum value of between 4-6 
and 5 near the bend of the curves in figure 1. It increases as the amplitude is lengthened, 
rill at the experimental limit of R = 32 cm. it had risen to nearly 8. The ratio appears 
to remain constant for shorter amplitudes, but at very short amplitudes measure¬ 
ment was complicated by the appearance -in the ripple troughs of the features 
described in the next section. 

7, The ‘bblck pattekst’ at very short stroke amplitudes 

A curious modification of the vortex ripple appeared with all sands, independently 
of the working speed, when R was reduced to about P/6. Longitudinal and ‘equi¬ 
distant bridges were formed spanning the ripple troughs from crest to crest. The 
transverse spacing between them was very regular, being either one, two or three 
ripple pitches; and the positions of all the bridges across one ripple trough always 
‘broke joint’ evenly with those across the troughs on either side, so that a perfeot 
diagonal pattern was created. The effect is shown in figure 8, plate 4. Sometimes the 
bridges rose higher above the surface than the ripple crests themselves. The water 




' 


Proc. Roy. Soc. A, volume 187 , plate 1 
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Proc. Iioy. Soc. A, volume 187 , plate 2 



(/) 

Direction of ripple <— Ripple pitch 10 era. 
Half-period 3*4 sec. Ripple height 1*5 era. 

Exposure 0-2 sec. Stroke 20 cm. 
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Proc. Boy. Soc. A, volume 187, plate 3 



Figure 7 
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Proc. Roy. Soc. A, volume 187, plate 4 



Figure 8 
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vortices must in these cases have been broken up into separate or nearly separate 
pieces, rather like strings of sausages. 

The brick pattern appears in deep water on the sand bottom of a wave tank 
whenever the water amplitude is short enough; and the fact that it appears also 
under the very artificial experimental conditions where the bottom is oscillated 
through still water affords good evidence that no serious unrealities can be intro¬ 
duced by the experimental artifice. Further, the pattern persisted in the oscillating 
cradle even when the speed was raised to the theoretical breakdown value at which 
the end-of-stroke acceleration of the cradle must cause a general slipping of the 

sand grains, i.e. when Bco 2 = /m This goes to reassure one as to the soundness 

of other experimental observations made close to this limit. 

8. Physical limits to the existence of vortex ripples 

Figure 2 gives a tentative schematic view of the various limits which appear from 
the experiments to bound the region (shown shaded) of water motion in terms of 
o) and B } in which the vortex-ripple mechanism can operate. Two examples have 



Figure 2 
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been taken: a quartz sand of 0-08 cm. diameter and a small grain coal sand of 
0-036 cm. diameter. In the diagram each of the bounding lines shown is lettered as 
below. The limits for which there is direct evidence, either experimentally observed 
or calculated from wave theory, are shown as continuous lines. Inferred limits are 
shown as broken lines and limits set only by the apparatus used are dotted. 

(а) Critical water motion for first disturbance of a smoothed-out sand surface. 
This was found experimentally, and is given by equation (4) in § 11 , where it is 
further discussed, 

. (a') Motion at which the vortex mechanism will continue to operate when once 
one ripple is formed. Speeds about 20 % lower than (a) (omitted from figure 2 for 
sake of clarity). 

( б ) Spontaneous formation of vortex ripples when no initial surface feature is 
present as a nucleus. Speeds about twice (a). 

(c) Artificial limit set by experimental method, whereby the cradle acceleration 

RoP could not exceed ug -—-, where fi is the friction coefficient. 

cr 

(d) Limit of bottom-water accelerations possible under stable travelling water 
waves. About <7/6. 

(e) Limit set to the smallest ripple pitch by size of the grain. This could only be 
observed for large grains. Ripples failed to form when ripple pitch was less than 
30-60 grain diameters. 

(/) Limit of stroke length; set by size of apparatus only. 

(g) Observed failure of vortex mechanism at long strokes. 

The lower speed limits set by (a') or ( 6 ) will be seen to converge with (d) as the 
stroke amplitude decreases. Since both (a') and ( b ) shift upwards with increase 
of either grain diameter or grain density, the region in which large heavy grains can 
ripple under free water waves is considerably restricted. But (d) can be raised under 
special conditions such as the violent oscillations which take place at the foot of a 
vertical wall against which waves are breaking. I obtained steep well-formed ripples 
by this means with pebbles 0-9 cm. in diameter (Bagnold 1940 ). 

The limit (g) for long strokes is of some practical interest. Unfortunately, it lay 
in most cases beyond the experimental limit (/) of JR = 32 cm. set by the apparatus, 
or else so close to the acceleration limit c as to be of doubtful significance. There was, 
however, fairly definite evidence that at high speeds the vortex mechanism began 
kto fail in the case of the 0-08 cm. quartz sand before the stroke amplitude reached the 
-experimental limi t; and that failure occurred at shorter strokes as the grain size 
and/or density was reduced. The characteristic steep-sided vortex ripple, with its 
plume of whirling grains, gave place to a very flat streamline undulation over which 
a dense layer of moving grains glided low and smoothly like an oily liquid. There 
was also evidence of a change of pitch. In the case of the 0-036 cm. coal sand it rose 
abruptly from 11 to 15 cm. 

Since the disappearance of the vortex occurs first at the highest oscillation speeds 
and longest strokes, it would seem to be a velocity effect; an inference which is 
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supported by the three limiting values found for o) in the case of the fine coal sand of 
0*036 cm. diameter, and plotted in figure 2 6. If so, it can be represented by a 45° line 
in the diagram. 


9. Magnitude oe the oscillatory drag oe a 

RIPPLED SURFACE UNDER WAVES 

In experiment 2, figure 56, the mean drag r per unit area of the artificially rippled 
plate was obtained from the measurement of the work done per oscillation in moving 
the plate through the water. For each of a range of different semi-amplitudes i?, 
from 30 to 5 cm., records were made of the final steady angular speed <o maintained 
by each of a series of weights. The work done was given by the product of the effective 
weight (corrected for mechanical friction) and the distance it had fallen (the drum 
circumference). From this the mean drag r throughout the oscillation was found by 
dividing by the total distance 4 R travelled by the plate and by the area of the plate, 
both sides of which were rippled. In order to check for possible end-effects, the 
experiment was repeated with a short plate carrying one ripple only. The results of 
this check showed that end-effects were negligible. 

The pitch/height ratio of the ripples was 6*7 to 1; and the ripple trough sections 
consisted of circular arcs meeting to form sharp crests at an angle of 120°. Two plates 
were used, on one of which the ripple pitch was 10 cm. and on the other twice the size. 

The resulting figures for r and a> for various values of R are plotted in figure 3. 
r was found to be proportional to o) 2 for all values of R. But the variation of r with 
R and with the ripple pitch p appeared to follow two different laws according to 
whether R was greater or less than p. 

For all values of Rjp less than unity, the drag coefficient k = rjpoj 2 R 2 was constant 
and independent of the ripple pitch, and thus 

R/p<l, k~ 0*08. ' (l) 

Corroboration of this result seems to be forthcoming from steady-flow considera¬ 
tions. The drag, per plate, of a Venetian blind’ of a series of flat independent and 
widely spaced plates set at right angles to the direction of motion is cpv 2 A , where A 
is the area of the plate and c depends on its length/breadth ratio. For infinitely long 
plates the value of c is given as 2 in Smithsonian Tables , Washington, 1934, table 
159. Hence, if the breadth of each plate is 2h , and their spacing is p, the drag coeffi¬ 
cient per unit distance in the direction of motion is 2 x 2hjp. If now the plates are ‘ 
connected by a plane membrane through their central axes, each side becomes a 
surface roughened by transverse slats of height h, and the drag coefficient k for one 
side only will be 2 hjp. Assuming (i) that one can compare this with the r.m.s. velocity 
in the oscillating case, i.e. that it should be halved in order to become the k of equa¬ 
tion (I) for which the maximum velocity R?o) 2 was used, and (ii) that the wide spacing 
in the steady flow case is comparable with the short stroke in the oscillating case, 
then, giving hjp its experimental value of 1*5/10, 

k = 0*15. (1<$) 
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This is of the same order as the experimental value, and is also independent of JR, 
That it should be too big is to be expected, since the slats were vertical whereas the 
ripple troughs were filled in by smooth curves. 



Figure 3 

For values of JRjp greater than unity, the experimental drag falls off with increasing 
values of JR according to 

' Bjp> 1, *4- 0-072(!)~° 75 , (2) 

thongh. to what extent the numerical constant depends on the ratio h/p is not known. 

In this case it is necessary to deal with the formation of a succession of transitory 
boundary layers, and confirmation of the results again corp.es from the steady 
flow case. Now I. Moyal, in an unpublished Ph.D. thesis,* found that the drag 

* University of London, 1935. 
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coefficient of a rough, plate of length L moving longitudinally through the water is 
given by 

1 /A = 4-65 log 0^xl-64j, (3) 

where d is the diameter of the sand grains with which the surface was roughened; 
and H. Schlichting ( 1936 ) gives* values of the sand diameter d which is equivalent 
to the heights of other sorts of roughness. For vertical transverse slats of height % 
spaced at p = 7 h, d is about I4h. 

Assuming that for the length L of the plate may be substituted the amplitude 2R 
of the oscillation, and putting d = 14 x 0-15 xp, equation (3) becomes 

1 l*fk = 4-651og 3-15^. (3 a) 

For R/p = 1 this gives k = kJ2 = 0-09, which may be compared with the experi¬ 
mental value of 0*072. For R/p = 3 it gives k = 0*025, which is rather smaller than 
the experimental value of 0*03 to be found from figure 3. There is, therefore* a general 
agreement as regards the values of k, and k does fall off as R increases, though the 
log relation yields in this region of R/p a rather steeper curve. 

10. Relation's between drag results and dimensions 

OE ACTUAL SAND RIPPLES 

In attempting to relate the above results to those of the preceding sections, it 
should be borne in mind that: 

(а) The final curve of figure 3 applies only to ripples of constant pitch/height 
ratio <fi = plh,, whereas in the actual sand ripple 0 increased as a direct function of R, 
of the order of (R/p) 0 ' 25 for all observed values of R/p greater than unity. 

( б ) The limiting value of <j> which the sand ripple attains where R/p is reduced to 
unity is doubtless set by the almost constant angle of repose of the sand grains on 
the sides of the ripple crest, and by the curvature of the trough bottom which could 
hardly have a radius less than that of the vortex which sweeps it out. 

(c) With two exceptions, probably created in both cases by the excessive sharpness 
of the grains, R/p does not appear in actual sands ever to be able to fall much below 
unity, so it is possible that equation ( 1 ) never operates, because of the limiting value 
of <i> being reached. 

Now the whole phenomena of the vortex ripple suggests that when Rjp > 1 
there is a conflict between the end-of-stroke retardation, which appears to be 
responsible for the vortex which heightens the ripple crest, and the mid-stroke 
velocity of flow which tends to flatten out the crest; and the ratio retardation/ 
velocity is 1 jR* Since from (a) above it seems that the actual value of k varies much 
more nearly as pjR than (pjR) 0 ' 75 , it looks as if the c natural pitch* P is such that 

7 _ retardation 

kocPx -=—rr—, 

velocity 
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and as if for any'given grain diameter and stroke length the sand so adjusts itself 
as to give the maximum possible drag allowed by (i) the ratio retardation/velocity, 
(ii) the grain diameter of the sand, and (iii) the limiting geometry of the ripple. 


11. Smoot# sand surfaces. The critical water motion for 

FIRST DISTURBANCE OF THE GRAINS 

The sand sample was spread over the cradle of experiment 1, figure 5ct, and the 
surface carefully smoothed. The oscillation speed was then raised till grain movement 
"began. 

An outstanding feature in this experiment was the absence of any signs of turbu¬ 
lence in the water, even at distances above the surface comparable with one grain 
diameter. The skein of colour threaded through the water which was left by a particle 
of dye as it fell to the bottom remained almost undisturbed after many oscillations 
had taken place. 

For each, of the sands used the values of o) corresponding to various semi-amplitudes 
R of the oscillation are plotted in figure 4, whence the critical angular speed o> 
appears to conform with the empirical relation 

= 21 • 5i2"*°* 75 y 0 ‘ 5 ^ 0 ' 325 , (4) 

where y is the ratio of apparent density, cr the density of the material having 

the values given in § 7, and p being unity for water. 

In these measurements it is unlikely that the unreal conditions of still water and 
an oscillating cradle can have affected the results, since in this case the maximum 
accelerations of the moving cradle at the end of each stroke were very small com¬ 
pared with the limiting value of (J —~ jug; and, moreover, the initial grain movement 

took place at a later phase when the acceleration was considerably less than the 
maximum. 

But there are several sources of possible error common to all measurements of 
the fluid velocity for first-grain movement: 

(а) The difficulty of maintaining by eye, from one amplitude to another, and from 
one grain size to another, a consistent standard as to the proportion of moving grains 
on the surface which should constitute e first movement’. This may well have 
introduced a systematic error which would affect the exponent of B, and would 
increase in magnitude as the stroke was shortened. 

(б) The impossibility of using completely uniform material. The first surface 
grams to move might have been those of exceptional size or shape. 

(c) In the, case of the lightest material (coal) the possibility that the first grains 
to move might have had tiny air bubbles adhering to them. This error was watched 
for, but may not have been entirely excluded. Hence the actual value of y in this 
case may have been rather too high. 
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With the justifiable introduction of g in association with y in the form (gy) n , 
(4) may be written as 

(o = ABP-™(gy)™d°' 25 d<>' ° 75 , (4a) 

which is non-dimensional except for the final remnant exponent of d. But it seems 
likely from the apparent absence of turbulence that (4 a) should also contain a factor 
involving the viscosity v. 



Figure 4 

Further experiment is needed, using fluids of other viscosities, but (4) may be of 
some use as a first approximation in interpreting the results of model experiments 
with low-density artificial sands. 

The above work was carried out on behalf of the Ministry of Supply, and my thanks 
are due to the Director-General of Scientific Research and Development for per¬ 
mission to publish. 
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Note on R. A. Bagnold’s empirical formula for the critical water 
motion corresponding with the first disturbance of 
grains on a flal? surface 

By Sir Geoeerey Taylor, F.R.S. 

In §11 of his paper Bagnold calls attention to the fact that at the stage ■ 
when oscillating water is just beginning to move sand grains no turbulence is 
produced even at a distance from the surface comparable with one grain diameter. 
The motion of water near a smooth plate which is oscillating horizontally has been 
calculated (Lamb 1932). In Bagnold’s notation the horizontal velocity u of the 
water at height y above the plane is 

u = (oRe~fi y cos (c ot—fly), (1) 

where /? = ^/(w/2v) and v is the kinematic viscosity. 

At distances from the plate which are small compared with 1 //? the motion is 
nearly the same as that of a liquid which is shearing uniformly at rate a, where 

a = ^1 = R cos (a )t + in). (2) 

In fact, the motion through the whole layer which extends from the surface to 
y = ijoii) is very nearly a uniform shearing flow, so that it seems justifiable’to 
consider cases where grains have diameters less than • v /(2i>/w) as though they were 
being subjected to the stresses which would be applied to their surfaces by a uniform 
shearing motion in the fluid. In Bagnold’s experiments 0 ) varied from 0- 5 to 6 sec. -1 , 
so that taking v — 0*011 the above consideration might be expected to apply to grains * 

whose diameters were below the range — 0-2 to = 0-06 cm. 

Three grades of quartz sand used by Bagnold satisfied this condition, namely, 
those of mean diameter 0-0016, 0-016 and 0-036 cm. diameter. 

The system of flow patterns produced in a uniformly shearing fluid by a grain of 
given shape when the diameter, d, the rate of shear a or the kinematic viscosity v 
• vary depends on a single variable only, namely the Reynolds number 

z = cuPjv, (3) 

and the force which the fluid exerts on the grain must be of the form 

F'= d*p(ccd) z f{z), (4) 

where/is a function which depends on the grain shape only and not on its dim ensions. 
The condition that the grain will move must therefore be of the form 

paWfo) = A(cr—p)gd 3 , 

[ 16 ] 


( 5 ) 
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where A is a constant depending on the grain shape only. (5) may be rewritten 
in the form 




(6) 

where 

II 

-O 1 

(7) 

(6) may now be regarded as an 

equation for (z) and can be solved to give 



ad 2 AtY\ 

— = z = 0(£), 

(8) 

where 

^ * 
II 

(9) 


In this form (8) may be compared with Bagnold’s empirical equation (4) § 11 which 
gives the way in which co depends on R, d and y for substituting the maximum value 
of a from (z), namely a = v~*oA R, (8) becomes 

(0 = , ( 10 ) 

where x(0 = [$H£)3®- 

It will he seen that this analysis leads to the expectation that the exponent of R 
will be — 0-66 instead of the empirical value — 0*75. 

The particular form of x which most nearly coincides with Bagnold’s empirical 
relation is <f>(Q = jB£*. This gives 

o) as (constant) R~ i (gy)fy~ i d^, (11) 

making the exponent of gy, 0*45 instead,of the empirical 0*5; and that of d, instead 
of 0*325. 

It is of interest to note the two limiting forms which might be expected when 
ad 2 jv is very small or very large. In the former case (Stokes’ law), f(ad 2 /v) is pro¬ 
portional to v/ocd 2 and (10) reduces to 

0 ) = (constant) -R~%y) f v~^d% ^Stokes’ law, small values of > (12) 

while in the latter 

co = (constant) R~*(gy)~$ ^constant drag coefficient, large values of °^~- 

(13) 

It seems from (11) that the empirical formula gives exponents for y and d which are 
intermediate between those of (12) and (13) but, so far as the variation of cd with d 
is concerned, the empirical formula is much closer to the Stokes’ law limit (equation 
(12)). 
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It is of interest to make a rough, approximate calculation of the critical value of 
a at "which grains might be expected to begin to roE. Taking the case of a cubical 
grain of side d, if the tangential traction on the upper face due to viscous drag is the 
same as that on the surface on which the grain rests, it will give rise to a moment about 
the down-stream lower edge of the cube of amount pad 3 . The face of the cube which 
faces the stream might be expected to experience a pressure of approximately the 
same magnitude as that in a half pitot tube placed facing the stream. This has been 
measured (Taylor 1938 ) and found to be approximately 1-2/ml when the opening of 
the tube is so small that Stokes’ law is obeyed. If the rear face of the cube has a 
suction of this magnitude, the moment of the normal components on the front and 
rear faces about the lower edge is l- 2 pad 3 . It seems likely that the normal component 
on the top face and the tangential components on the front and back faces will 
contribute less than the components already mentioned. The tangential drag on 
the side faces will make some positive contribution towards upsetting the cube, 
but it is difficult to make an estimate of its magnitude. These considerations lead to 
the conclusion that a cubical grain might be expected to roll when 

2-2/tad 3 > \(p —or) gd 4 , (14) 

or expressed in terms of oj and B if 


0) > (4-4)~* (- yg) ^v+jR-^d*. (15) 

If this calculated value of 0 ) is represented by the symbol the following table 
gives a comparison between « cube and the observed value of to at which grains begin 
to move (<w ob8 .) taken from Bagnold’s figure 4. 


d (cm.) 

0*009 

0*016 

0*036 


B (cm.) 

11 

8 

10 


w 0 bs. (sec.- 1 ) 
1*0 
1*5 
1*8 


&cube (sec.- 1 ) 
2*0 
3*63 
5-4 


It will be seen that and G> cube are of the same order of magnitude, but that 
toobs. is greater than o eube . If similar rough arguments had been applied to the case 
of a hexagonal grain of height d in which the moment of the gravity component about 


the rolling edge is (volume of grain) (p - or) instead of j(volume) (p-<r)g 

better agreement between the calculated and observed values of co would have been 
obtained. 
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The photochemical polymerization of methyl vinyl 

ketone vapour 

By T. T. Jones and H. W. Melville, F.R.S. 

(Received 3 August 1945 —Read 14 February 1946) 

The photo-polymerization of methyl vinyl ketone vapour at pressures up to 60 mm. and 
temperatures between 0 and 60° C has been investigated with the following results. The 
kinetic order of the reaction increases with pressure and decreases with increasing tem¬ 
perature. The highest order recorded is 7*4. The temperature coefficient of the reaction is 
negative, but the rate does not obey the usual exponential relationship. The polymer pro¬ 
duced is insoluble. These observations all point to the intervention of a branched chain 
mechanism, and on this basis the abnormal kinetics may be quantitatively explained. 

The polymerization occurs by the splitting of the methyl vinyl ketone molecule into free 
radicals, probably CH 3 -bCH 2 ==CH.CO. The former radical initiates a free radical poly¬ 
merization which is terminated by a mutual interaction of two radicals in the vapour phase. 

The CH 2 =CH.CO radical appears to break up with the production of carbon monoxide, 
the CH 2 =CH radicals combining to yield butadiene which plays no further part in the 
reaction. 

A micro-vapour pressure analyser is described which will deal with a few cubic mm. of 
vapour at n.t.p. 

A fundamental problem in the initiation of polymerization reactions by means of 
ultra-violet radiation is the determination of the nature of the activated monomer 
molecule. On the one hand it may be that the activated monomer is a diradical and 
that molecules of monomer then add on to the free valencies so produced—the free 
radical mechanism—alternatively, the double bond may become excited in some 
special manner so that subsequent addition of monomer occurs with the preservation 
of an activated terminal double bond in the molecule. In previous papers an attempt 
has been made to discriminate between these two types by studying the kinetics 
of the free radical reaction by the intentional addition of hydrogen atoms or methyl 
radicals (Melville 1937 ). In the case of methyl methacrylate and vinyl acetate there 
is clear evidence for supposing that the direct photochemical reaction does not take 
place by the free radical mechanism, since the kinetics are so dissimilar to those of 
the reaction induced by free radicals. 

The molecule of methyl vinyl ketone is of particular interest in this connexion 
because there is the possibility that, like many other ketones, it may break up into 
free radicals on absorbing radiation, 

1 1 11 

CH3CO. CH=CH 2 = CH3CO + CH=CH a or CH 3 +C 0 CH=CH 2 . 

Therefore the only possible kind of reaction would be of the free radical type initiated 
by one or other of the radicals so produced. In this paper an investigation has there¬ 
fore been made of the kinetics in an attempt to establish the nature of the mechanism 
of polymerization. It so happens that many new peculiarities appear in this reaction 
which seem to be unique, and further emphasize the kinetic problems that still 
have to be solved in this branch of chemical kinetics. 

[ 19 3 


2-2 



20 


T. T. Jones and H. W. Melville 


Experimental 

The general arrangement of the apparatus is shown in figure 1 . The usual mercury- 
oil pump combination was used for evacuation. Owing to the solubility of methyl 
vinyl ketone and other vapours in the tap grease it was essential to use mercury 
cut-offs if the vapour had to be confined for long periods at constant pressure within 
a given part of the reaction system. The reaction system itself consisted of a wide- 
limb mercury ma nometer GG. a graduated gas burette HH, a U tub© which could 
be imm ersed in liquid air, and a cylindrical quartz reaction vessel 6 cm. in diameter 
and 2 cm. thick. A side tube led to a special type of vapour analysis apparatus which 
will be described later. The movement of the mercury in the manometer was observed 
to within 0-05 mm. by a suitable travelling microscope. To avoid heating the reaction 
cell from the mercury lamp the former was immersed in a water thermostat which 
was fitted with a quartz lens and an acetic acid filter to cut off radiation at wave¬ 
lengths less than 2500 A. 



With this kind of arrangement it is therefore possible to follow the reaction at 
constant pressure or at constant volume. Small pressures of gas not condensable in 
liquid air are measured on the Pirani gauge. It was found necessary to protect this 
gauge by an additional liquid-air trap on account of the small amounts of monomer 
liberated from the tap grease and from the walls of the apparatus. 

A check on the constancy of the output of the mercury lamp was kept by a photo¬ 
cell unit. The method employed was that suggested by Bowen ( 1936 ). This consisted 
essentially of a matrix of fluorescent crystals upon which the total radiation from 
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the lamp fell, the fluorescent radiation being measured by a General Electric Com¬ 
pany photocell electrometer valve combination unit. Using crystals of uranyl 
ammonium sulphate, U0 2 S0 4 .(NH 4 )2S0 4 2H 2 0, Bowen has shown that from 2500 
to 4500 A each quantum of absorbed radiation yields one quantum of fluorescent 
radiation at about 5000 A. Since the photoelectric sensitivity of a potassium cathode 
has a maximum at this wave-length such a cathode was used in the photocell. The 
detailed arrangement of the photocell end of the unit is shown in figure 2. A B is the 
fluorescent cell consisting of two thin polished silica plates 
40 mm. in diameter enclosing the matrix of crystals em¬ 
bedded in purified paraffin wax. Beyond this cell is an 
Ilford y filter to cut out all radiation shorter than the wave¬ 
length of the fluorescence before it impinges on the cathode 
EF. Since both sides of the cathode are sensitive a polished 
chromium-plated reflector is placed around the glass 
envelope of the unit. The whole system is enclosed within 
a brass cylinder and is connected by means of a multi-cored 
screened cable to the necessary control gear and potentio¬ 
meter. The cell is operated in the usual way compensating 
for the change in the grid voltage on the electrometer valve 
when radiation falls on it by injection into the circuit of 
the necessary voltage from a potentiometer. 

This form of fluorescent screen, while mechanically rigid, 
is not very efficient for a variety of reasons. Some experi¬ 
ments were made with two varieties of cell, A in which 
the tablet-like crystals were placed between the silica plates without any 
embedding agent, B in which the crystals were immersed in spectroscopically pure 
cyclohexane. The sensitivities at 3000 A were in the ratios normal :A :B::1 :1*59: 3*0. 
(We are indebted to Mr Bowen for lending several cells of this kind for this and other 
experiments not recorded.) 

The same system is also used for measuring the absorption coefficients of acetone 
and of methyl vinyl ketone. A variety ,of high-pressure mercury lamps was used 
for these experiments. 

Preparation oe methyl vinyl ketone 

2-Chloroethyl methyl ketone was prepared by absorbing ethylene in an ice-cold 
mixture of acetyl chloride and aluminium chloride. The resulting mixture was 
carefully poured into ice water to hydrolyse excess acetyl chloride. The chloroketone 
was then extracted with chloroform and the solution washed with water to remove 
acetic acid. The solution was dried with calcium chloride, the chloroform removed 
at reduced pressure, and the chloroketone distilled at 65° C. The latter was 
slowly added in 30 g. lots to dry dimethylaniline. At the reactign temperature the 
methyl vinyl ketone distilled quickly from the mixture. This was redistilled and 
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collected at 77-80° 0. The liquid is best stored in solid carbon dioxide but may be 
kept in a refrigerator at 0° C for 1-2 months. Further purification was effected by 
drawing the liquid into trap J in figure 1 , which contained dry potassium carbonate. * 
The middle fraction of the low-temperature distillation in vacuo was collected in 
another trap immersed in solid carbon dioxide. 


Effect of pressure and of temperature ok polymerization rate 

Methyl vinyl ketone vapour at pressures of 50 mm. and at 20° 0 polymerizes 
rapidly with the formation of a dense mist of solid polymer in the vapour phase on 
illumination with radiation between 2500 and 3500 A. While the predominant 
reaction is polymerization, prolonged illumination gives rise to small amounts of 
carbon monoxide, butadiene and traces of unidentified compounds. After several 
runs a thick skin of polymer forms on the surface of the reaction vessel. At the 
beginning of a series of runs with a clean reaction vessel there is a gradual increase 
in rate, for example, 

number of run 1 3 5 7 9 

rate in molecules per min. x 10 -18 0*25 0*66 1*05 1*32 1*44 

As will be shown later the reason for this increase is due to the fact that with un¬ 
covered silica walls the active polymeric molecules are rapidly deactivated on colli¬ 
sion with the walls. As the walls become covered with polymer they become in¬ 
creasingly inert and a maximum rate is attained when all deactivation of active 
polymer occurs in the gas phase. If too much polymer is allowed to deposit the rate 
begins to fall owing to absorption and scattering of light by the film of polymer. 
These effects are particularly troublesome in working out reliably the kinetics of 
the reaction. In a11 this work therefore a reaction vessel had to be brought into an 
appropriate state in order to avoid wall effects and every experiment preceded and 
followed by one made under standard conditions. 

Nature of polymer. The photo-polymer produced in all these experiments was 
completely insoluble, thus suggesting a cross-linked structure. Further, the polymer 
finally became brownish in colour and exhibited a greenish hue in transmitted light. 
This coloration became more marked on warming the polymer in vacuo to about 
100 ° C when a small quantity of colourless liquid, believed to be mainly water, was 
collected. Similar observations have been made by Marvel & Levesque ( 1938 ) on 
subjecting polymethyl vinyl ketone to pyrolysis. These authors attribute this to 
the dehydration of the polymer thus: 


yl: o yho 

CH S CH S 



Another way in which the development of colour may be explained is the following 
set of rearrangements which can give rise to a kind of polyene structure known to be 
particularly strongly coloured (Bowen 1943 ). 
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—CHj—CH—CH 2 —OH—CH„— 

<io Jo 

ch 3 ch 8 

—ch 2 —c—ch 2 —c—ch 2 — 


CH S 



—CH a —C-CH S -C—CH a — 


CH S OH CH 3 OH 
—CH=C—CH=C—CH= 

. Ah Ah 


It is unlikely that a system of conjugated bonds would extend very far for it would 
lead to much more intense coloration than is actually observed. 

Effect of pressure. Preliminary experiments had clearly shown that the pressure 
dependence of the reaction rate was abnormal in the sense that not only was the 
order variable over a relatively small pressure range, but at high enough pressures 
became very high. The experimental procedure, therefore, was as follows. 30 mm. 
was fixed as a standard pressure and all the runs refer to the rate at this pressure, all 
experiments being carried out at constant pressure except where otherwise stated. 
For example, in order to obtain the increase in rate on raising the pressure to 40 mm. 
a clean vessel was coated with polymer until the rate had attained the maximum 
value. Next, runs were made with pressures of 30 and 40 mm. alternately until the 
diminution in rate at 30 mm. clearly showed that the polymer was absorbing an 
appreciable portion of the incident light. The mean value of the ratio of rates gave 
the information required. Table 1 gives a typical example of the results obtained 
with this procedure. 



Table 1. Temp. 

15° C. 

Constant-pressure method 


pressure 

rate in burette 

rate 40 

pressure 

rate in burette 

rate 40 

mm. 

units/min. 

rate 30 

ram. 

units/min. 

rate 30 

30 

12*9 

— 

40 

25*5 

3*2 

40 

42*0 

4*0 

30 

10*5 

3*2 

30 

14*6 

4*0 

40 

25*25 

3*9 

40 

45 

4*7 

30 

6*9 

4*1 

30 

10*9 

4*3 

40 

17*4 

— 


average 3*9 

Ratio of rates here expressed as molecules/min. 

1 burette unit at 30 mm. = 3*4 x 10 16 molecules. 


This series of experiments shows that the order of the reaction between 30 and 
40 mm. has an extraordinarily high value of 4*8. The diminution in rate at 30 mm. 
towards the end of the series of experiments indicates the decrease in the intensity of 
the light absorbed by the vapour by a factor of 4. The ratio of rates is not notice¬ 
ably affected. Such a high pressure dependence makes it extremely difficult to obtain 
a really accurate measure of the rate of reaction. This procedure was repeated for 
pressures of 10, 20 and 60 mm. The whole procedure was once more repeated for 
each of a series of temperatures. The results are summarized in table 2. In each 
series a clean vessel was used and several runs were made until the rate became 
steady. 
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Table 2 




temp. ... 

1 °C 


21 ° C 

42° C , 

61° 

C 

pressure 


pressure 

pressure 

rate 

pressure 

rate 

mm. 

rate 

mm. rate 

mm. 

mm. 

20 

<Ji 

© 
r—1 

X 

o 

30 

1-19x10“ 

32 

2-80 x 10“ 

30 

1*05 x 10 18 

10 

1-7 x 10 18 

20 

2-30 x 10“ 

16 

6-7 x 10“ 

60 

3*80 x 10 18 

20 

1-66 x 10“ 

30 

1-23 x 10“ 

32 

2-65 x 10“ 

30 

1*32 x 10 18 

10 

1-33x10“ 

40 

3-6 x 10“ 

. 46 

5-95 x 10“ 

60 

3*86 x 10 18 



30 

1-26 x 10“ 

32 

2-4 x 10“ 

30 

1*44 x 10 18 



10 

3-43 x 10“ 

60 

1-36 x 10“ 

10 

2*71 x 10 17 




Rate in molecules/min. 




These results are shown in figure 3 by plotting log rate against log pressure, where 
it will be seen that at each temperature the order of the reaction is variable and 
increases with pressure over a narrow pressure range. Further, for any given pressure 
the order increases with decreasing temperature and attains its highest values at 
1° C. The unfortunate situation arises that the low vapour pressure of the ketone 
prevents inquiry into a higher pressure region at low temperatures. 

The abnormality of this polymerization is further shown when the log of the rate 
is plotted against the reciprocal of the absolute temperature for a series of pressures 
(figure 4). Again a curious behaviour is exhibited. Like other photo-polymerizations 


□ 
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in the gas phase the reaction possesses a negative temperature coefficient, but matters 
are additionally complicated by the fact that the lines are curved, therefore indicating 
a varying negative energy of activation. The dotted line indicates the limit of pres¬ 
sure which can usefully be employed at the temperatures indicated. The wide varia¬ 
tion is shown more clearly by table 3 where the apparent energies of activation are 
computed from the curves given in figure 4. Similarly, the apparent orders for the 
reaction under various conditions are computed from the smoothed results given 
above and are shown in table 4. 



Figtoe 4, Variation of polymerization rate with temperature. 


Table 3. Apparent negative energies of activation 

IN CAL. FOR PHOTO-POLYMERIZATION 


pressure 

mm. 


temp. 



' 60° 0 

40° C 

20° C 

0°C 

10 

1,150 

2,400 

6,000 ■ 

9,200 

15*8 

2,500 

4,500 

10,200 

15,200 

25*1 

5,000 

7,300 

14,900 

24,800 

39*8 

6,200 

13,100 

27,800 

— 

63*1 

8,600 

17,200 

— 

— 


Table 4. 

Order of reaction 


pressure 

mm. 


temp. 



60° C 

* 40° C 

20° C 

o°c 

10 

1*19 

1*60 

2*05 

3*06 

15*8 

1*38 

1*86 

2*64 

3-98 

25*1 

1*50 

2-16 

3*21 

7*40 

39*8 

1*67 

2*38 

5*67 

— 

63*1 

1*88 

2*53 

— 

—* 
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The abnormal temperature and pressure dependence in this photo-polymeriza¬ 
tion is so far unique and must therefore be due to a factor not hitherto found in gas- 
phase polymerization. Of all the photo-polymerizations studied, namely, those of 
methyl methacrylate, methyl acrylate, vinyl acetate, methyl isopropenyl ketone 
and chloroprene, none except methyl vinyl ketone has given rise to completely 
insoluble polymers. It would therefore appear that the abnormal kinetics and cross- 
linking are interconnected in some way. The high apparent order of the reaction is 
reminiscent of the kind of behaviour obtained in the neighbourhood of the explosion 
limits of those thermal chain reactions whose velocity can be measured conveniently 
outside the explosion limits. In this kind of explosive reaction there is no question 
that the deviation and rapid increase in rate is due to the branching of the reaction 
chains giving rise to additional amounts of chain centres without actually causing 
explosion. By analogy then the pressure dependence of the methyl vinyl ketone 
polymerization might reasonably be explained. Abnormal temperature coefficients 
are also observed near explosion limits—a small increase in temperature leading to 
a very large increase in rate. With polymerization reactions normally possessing 
a negative temperature coefficient the phenomenon will be inverted for the 
lower the temperature the longer is the chain length and therefore the probability 
of the chain branching. The vapour pressure of the ketone unfortunately 
prevents access to what would appear to be an explosion region at low enough 
temperatures and high enough pressures, but the analogy is so close when coupled 
with the cross-linked nature of the polymer that there can be little doubt of the 
general formal similarity between combustion and polymerization in regard to 
branching. 

Intensity exponent This discussion of the above data does not permit of the formu¬ 
lation of a reaction mechanism. It is therefore necessary to look further into the 
kinetics to see whether the mechanism can be rigidly formulated, and the variation 
of rate with intensity gives useful information in this connexion. It has already 
been mentioned that starting with a clean reaction vessel the rate gradually increases. 
This can only be attributed to the fact that the active polymer is deactivated on 
collision with a silica wall, but is reflected without being deactivated from a wall 
covered with polymer. This kind of behaviour is often exhibited by free atoms and 
free radicals, and it is thus a pointer indicating that the active polymer may, in fact, 
be a free radical. In this circumstance it might be expected that the rate at which 
such free radicals combine or are otherwise destroyed on the walls is limit ed by the 
rate at which the radical diffuses to the wall. This will be proportional to the con¬ 
centration in the gas phase and it is then easy to show that the rate of polymer¬ 
ization should be proportional to the first power of the intensity. As the walls become 
covered with polymer a greater fraction of the radicals will combine in the gas phase. 
Since this process necessarily involves two radicals the rate will be proportional to 
the square root of the intensity. The results in table 5 clearly show how the intensity 
exponent diminish es as gas phase combination becomes more important, thus 
supporting the above hypothesis. 
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Table 5 


temp. 

condition 

pressure 

relative 

rate in 

intensity 

°C 

of wall 

mm. 

intensity 

mm./min. 

exponent 

20 

20 

clean 

clean 

30 

30 

0*384 

1*00 

0*611 
1*58 j 


1*0 

20 

partly covered 

20 

0*125 

0*051 


0*9 

20 

j 

partly covered 

20 

, 1*00 

0*32 J 


60 

partly covered 

23-5 

1*00 

0*025 


0*7 

60 

partly covered 

23-5 

0*125 

0*0058/ 

20 

20 

well covered 
well covered 

20 

20 

0*125 

1*00 

0-136) 
0-402J 

!■ 

0*52 

20 

20 

well covered 
well covered 

20 

, 20 

1*00 

0*125 

0-384) 

0-138J 

!• 

0*49 


Acetone sensitized reaction 

It is now well established that the photochemical decomposition of acetone by 
radiation at about 3000 A involves the primary production of CH 3 CO and CH 3 
radicals. Further such radicals can initiate a polymerization reaction in which the 
active polymer is a large free radical. It was therefore important % to attempt the 
analysis of the radical sensitized polymerization of methyl vinyl ketone in spite of 
the extreme difficulty that both ketones absorb at similar wave-lengths and therefore 
the two types of reaction cannot easily be separated and their individual kinetics 
established. 

The first stage in carrying out this part of the work is the measurement of the 
extinction coefficients of acetone and of methyl vinyl ketone at a mean wave-length 
of 3000 A, namely the fight transmitted through a 10 cm. silica bulb containing a 
solution of 145g. of NiS0 4 .6H 2 0 + 41*5g. of CuS0 4 .7H 2 0 in 11. of water (Bowen 
i 935 ). Owing to the weak absorption of both ketones and to the quick period 
variation in the output from mercury lamps, special arrangements were made to 
measure the absorption. In figure 5, BXYGDE is the mercury lamp circuit with 
controlling resistance 0 and stabilizing choke D. XT’ is a resistance such that the 
fall of potential across it is about 2 V. From a small potentiometer FHJ an opposing 
potential is applied across XT so that there is no current through KL as indicated 
by the ammeter A. A galvanometer whose sensitivity can easily be varied by H, N 
and M is put across KL. This galvanometer thus records the short period fluctuations 
of current in the lamp circuit. The spot of fight from the galvanometer in the anode 
circuit of the electrometer valve is projected on to the same scale as that used in the 
lamp circuit. To a first approximation it is assumed that the intensity of the fight 
varies linearly with the current and hence the value of N was so adjusted that the 
spots of fight moved together over the scale whenever there was a fluctuation of 
current in the lamp circuit. With the photocell covered the photocell circuit was 
balanced; on illuminating the cell containing monomer at the desired pressure the 
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balancing voltage on the grid of the electrometer valve was adjusted to bring the 
spots of light into coincidence. Liquid air was then applied to a trap to remove the 
vapour and the balancing voltage redetermined. The difference of voltages divided 
by the voltage applied when the cell was evacuated is thus the fraction of light 
absorbed by the vapour. Results for acetone and for methyl vinyl ketone are given 
in table 6. The values of e for acetone show only a slight tendency to increase at low 
pressures. This does not hold with methyl vinyl ketone which exhibits a marked and 
systematic decrease in e as the pressure is reduced. The difficulty here is that at 
high pressures it is difficult to prevent polymerization, as unfortunately no inhibitor 
has been found effective for this purpose. The lower values are therefore more likely 
to be correct. It is not surprising that the extinction coefficient of methyl vinyl 
ketone is greater than that of acetone on account of the existence of the conjugated 

system CH 2 =CH. C=0 and in fact it is surprising the increase is so small. 



Table 6. Tempe r ature 295° K. Thickness of absorbing layer 5 cm. 


Methyl vinyl ketone 


pressure 

percentage 

light 

e, molar 
deeadie 
extinction 

pressure 

percentage 

light 

■ > 
e, molar 

decadic 

extinction 

mm. 

transmitted 

coefficient 

mm. 

transmitted 

coefficient 

m 

68*6 

3*81 

82 

68*5 

7*37 

m 

71*6 

3*81 

80 

70*2 

7*07 

120 

75*0 

3*82 

77 

71*6 

6*95 

90 

80*1 

3*95 

60 

79*1 

6*24 

70 

84*0 

3*97 

45 

84*8 

5*87 

31 

92*4 

4*05 

29 

91-1 

5*15 

34 

91*9 

3*98 
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That photo-decomposing acetone accelerates the polymerization is shown clearly 
by the results of a typical series of runs in table 7. The only way of getting a good 
comparison is to make alternate run§ with and without acetone. As the polymer 
accumulated its extinction coefficient was measured and the rates observed and 
corrected to constant light intensity. The results are not regular enough to deduce 
the precise effect of acetone pressure but it is evident that pressures of acetone 
comparable with that of the ketone make a contribution to polymerization rate to 
an extent expected if both ketone and acetone decompose to give free radicals which 
start off polymerization. 

Table 7. Acetone-sensitized polymerization oe methyl vinyl ketone at 
60° C. Methyl vinyl ketone pressure 22 cm. (Constant volume method) 


acetone pressure (mm.) 

19 

0 

10 

20 

0 

corrected rate (mm./min.) 

0*096 

0*020 

0*120 

0*169 

0*148 

acetone pressure (mm.) 

5 

9*5 

15*5 

20 

0 

corrected rate (mm./min.) 

0*146 

0*199 

0*228 

0*267 

0*22 


Chain length of the acetone-sensitized reaction. In order to obtain some idea of the 
chain length in the acetone sensitized reaction, a long series of experiments was 
made with and without acetone until steady conditions were attained. The following 
figures show that part of the run when conditions were stable with a methyl vinyl 

acetone pressure (mm.) 0 21 0 23 0 23 

corrected rate (mm./min.) 0*172 0*253 0*206 0*322 0*264 0*355 

ketone pressure of 22 mm. and temperature 50° C. These results give a mean value 
of 1*4 for the ratio with and without acetone. Independent measurements have shown 
that with acetone alone each carbon monoxide molecule produced in the photo¬ 
decomposition corresponds to the production of two methyl radicals (Melville & 
Tuckett, unpublished experiment). Although these measurements were made at 
30° C the relation is almost certain to hold at 50° C where the quantum yield for the 
acetone decomposition is c. 0 * 6 (Leighton & Noyes 1941 ). Under the above conditions 
with 22 mm. acetone free radicals were produced at the rate of 0-0038 mm./min. 
Suppose that the methyl vinyl ketone polymerization occurs by the free radical 
mechanism and let x mm./min. be the rate of production of free radicals from methyl 
vinyl ketone at a pressure of 22 mm., then on the addition of 22 mm. of acetone the 
total rate of free radical production will be x+ 0*0038 mm./min. The rate of poly¬ 
merization is proportional to the square root of the starting of chains and hence 
the following relation holds 

rate of acetone-sensitized+ m.v.k. reaction ___ te-f 0-0038U 
rate of m.v.k. reaction \ x J 

From the three sets of results above, the values of x so obtained are 0-0039, 0-0043 
and 0*006 mm./min. The ratio of methyl vinyl ketone polymerization rate to x gives 
the chain lengths which are 50, 55 and 45 respectively. While the chain length for 
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the acetone reaction will be similar in magnitude, it is not possible to assess accurately 
its value on account of the concurrent reaction initiated in the first place by methyl 
vinyl ketone- 

Rate of dissociation of methyl vinyl ketone to carbon monoxide . A series of runs were 
made to compare the rate of carbon monoxide production from methyl vinyl ketone 
and from acetone, since it was of interest to find whether the carbon monoxide 
production would give a measure of the rate of production of free radicals in the 
case of methyl vinyl ketone. On p. 29 we have seen that x has a value very close to 
that for acetone. If therefore each carbon monoxide molecule corresponds to the 
production of 2 free radicals, then the carbon monoxide production rate from methyl 
vinyl ketone should in this case be practically identical. Comparison of the rates of 
carbon monoxide production for methyl vinyl ketone and for acetone at 20 mm. and 
50° C show that carbon monoxide production from acetone is 2-5 times that given 
by methyl vinyl ketone, thus indicating that apparently methyl vinyl ketone 
decomposition as reckoned by carbon monoxide production does not yield such a 
great number of free radicals as does acetone. The extinction coefficient of methyl 
vinyl ketone is certainly greater than that of acetone by a factor of 1*3 if e-methyl 
vinyl ketone = 5-15 and hence the greater carbon monoxide production in the case 
of acetone must be due to the greater primary quantum efficiency of the dissociation 
reaction. 

Table 8 

pressures in arbitrary units 


CO CO 




M.V.K. 

acetone 


expected 

expected 

total 


temp. 

pressure 

pressure 


from 

from 

CO 

run 

°c- 

mm. 

mm. 

CO obs. 

ketone 

acteone 

expected 

A3 

20 

20 

37*0 

1*7 

1*63 

1*53 

3*2 

A5 

20 

20 

11-5 

2*1 

1*94 

0*58 

2*52 

H2 

50 

22 

21*5 

20*8 

20*2 

26*1 

46*3 

H4 

50 

22 

24*0 

19*3 

18*6 

21*2 

39*8 

B9 

60*5 

20 

21*5 

12*7 

12*2 

19*9 

32*1 

Bll 

60*7 

20 

57*0 

14*5 

12*3 

53*0 

65*3 

D4 

60 

23 

19*0 

28*1 

26*5 

37*2 

63*7 


A number of experiments were then made with mixtures of methyl vinyl ketone 
and of acetone at different temperatures and intensities. The results are given in 
table 8. The most noteworthy feature is the fact that carbon monoxide production 
from the mixture is not numerically equal to the sum of the rates when the dissocia¬ 
tion of the ketones is examined separately. The most obvious explanation would be 
that each ketone is acting as an internal filter for the other, but the fact of the matter 
as seen from the results on p. 28 shows that only 5 % of the light is absorbed by 
20mm. of acetone and 6 % by the methyl vinyl ketone. It will be further observed 
from an examination of table 8 that the observed carbon monoxide production is 
always slightly greater than that expected for the ketone alone, and that, if anything, 
high acetone pressures favour this slight excess. It is remarkable, for example, that 
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with run B11 nearly 50 units of carbon monoxide seems to disappear completely. 
At 60-7° C the acetone molecule undergoes immediate photo-dissociation so there 
can be no question of deactivation of excited molecules nor is it conceivable that the 
addition of say 20 mm. methyl vinyl ketone to 57 mm. acetone couldpossibly catalyse 
in some way the process of recombination of the molecular fragments. We therefore 

conclude that acetone initially is dissociated to CH 3 CO and CH 3 and that the 

i 

CH 3 CO adds on to the methyl vinyl ketone molecule, thus 

CH 3 CO + CH 2 =CH. CO CH 3 -> CH 3 . CO—CH 2 —CH. COCH 3 , 

so effectively that it has no opportunity to dissociate to CH 3 and CO as happens to 
a large extent with acetone alone. These observations raise the question as to how the 
methyl vinyl ketone dissociates. Since carbon monoxide is produced there are three 
possibilities: 

CH 2 =CH. CO. CH 3 -» CH 2 =CH. CH 3 + CO, (a) 

CH 2 =CH— + CH 3 CO— (b) 

CH 2 =CH. CO— + CH 3 —. (c) 

Any one or all of the radicals in ( b ) and (c) might start off a radical polymerization. 
In view of the high probability that in the ordinary photo-polymerization of methyl 
vinyl ketone the mechanism is of the free radical type and that therefore initial 
decomposition of the molecule is into free radicals which are the initiating catalyst, 
it is unlikely that much decomposition according to scheme (a) occurs. A choice must 
therefore be made between ( b) and (c). In view of the experience with acetone it 
would seem that if dissociation ( b ) occurred the acetyl radical would immediately 
react with methyl vinyl ketone and that consequently no carbon monoxide at all 
would be produced. If (c) is the only possible mechanism, the fact that carbon 

i 

monoxide must be produced would imply that the radical CH 2 =CH. CO will break 
up to CO + CH 2 =CH—. Whether the vinyl radical will then add on to another 
molecule of methyl vinyl ketone is not at all certain. 

Products of dissociation of methyl vinyl ketone . In order to decide some of the matters 
discussed above it appeared to be necessary to investigate in greater detail the nature 
of the products of dissociation besides carbon monoxide. Without further com¬ 
plicating the issue the following hydrocarbons might possibly be found, ethylene, 
propylene and butadiene. Accordingly a gas analysis apparatus, based on vapour 
pressure measurements and of the smallest possible volume, was constructed as 
shown in figure 6. This was constructed of 1-5 mm. diameter tubing and consisted of 
an entrance tube ABC to admit a sample of vapour into the analyser proper 
DEFGHP and an evacuated side tube JKL serving as a manometric limb to measure 
the pressure in the space FGHP.Axxy unwanted vapour in FGHP would-be removed 
along POQB which was connected at R via a tap to the main vacuum line. The 
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procedure in analysis was as follows. The system is evacuated and all the mercury 
pulled down into S. The mercury is then raised just above N and L by opening A. 
The mercury level is then allowed to rise to P. By opening L the mercury rises to 
the same height in limbs BG, DBF and JKL. If now vapour 
is introduced into the system from AB the difference in 
levels in BG and DBF and JKL will indicate the pressure 
it exerts. The vapour is then admitted to DFGH by lowering 
the mercury as far as CD. DB is made of tubing 5 mm. 
internal diameter to prevent mercury being driven straight 
into GS. The height DE is 60 mm., thus allowing analyses 
up to vapour pressures of this magnitude. In order to obtain 
a representative sample, the first sample trapped in PFGH 
can be removed along POQR and a second sample introduced. 

Having trapped the required sample in PFGH the mercury 
is raised above B to a series of levels, the pressure exerted 
being noted as a function of volume with the side limb GH 
in a bath at a suitable fixed temperature. 

During the course of the polymerization experiments it 
had been noticed that on prolonged illumination the pressure 
did not fall to zero. The vapour pressure of this resid ual 
• material was somewhat greater than methyl vinyl kgfone 
itself. In the analyser with liquid present, the pressure 
at — 80°C was 13 mm. In another run illumination was Figtjbe 6 - Micro vapour 
continued first at a constant pressure of 54 mm. and then at analyser, 

constant volume until no further decrease could be detected. 2-2 x 10 20 molecules 
were thus polymerized. 0-2 mm. of carbon monoxide was recorded. After removal of 
the carbon monoxide the whole mixture was condensed at - 80° C, the pressure being 
0-7 mm. and the most volatile constituents removed to the analyser by means of 
liquid air. The pressure exerted by the volatile constituents in presence of liquid was 
12 mm. at - 80° C. It may be noted that a sample of pure butadiene admitted to the 
analyser registered a pressure of 11-5 mm. at -80° C. A further sample from the 
reaction vessel was transferred to the analyser, cooled to - 80° C and evacuated to 
remove what was presumed to be butadiene. The vapour pressure of the residual 
liquid was 60 mm. at 0°C compared with 20 mm. for methyl vinyl ketone. This 
liquid strongly coloured Sehiff’s reaction and smelled of acetaldehyde. In another 
run starting with an initial pressure of methyl vinyl ketone of 32 mm. the pressure 
fell after 330min. illumination to a steady value of 6 mm., 8-6 xlO 19 molecules 
being polymerized with the production of 0-5mm. of carbon monoxide. The mixture 
was condensedmthe reaction system at - 80° 0, the pressure being 0-7 mm. and the 
volatile constituents removed to the analyser. Again at - 80° C the pressure regis¬ 
tered was 13mm. though this increased on considerable compression to 19mm. 

^ Ch 8 ^7v atl0n indicate the Presence of propylene in very small amounts 
(at - 80 G the vapour pressure of propylene is c. 100 mm.). 
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The existence of butadiene in amounts comparable with those of carbon mon¬ 
oxide would therefore suggest that primary dissociation of methyl vinyl ketone is 

into CH 2 =CH.CO + CH 3 and further the radical CH 2 =CH. CO breaks up into 

CH 2 =CH and CO. It is surprising that the vinyl radical is not wholly removed by 
its adding on to methyl vinyl ketone but instead it combines with another of the 
same kind to give butadiene. There is absolutely no indication of material as volatile 
as ethane and hence it must be presumed that all the methyl radicals react pre¬ 
dominantly with methyl vinyl ketone to start polymerization. One possible way in 
which acetaldehyde might be produced is by dehydrogenation of perhaps methyl 
vinyl ketone by the CH 3 CO radical. 

GENERAL discussion of the results 

It remains now to attempt to construct a mechanism to account for the abnormal 
kinetics of this reaction, taking as a basis that the ketone is initially dissociated to 
radicals and presuming that the methyl radical is primarily responsible for initiating 
a free radical polymerization of the ketone. In constructing this scheme it has to 
be borne in mind that the chains are certainly terminated by the mutual destruction 
in the gas phase of the polymer free radicals. It would appear that this destruction 
is brought about by combination rather than by disproportionation on account 
of the cross linked character of the polymer. In formulating the necessary kinetic 
expressions account must also be taken of some mechanism whereby kinetic 
branching can be introduced, but simultaneously the expression must be such that 
the rate is at all times strictly proportional to the square root of the intensity. In 
chain explosions where branc hin g becomes at all noticeable the rate of initiation 
begins to have less direct control over reaction rate, and in the limit the intensity 
exponent should tend to zero. This diminution in intensity exponent has already 
been observed in the mercury sensitized reaction between hydrogen and nitrous 
oxide to which a small amount of oxygen has been added (Melville 1934 ). The 
simplest expression for the total active polymer concentration (P) is thus 

- d(P)/dt = /(/) +branching term-^(P ) 2 = 0 , 

where f(I) is the rate of starting and k t the termination coefficient. The simplest 
type of term for branching is of the form k B (P) 2 (M). Inserting this term in the 
above equation, noting that even under the conditions of polymerization we may 
assume stationary state conditions (the main support for this assumption arises 
from the fact that the intensity exponent is strictly equal to 0-5 and as mentioned 
above had non-stationary conditions been approached this exponent would certainly 
have fallen below 0-5), hence 

-d(M)/dt = k p (P) (M) = k p (M) 

Jc P (M)W P 

■ft-W 


Vol, 187. A. 


3 
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Since 4^ (M) under experimental conditions at low pressures the order of the 
reaction will tend to 3/2. The results on p. 25 show that an order greater than 1 hut 
less than 1*5 is obtained at the highest temperatures and lowest pressures. At high 
enough values of (M) the denominator in this expression will approach zero and 
thus very high rates and also very high orders will be obtained. Tor convenience the 
formula may be cast into the form 

- d(M)jdt = A(M )$/{l - B(M)}±, where A = h^Ijh^ and B = Jc b /Jc t . 

From the smoothed results given in table 2 we may set down for a given series of 
pressures how the rate varies with temperature. Using the values at two pressures, 
A and B may be computed at any one temperature and consequently the rate can 
be calculated at other pressures. Values of A and B have been computed using the 
data at the highest pressures so that an accurate value of B may be calculated. 
These calculated figures are shown alongside the observed values in table 9, where it 
will be seen that the agreement is as good as can be expected having regard to the 
simplified assumptions made in deducing the expression for the rate of reaction. 
Perhaps the important point to note is that abnormally high orders can easily be- 
attained at pressures far below that at which the rate tends to indefinitely high 
values. Further, the type of mechanism proposed still permits the intensity exponent 
to remain at 0-5 in spite of the high degree of branching which occurs in the poly¬ 
merization. If log A and log B are plotted against reciprocal absolute temperature 
straight lines are obtained corresponding to energies of — 6*8kcal. for A and 
— 4*8kcal. fos jB. This means that the energy of activation for branching is 4*8 kcal. 
less than that for termination. 

Table 9 


0° G 20° C 40° C 60° C 

rate , rate rate rate 



r- 11 " 






obs* 

> 

mm. 

obs. 

calc. 

obs. 

calc. 

obs. 

calc. 

calc. 

10 

20-9 

13*4 

8-0 

15*6 

4-97 

7*7 

4*17 

3*53 

15-8 

105 

— 

22*4 

34 

10*5 

15-9 

7-68 

7*2 

25-1 

1070 

— 

87*0 

— 

30*9 

34*0 

14*6 

14*8 

39-8 

— 

— 

575 

— 

71*0 

— 

30*9 

_ 

63-1 


~ 



226 

— 

69*7 

— 


Another way of regarding the problem is to attempt to solve the expression 


by m ak ing use of the rates obtained for any one pressure at different temperatures. 
Thus if and A b e~^ are substituted for k p , k t and' k b respec¬ 

tively then the expression assumes the form 

—d(M)/dt = Ape-EplxTiMtfilf [Ate-^^-Aie-^l^iM)]-^ 

= Ce~ B pi RT [e- B t! RT —De~ E b IRT ]-i, 
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where 

i.e. 

There are five unknown quantities in this expression at any particular temperature 
and pressure, namely, C, D, E p , E t and E h . If probable values are taken for E pi 
however, some idea of the values of E t and E b can be obtained by using the experi¬ 
mental rates at different temperatures and constant pressure. The pressure chosen 
was 25-1 mm. and by using the rates at 0, 20 and 60° C the following values were 
obtained for E t , E b , In G and D assuming E p = 2500 and 4000 cal. The fifth column 
gives the calculated value of the rate at 40° C using the values found for E t , E b , 
In G and D. This calculated rate should be compared with the experimental rate 
of 26-3. 


E p = 2500 cal. 


E t 

cal. 

E t 

cal. 

In G 

D 

calculated 
rate at 
40° C 

20,500 

13,050 

-8-999 

0*00000115 

33-28 

19,000 

16,300 

-8-089 

0-007039 * 

32-06 

18,500 

16,920 

-7-902 

0-05513 

31-84 

18,000 

17,400 

-7-936 

0-3332 

31*84 


E p = 4000 cal. 

17,390 — 8*663 0-00003376 32-51 

19,680 -7-971 0-02365 32*06 

20,700 -8-284 0-5758 31*92 

The calculated rate approaches a minimum of about 31*9 for both values of E p . 
An independent estimate of In G or D cannot be made since the values of A p , A t and 
A b are not known. It is interesting to note that the value of E t — 2 E p for those values 
of E t and E p which give rise to the minimum calculated rate, i.e. the rate nearest the 
experimental rate, is 18,000 — 5000 = 13,000 cal., and 21,000 — 8000 = 13,000 cal. 
for E p = 2500 and 4000 cal. respectively. The value required previously for E t —2E p 
was 12,800 cal. The value of E t —E b for those values of E t and E b which give rise to 
the minimum rate approaches zero however and this value should be around 
5000cal. to be in agreement with the previously estimated value of E t ~E b . If 
E t — E b is fixed at 5000 cal. then the following figures for E t> E bs E t —2 E p , In C, D and 
calculated rate at 40° C are obtained: 


Calculated 


JS, 


E b 

E t —2jE7j, 



rate at 

cal* 

cal. 

cal. 

cal. 

3nC 

D 

40° C 

2,500 

19,800 

14,800 

14,800 

-8-58 

0-00013 

32-56 

4,000 

22,800 

17,800 

14,800 

-8-43 

0-00016 

32-40 


The agreement between the values obtained for E t —2E p and the required value 
of about 12,800 cal. is still good. The above figures may therefore be taken to repre¬ 
sent estimates of the extreme values of the quantities concerned. In the light of 


23,000 

21,720 

21,000 


c = AW/( 7 ) and D = (if) 

In (rate) = In G — \ In [e~ E tl RT — De~ E f> lRT ]. 

HI 


3-2 
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previous estimates for E p higher values than 4000 cal. for a free radical mechanism 
are unlikely while lower values than E p = 2500 seem to favour a greater divergence 
of the calculated rate at 40° C from the experimental value. 

As is usual in the kine tics of complex reactions it is difficult chemically to formulate 
the kind of collision responsible for branching, though the above analysis definitely 
indicates the participation of two active or free radical polymers and a monomer, 
and as a result of this process a three-dimensional polymer must result. Tentatively 
we may suppose a reaction of the following type occurs. One of the free radicals 
is supposed to be the vinyl radical produced during the initial decomposition of 
methyl vinyl ketone. Although this radical is apparently not particularly reactive 
yet in, the presence of another free radical, and one molecule of the monomer, 
the following reaction may occur, in which it will be seen that not only does the 
reaction give rise to a branched chain polymer but the number of free radicals is 
increased during this reaction: 

R— +CH 2 =CH—+CH 2 =CH. CO. CH 3 -> 

R— ch 2 —ch—ch 2 —ch . CO—+CH 3 —. 
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The free radical polymerization of the vapours of 
certain vinyl derivatives 

By T. T. Jones and H. W. Melville, F.R.S. 

{Received 3 August 1945 —Read 14 February 1946) 

The free radical polymerization of the vapours of vinyl chloride, acrylic nitrile, styrene, 
butadiene and methyl isopropenyl ketone has been investigated using methyl radicals from 
photo-decomposing acetone. Although all the reactions do not exhibit ideal behaviour it is 
possible by the application of kinetic methods to measure the ratio of the propagation to the 
termination coefficients for these polymerization reactions. In this way relative values of the 
quantitative tendency for a molecule to polymerize by a free radical mechanism can be 
computed. 

An accurate measure of the tendency of a molecule to polymerize by way of a chain 
mechanism can only be gained by measuring the velocity coefficient for the inter¬ 
action of the active polymer with the monomer. There may, however, be more than 
one type of active polymer, and therefore it will be necessary to specify its character 
when the appropriate coefficient is being computed. In a previous paper (Jones & 
Melville 1940 ) a method was suggested for making an approximate measurement of 
the magnitude of these bi-molecular coefficients for the vapour-phase polymeriza¬ 
tion of methyl acrylate. The method, however, was too crude to enable any con¬ 
clusion to be drawn regarding the variation of these coefficients with molecular size. 
This method is essentially based on a knowledge of the primary photochemical 
efficiency of the polymerization, that is, the number of active monomers produced 
per quantum of absorbed light. If this quantity is not known the method becomes 
impracticable. 

Many vinyl monomers, for example butadiene, acrylic nitrile and methyl isopro¬ 
penyl ketone, do not exhibit direct photo-polymerization in the gas phase and hence 
the above-mentioned technique cannot be used. Under suitable conditions, for 
example, in aqueous emulsions, these molecules polymerize very readily, and it is 
therefore all the more necessary that some quantitative measure of their tendency 
to polymerize should be established. As will be shown in this paper they can be induced 
to polymerize by adding to the system free methyl radicals. At present, however, 
it has not been possible to devise a method to enable the calculation of the velocity 
coefficient of the growth of the active polymer to be made. On the other hand, in 
principle it is easy to obtain the ratio of this coefficient to that concerned in the ter¬ 
mination of the growth of the polymer, namely, the combination of two free radicals. 
Pending the solution of the above-mentioned problem this ratio may be taken as 
a provisional measure of the tendency of the molecule to polymerize by the free 
radical mechanism. If later evidence indicates that the velocity of combination of 
free radicals of the type involved in polymerization is independent of their chemical 
nature, then the ratio is a direct measure of the propagation coefficient. Suppose 
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the reaction is initiated by free radicals from acetone at a rate equal to where 
is the rate at which the radiation is absorbed by the acetone and cc is quantum 
efficiency for the production’of radicals. If the polymer radicals combine with each 
other it can readily be shown as a first approximation that the rate of polymerization 


is given by 




and the chain length v by v = j^^j ' > 

where Jc p is the bi-molecular velocity coefficient for the growth of the polymer, 
]c t is the coefficient for the reaction of the radicals and (M) is the monomer con¬ 
centration. It will be appreciated that only the ratio Jc p m may be determined. In 
order to get some information about the magnitude of this ratio a study has been 
made of the free radical sensitized reactions of butadiene, styrene, acrylic nitrile 
and methyl isopropenyl ketone. 


Experimental 

The apparatus used was identical to that described in the previous paper. In 
using acetone as a source of free radicals a number of complications arise immedi¬ 
ately, since the quantum yield for the decomposition of the acetone molecule is less 
than unity at temperatures below 75° C. This low coefficient may be due to the fact 
that excited acetone molecules may be deactivated without undergoing dissociation 
or it may be due to some recombination of the methyl and the acetyl radicals pro¬ 
duced in the primary dissociation. The photo-chemistry of acetone has not yet been 
investigated in sufficient detail to permit of the calculation of the rate of production 
of acetyl and.methyl radicals from the rate of absorption of radiation by the acetone 
molecule. The rate of production of carbon monoxide may, however, be used for 
this purpose, for it has been shown that under the conditions used in these experi¬ 
ments two free radicals are produced for each carbon monoxide molecule formed 
(Tuckett & Melville, unpublished experiments). This fact was established in the 
following manner. In the free radical polymerization of vinyl acetate, which may 
be induced by hydrogen atoms or methyl radicals, it is possible to adjust conditions 
so that the rates of these two reactions are identical. It is comparatively easy to 
measure the rate at which hydrogen atoms are incorporated in the polymer. It also 
happens that the rate of production of carbon monoxide from acetone in the absence 
of vinyl acetate is equal to twice the rate of production of hydrogen atoms, from 
which it may at once be concluded that two radicals are produced for each carbon 
monoxide molecule formed. Under the present experimental conditions the rate of 
production of free radicals is proportional to the pressure of acetone, since carbon 
monoxide production is directly proportional to the pressure of acetone, up to 
pressures of 80 mm. at least, as is shown in table 1. Hence in any particular acetone- 
sensitized polymerization the rate of production of chains will be proportional to 
the pressure of acetone, and if the intensity exponent is 0*5, i.e. the free polymer 
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radicals mutually destroy each other, then the rate of polymerization should be 
proportional to the square root of the acetone pressure and to the first power of the 
monomer pressure, i.e. 

— ^(acetone)* (M). 


Table 1. Temperature 60° 0 

rate of carbon monoxide 



pressure 

production /mm./min.. 


acetone 

reduced to same light 

run 

(mm.) 

intensity (arbitrary units) 

0*1 

77 

0*099 

0*3 

49 

0*113 

0*5 

26 

0*102 


The radical-sensitized polymerization op butadiene 
The results given in table 2 show that (a) the rate of polymerization is proportional 
to the square root of the acetone pressure for a constant pressure of butadiene for a 
constant intensity (figure 1); (6) the rate of polymerization tends to decrease slightly 
at higher butadiene pressures. The first observation is in accordance with the expec¬ 
tation and implies mutual reaction between the free radicals. The second result is, 
however, a little unexpected. Some additional observations on the rate of formation 
of carbon monoxide provide an explanation. The rate of carbon monoxide produc¬ 
tion in the presence of butadiene is always less than that obtained from acetone 
alone as shown in columns 5 and 6 of table 2. With pure acetone it is known that 
diacetyl is produced, presumably by the combination of free acetyl radicals initially 
formed by photo-dissociation. The majority of such radicals decompose to CH 3 
and CO, but apparently in the presence of butadiene the CH 3 CO radical may add 
on without dissociating farther and only .a fraction succeeds in breaking down to 
CH 3 and CO. The chain lengths, that is, the number of butadiene molecules poly¬ 
merized per CH 3 radical produced, quoted in the last column are therefore calcu¬ 
lated from the expected rate of production of carbon monoxide in the absence of 
butadiene. As a matter of interest it may be mentioned that the reduction in the 
carbon monoxide produced in the presence of monomer seems to be a characteristic 
of the polymerization of most vinyl monomers. 


Table 2 . Temperature 35° C 



acetone 
pres- , 
sure | 

facetone>J 
pres- I 

buta¬ 
diene 
r pres¬ 
sure 

rate of 
production 
of GO 

expected 
rate of 
production 
of CO 

reciprocal 
rate of 
CO pro¬ 

rate of 
polymer¬ 
ization 

chain length 
calculated from 

CO CO 

run 

(mm.) ’ 

^ sure / 

(mm.) 

(mm./min.) 

(mm./min.) 

duction 

(mm./min.) produced 

expectec 

J1 

21 

4*6 

0 

0-00112 

0-00112 

893 

0*0 

0 

0 

J 2 

21 

4*6 

31 

0*00046 

0-00112 

2170 

0*022 

24*0 

10*0 

J3 

21 

4*6 

107 

0-00026 

0-00112 

3800 

0*014 

27*0 

6*3 

J4 

21 

4*6 

52 

0-00043 

0*00112 

2326 

0*021 

24*5 

9*5 

J5 

40 

6*4 

54 

0-00058 

0-00212 

— 

0*030 

25-8 

7-1 

J 6 

61 

7*9 

51 

0-00078 

0*00324 

— 

0*039 

25*0 

6*0 
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AC Rateof poly merizatior against 
face!one pressure)-2 
AB Rate of production against 
acetone pressure 


■ 



a function of acetone pressure. 



40 60 80 

Pressure of butadiene m mm. 


Figure 2. Rate of CO production from acetone in pressure of butadiene. 


Acetone pressure in mm. 
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The reciprocal of the rate of production of carbon monoxide turns out to be 
proportional to the butadiene pressure (figure 2). This observation can be quanti¬ 
tatively accounted for by adopting the following mechanism. The concentration 
of the acetyl radicals (Ac) is defined by 

d(Ac)/dt = £WA) - ^(Ac) (£) - k 2 ( Ac) - k z ( Ac) {A) = 0, 

where /?/ abs> is the rate of production of acetyl radicals per mm, of acetone-, & x (Ac) B 
is the rate at which acetyl radicals combine with butadiene, & 2 (Ac) is the rate of 
spontaneous dissociation, and k 9 ( Ac) (A) is their rate of dissociation in collisions 
with acetone molecules. This leads to 

flop) = ’ 

dt k x (B) + k 2 + k 3 (A ) 5 

which is in. agreement with the experiment in so far as carbon monoxide production 
as a function of butadiene pressure is concerned. In the absence of butadiene it has 
been pointed out that carbon monoxide production is accurately proportional to 
the acetone pressure and consequently it may be concluded that k 2 ^>k s (A). Further, 
if (B) is finite, similarly carbon monoxide production, though less than when 
(B) = 0, will also be proportional to acetone pressure. Figure 1 shows that this 
result holds only approximately. The conclusion therefore is that methyl or acetyl 
radicals lead to the free radical polymerization of butadiene and that the value of 
kp/kf = 1-5 x 10 -5 when the pressure of butadiene is given in mm. 

Hydrogen atom-catalysed polymerization of butadiene 

The results obtained in the hydrogen atom-sensitized reaction which are given 
in table 3 show quite conclusively that this reaction, curiously enough, does not lead 
to true polymerization of the butadiene at all. In the first place the total rate of 
decrease of pressure which may be taken as a measure of the rate of polymerization 
is nearly proportional to the first power of the intensity of the light used to make the 
hydrogen atoms. This is to be contrasted with the square root dependence on in¬ 
tensity obtained with methyl radicals. Furthermore, the apparent decrease in the 
pressure of butadiene is practically equal to that of the hydrogen used up. Therefore 
it is reasonable to assume that the butadiene is converted into a dimer by the action 
of the hydrogen atoms. The dimer, of course, is sufficiently volatile to contribute to 
the total pressure in the system. The simplest sequence of processes which may be 
put forward to explain these results is as follows: 

H + CH 2 =CH—CH=CH 2 

4 

ch 2 =ch—ch 2 —ch 2 — 

'J' 

ch 2 =ch—ch 2 —ch 2 —ch 2 ^-ch 2 —ch=ch 2 

two of the butadiene radicals combining. In this way one molecule of hydrogen 
disappears for two molecules of butadiene which give rise to an octadiene. Again, 
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it is noteworthy that in the first stages of the methyl radical-sensitized reaction an 
essentially s imilar process occurs, but apparently the initially produced free radical 
may combine with many more ordinary butadiene molecules without the growth 
coming to such a premature stop as occurs with hydrogen. This would seem to 
imply that the two free radicals 

CH 2 =0H—CH 2 —CH 2 and CH 2 =CH.CH(CH 3 )—CH 2 

possess very diff erent reactivities towards butadiene molecules. The surprising fact 
is that it is the first radical that is apparently the less reactive towards butadiene in 
this respect. It is unnecessary to work out the quantitative aspects of this mechanism, 
since the hydrogen atoms are removed from the system by a reaction of the first 
order with respect to the concentration, and hence the total rate of reaction in¬ 
evitably must be proportional to the first power of the radiation intensity. 

Table 3. Temperature 35° C 

apparent 
decrease decrease 
total in in 


buta- decrease hydrogen butadiene 



diene 

1 

! 


rate of 


in 

pressure 

pressure 



pressure 

pressure 

relative 

reaction 

intensity 

pressure 

(mm.) 

(mm.) 

ratic 

run 

(mm.) 

(mm.) 

intensity 

(mm./min.) 

exponent 

(mm.) 

A 

B 

B/A 

J9 

30 

35 

h . 

0*085 

1*06 

9-0 

4-46 

4-54 

1-02 

J10 

30 

34 

0*125J 0 

0-0095 

1-27 

3-8 

2-05 

1-75 

0-85 

Jll 

31 

33 

0-384I o 

0-0253 

0-89 

6-0 

3-16 

2-84 

0-9C 


Further evidence that butadiene can be polymerized by free radicals has been 
obtained by interpolymerizing this substance with methyl vinyl ketone. As has been 
shown in the previous paper, methyl vinyl ketone polymerizes by a free radical 
mechanism and the free radicals were used to interpolymerize methyl vinyl ketone 
and butadiene. Prolonged runs with butadiene-methyl vinyl ketone mixtures were 
carried out with a view to finding if any butadiene was being used up in this manner. 

Run H14 (table 4), starting with 31 mm. methyl vinyl ketone and 24 mm. of 
butadiene, is typical of the few runs carried out; while run H16, carried out with an 
initial pressure of 31 mm. of methyl vinyl ketone alone, serves as a comparison. 




Table 4 

estimated 



initial pres¬ 

initial 

amount 



sure methyl 

pressure 

butadiene 

total amount 


vinyl ketone 

butadiene 

used up 

polymerized 

run 

(mm.) 

(mm.) 

(mm.) 

(mm.) 

GrlO 

31 

25 

4 

16 

H14 

31 

24 

3-5 

16 

K5 

31 

31 

0-8 

4 

K9 

31 

35 

0-6 

- 8 
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Figure 3 shows the course of these runs. Curve AB gives the course of polymeriza¬ 
tion in presence of butadiene and curve DBF in its absence. Curve DBF is dis¬ 
placed a little to the right to distinguish it from curve AB . 



12 24 36 48 

Time in min. 

Figure 3. Polymerization of methyl vinyl ketone in presence of and 
in absence of butadiene. Curve AB, butadiene present. 

Both polymerizations start off at equal rates of about 0*6 mm./min., but the direct 
polymerization is seen to fall off quicker with decreasing pressure than the poly¬ 
merization in the presence of butadiene. This points to the fact that butadiene is 
used up, thus leaving more methyl vinyl ketone to maintain the rate. The Tate at 
B after about 16 mm. of mix ture had polymerized was about 0*29 mm./min., while 
the rate at E after about 10 mm. of methyl vinyl ketone had polymerized was 
0*20 mm./min., show ing how the normal polymerization has fallen off in comparison 
with that in presence of butadiene. 

Further evidence that butadiene was used up was obtained by fractional distilla¬ 
tion of the mixture before and after illumination. First the mixture was all con¬ 
densed in the side tube of the analyser described elsewhere, by means of liquid air, 
before illumination. Liquid air was then applied to the reaction system and then 
solid carbon dioxide-acetone mixture to the analyser side tube. In this way mainly 
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butadiene was fractionally distilled at — 80° G into the reaction system where -the 
pressure of the distillate at intervals of a few minutes was read. The same procedure 
was repeated with the mixture left at the end of a prolonged illumination, and it 
was found in every case that less distillate could now be obtained than was obtained 
before illumination, indicating of course that the difference, or a quantity propor¬ 
tional to the difference, had been used up. Table 4 gives the results obtained in this 
way. 

Except for run K 9 it is seen that approximately one butadiene molecule is used 
up every three or four molecules of methyl vinyl ketone. If this meant that each 
butadiene molecule used up stopped a chain then the chain length would be ex¬ 
tremely small and only of the order of three or four. However, since the rate of 
methyl vinyl ketone polymerization is maintained in presence of butadiene this 
probably means that true interpolymerization with butadiene takes place, the final 
polymer having a structure of the branched type similar to that of methyl vinyl 
ketone polymer, e.g. 

I 

M — M — M — B — M — M — B — M — M — M — M — M — B — M—M 

I 

M—B—M—M—M 

M being methyl vinyl ketone and B butadiene units. 

To obtain some comparison of the rate of acetone-sensitized butadiene poly¬ 
merization and of the polymerization of methyl vinyl ketone in presence of buta¬ 
diene, the runs in table 5 were carried out consecutively. 

Table 5 



pressure 

pressure 
methyl vinyl 

pressure 

rate of 

estimated 
rate of 
butadiene 


butadiene 

ketone 

acetone 

polymerization 

disappearance 

run 

(mm.) 

(mm.) 

(mm.) 

(mm./min.) 

(mm./min.) 

K5 

31 

31 

0 

0*65 

0*12 

K6 

31 

0 

31 

0*03 

0*03 


These results further show that since the rate of free radical production is approxi¬ 
mately the same for acetone and methyl vinyl ketone, the increased rate of butadiene 
disappearance in the presence of methyl vinyl ketone is probably due to the presence 
of additional centres produced by branching. 


Polymerization oe vtnyl chloride 

Vinyl chloride is very difficult to induce to polymerize in the gas phase, and the 
following two runs show the order of magnitude of the chain length calculated from 
the observed small rate of polymerization and the rate of production of free radicals. 
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Table 6. Temperature 20° C 


pressure 


rate of 

amount of 


rate of 


vinyl 

pressure 

polymeriza¬ 

CO produced expected 

free radical 


chloride 

acetone 

tion 

(arbitrary 

CO pro¬ 

production 

chain 

(mm.) 

(mm.) 

(mm./min.) 

units) 

duction 

(mm./min.) 

length 

31 

32 

0*005 

232 

180 

0*003 

1*5 

156 

31 

0*02 

217 

142 

0*003 

7*0 


The direct photopolymerization of vinyl chloride 

Although vinyl chloride is transparent to light of wave-lengths 2500 A, on ex¬ 
posure to the light emitted from a zinc spark which contains a strong group of lines 
at about 2100 A polymerization takes place. 

This polymerization again is not fast, and pressures of the order of 600 mm. must 
be used so as to get a measurable reaction. That polymerization does take place, 
however, is made evident by the formation of a cloud of polymer which soon settles 
on the sides of the reaction cell, and owing to its non-transparency begins to absorb 
the active radiation. It was found that the heat from the zinc spark produced tem¬ 
perature changes in the reaction system, while the reaction cell could not be thermo- 
stated in water since the latter completely absorbed the effective radiation. The 
exposures had thus to be carried out with the reaction vessel in air, and at the end 
of the run the vessel had to be cooled down to a suitable temperature and the decrease 
in pressure noted. This rather laborious method prevented any accurate kinetic 
measurements being made. 

Figure 4 is a diagram of the apparatus. This consists of two parts: (a) the 
reaction system proper consisting of the reaction cell B with its associated liquid 
air trap and manometer, and (6) an ammonia photometer consisting of the quartz 
cell A i mm ediately in front of B, together with the associated Pirani gauge and 
liquid air trap. 



( A) Ammonia photo meter r eaction cell (B) Vi nyl Chloride reaction cell 


Figure 4. Apparatus for polymerization of vinyl chloride. 
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Figure 5 shows the housing of the 3000 W zinc spark. An alternating current of 
6000 Y was applied across the two zinc poles P and P' in the form of cylindrical 
zinc rods about 10 or 12 mm. in diameter. The poles were contained in the double- 
walled box B, well lagged with asbestos fibre, one wall of which was fitted with the 
quartz window Q directly opposite the spark gap. The opposite wall could be removed 
for the inspection and removal of the poles, etc., and the diagram shows this wall 
removed. The length of the spark gap could be adjusted by rotating the threaded 
brass pole holders H and H' in their brass sockets S and S' by means of the ebonite 
knobs E and E f . A jet of air could be blown on to the spark in order to cool it by means 
of the jet J. A more constant output from the spark could be obtained in this way. 
The chimney G served to carry off the zinc oxide-laden smoke from the spark. The 
6000 V a.c. was applied to the terminals T and T ' and thence to the pole holders H 
and E r by wires W and W' connected to the sockets S and S'. 


c 



Figure 5. Housing for high-voltage zinc spark. 


The light from the zinc spark is allowed to pass through a small pressure of 
a mm onia in A (figure 4} and then to pass into the vessel B where the polymerization 
takes place. The light partly decomposes the ammonia, and by measuring the amount 
of non-condensable gas formed the amount of light leaving A can be calculated and 
finally the amount of light entering B can be ascertained. Farkas & Harteck ( 1934 ) 
and Wiig { 1935 ), give the figures necessary for these calculations. In this way the light 
is integrated over a period of time. The polymerization that has taken place is 
obtained by finding the decrease in pressure* as given by the manometer-barometer 
arrangement shown. An estimate of the quantum yield can thus be made. 

The results are given in table 7 . 

* Before all pressure readings the reaction system was immersed in a water thermostat 
until equilibrium was attained. 
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Table 7. Temperature 20 ° C 



pressure 

duration 

number of 




of vinyl 

of 

quanta absorbed 

number of 

overall 


chloride 

exposure 

by vinyl 

molecules 

quantum 

run 

(mm.) 

(min.) 

chloride 

polymerized 

yield 

1 

600 

30 

9-55 xlO 18 

2*5 x 10 19 

2*6 

2 

600 

10 

1-94 x 10 18 

7*1 x 10 1S 

3*7 

3 

600 

' 8 

1-0 x 10 18 

6*2 x 10 18 

6*2 

4 

300 

33 

4-05 x 10 18 

2*04 xlO 19 

5*0 

5 

300 

30 

6-55 x 10 18 

1*57 x 10 19 

2*4 

6 

100 

30 

8-18 x 10 18 

8*0 xlO 18 

1*0 


Although no quantitative law can be deduced from these results it is apparent 
that the quantum yield is very small and probably proportional to pressure. The 
appearance of a cloud of polymer indicates that the chain length is very large, much 
more than the quantum yield would indicate, which means therefore that the 
efficiency of the primary photochemical reaction for the starting of chains is very 
small. 


Styrene 

Styrene has a small vapour pressure of about 10 mm. at room temperature. 
Illumination of 8 mm. for 130 min, at 35° C produced no polymerization and only 
the slightest trace of non-condensable gas. When 8 mm. were mixed with 50 mm. 
acetone a rate of about 0*014 mm./min, was obtained corresponding to a chain length 
of about 3. 


Methyl isopropenyl ketone 

Methyl isopropenyl ketone does not polymerize with light of wave-length greater 
than 2500 A but decomposes to carbon monoxide and a residue. Methyl radicals 
from acetone, on the other hand, induce it to polymerize. The results at two tem¬ 
peratures are given in table 8. Separate experiments, not recorded, showed that 
the rate of polymerization is proportional to the 0*6 power of the intensity of the 


Table 8 




pressure 

methyl 


rate of 

rate of 


CO 

CO 



isopropenyl 

pressure 

polymer¬ 

free radical 

estimated 

produced 

expected 

temp. 


ketone 

acetone 

ization 

production 

chain 

(arbitrary 

(arbitrary 

°C 

run 

(mm.) 

(mm.) 

(mm./min.) 

(mm./min.) 

length 

units) 

units) 

35 

M8 

25 

28 

0*110 

0-0028 

40 

45 

78 


M15 

25 

12 

0*04 

0*0012 

33 

67 

99 


M17 

25 

30 

0*125 

0*003 

43 

69 

101 

60 

N6 

25 

17 

0*120 ’ 

0*004 

25 

54 

120 


N8 

25 

28 

0*105 

0*007 

15 

49 

137 


N10 

26 

44 

0*195 

0*011 

18 

— 

— 


Nil 

26 

16 

0*067 

0*004 

17 

— 

— 


N13 

26 

31 

0*250 

0*0074 

34 

31 

75 


N15 

11 

31 

0*053 

0*0074 

7 

99 

179 
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incident light. Owing to the small saturation pressure of the ketone it is difficult to 
measure exactly how the rate varies with pressure except to say that it does increase 
with monomer pressure. Temperature does not seem to have any marked effect on 
the chain length, and it is of interest to note that the average value of the chain 
length of the polymer produced at 60° C was about 20, in approximate agreement 
with the chain-length figures calculated from the data given in table 8. The results 
in table 8 show that the carbon monoxide production is less than that expected from 
the decomposition of the acetone and the methyl isopropenyl ketone, once more 
indicating that acetyl radicals can react with methyl isopropenyl ketone without 
eliminating carbon monoxide. 

The mechanism involved in the production of carbon monoxide from methyl 
isopropenyl ketone is rather peculiar. Table 9 gives results which when completed 
show that the rate of carbon monoxide production per mm. of methyl isopropenyl 
ketone is inversely proportional to the first power of the pressure of the ketone over 
the range investigated.* These observations imply that the following kind of mech¬ 
anism is involved in the dissociation. 


Table 9. Temperature 60° C 
pressure methyl rate CO production 



isopropenyl 

in arbitrary units 

reciprocal 


ketone 

(per mm. 

rate of CO 

run 

(mm.) 

ketone/min.) 

production 

0 , 2 

22 

0-090 

in 

0,4 

16 

0-106 

9-4 

0, 6 

8 

0-132 

7-6 


Let (K') be the concentration of excited ketone molecules which are deactivated 
at a rate k x (K r ) (K) and k 2 (K') respectively by collision and by spontaneous loss of 
energy. Thus 

1 ; jyzj+v 

4>s. i&e rate of production of activated molecules per mm. of ketone, the rate of 
carbon monoxide production is k 2 (K‘) and, therefore 

d(CO)/dt UK') hj x 
(K) (K) k x {K) + k 2 

which is in accord with the facts. The methyl isopropenyl ketone molecules must 
decompose thus 

CH 2 =C(CH 3 ) COCH 3 -> CH 2 =C(CH 3 ) 2 + CO, 

■without producing any appreciable number of free radicals. This explains the fact 
that there is no appreciable polymerization of the methyl isopropenyl ketone when 
it is illuminated. 
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Some experiments were made with hydrogen atoms, but as with butadiene there 
is no production of polymer of a chain length corresponding to that obtained with 
methyl radicals. As the results in table 10 show the rate is proportional to the 
intensity of the light and the decrease in hydrogen pressure is accompanied by a 
somewhat larger decrease in pressure of the vapour condensable in liquid air. This 
points not to hydrogenation of the monomer but to the creation of free radicals 
which unite with each other to give di-ketones. 


run 


Table 10 


pressure 
methyl iso- 



propenyl 

pressure 

relative 

temp. 

ketone 

hydrogen 

light 

°C 

(mm.) 

(mm.) 

intensity 

20 

24 

36 

io 

20 

24 

36 

0-384T,, 

55 

25 

35 

h 

80 

25 

35 

h 


apparent 
change in 
change in methyl iso- 


observed 

hydrogen 

propenyl 

BjA 

rate 

pressure 

pressure 

chain 

(mm./min.) 

(mm.) 

(mm.) 

length 

0-21 

5*5 

7*9 

1*4 :1*7 

0-081 

4-9 

5*2 

1-05:1*5 

0-17 

4-4 

9*4 

2*2 :2*2 

0-07 

2*4 

4*1 

1*7 ;1*8 


Acrylic NITRILE 

The absorption of acrylic nitrile in ^-hexane is shown in figure 6 . Using wave¬ 
lengths greater than 2500 A and pressures up-to 50 mm. at 20 ° C only small rates of 
polymerization are obtained, for example, 1*5 x 10“ 2 mm./min. The light absorbed 
at that wave-length, however, is very small, and hence it is not surprising the rate 
of polymerization is correspondingly small. As a consequence it is possible to study 
the acetone-sensitized reaction with comparative ease. 



2300 2400 2600 2800 3000 3200 

Wavelength in A unite 

Figure 6 . Absorption coefficients of acrylic nitrile in n-hexane. 

The acetone sensitized reaction is reproducible and has the characteristics of a 
free radical mechanism in that the rate has an intensity exponent of nearly 0*5, 
varies as the square root of the acetone pressure, and as the first power of the 
acrylic nitrile pressure. Tables 11 and 12 summarize the results. 
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Table 11 







pressure 









acrylic 

pressure 


rate 





nitrile 

acetone 

relative 

observed 

intensity 


run 

(mm.) 

(mm.) 

intensity 

(mm./min.) 

exponent 


0, 11 

30 

32 

O*384jT 0 

0*051 

0*6 



0, 11 

29 

32 

I 

0 

0*091 




0, 12 

30 

44 

0-125I 0 

0*033 

0*6 



0, 12 

29 

44 

I 

0 

0*113 







Table 12 









rate of 









acetone 

rate of 

chain 




pressure 



sensitized 

free 

length of 




acrylic 

pressure 

/ pres- 

polymer¬ 

radical 

sensitized 

decom¬ 

decom¬ 


nitrile 

acetone 

| sure I 

ization 

production 

polymer¬ 

position 

position 

run 

(mm.) 

(mm.) 

Vacetone/ < 

(mm./min.) 

(mm./min.) 

ization 

observed 

expected 

0,26 

31-0 

2*5 

1*6 

0*012 

0*00021 

57 

5*6 

6*3 

0,26 

31*0 

4-8 

2*2 

0*019 

0*00040 

48 

7*0 

8*9 

0,27 

31*0 

0*6 

31 

0*035 

0*00079 

44 

10*3 

12*7 

0,20 

31*0 

24-0 

4-9 

0*070 

0*00198 

35 

12*9 

19*4 

0,20 

31*0 

38*0 

6*2 

0*097 

0*00313 

31 

15*8 

24*8 

0,31 

31-0 

77-0 

8*8 

0*104 

0*00634 

16 

21*9 

46*5 

0,23 

0*3 

28-0 

_ 

0*042 

0*00231 

18 

41*6 

46*0 

0,34 

18-3 

28-0 

— 

0*078 

0*00231 

34 

13*1 

16*3 

0,37 

27*6 

28*0 

— 

0*092 

0*00231 

40 

15*5 

21*9 


Hie results are plotted in figures 7 and 8. Since acrylic nitrile itself exhibits a 
small rate of polymerization this had to be subtracted from the corrected total rate 
so as to get the acetone-sensitized rate. In figure 7 this rate is plotted against the 
square root of the acetone pressure and a fair straight line may be drawn through the 
points, runs 0,25-0,31. 

Runs 0,33,34 and 37 give the variation of the acetone sensitized rate with acrylic 
nitrile pressure and the results are plotted in figure 8. Here again a linear relationship 
best represents the results. The estimated chain length as calculated by the rate of 
free radical production estimated from the rate of carbon monoxide production is 
given in column 7. As columns 8 and 9 show the carbon monoxide produced with the 
mixtures was less than that expected if acetone had been alone. 


Calculation or 

Some estimate of the ratio k p jh\ can now be made using the above results. It is 
seen from the equation for the rate of a free radical reaction given at the beginning 
of this paper that 

_ E 

A typical rate for a monomer pressure of as near 30 mm. as possible was therefore 
taken from the above results for each monomer, while the rate of starting of chains 



Rate of acetone sensitized polymerization mnj/. 
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Figure 7. Acetone-sensitized polymerization of acrylic nitrile—effect of acetone pressure. 


mm/m in 

* 
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—was given by the rate of free radical production produced with a pressure 
of as near 30 mm. as possible of acetone in order that a fairly reliable comparison 
could be made. If the pressure of monomer be expressed in moles/litre and the rates 
in moles/litre/sec., then values of for each substance can be obtained. The 
results are given in table 13. 


temp. 


pressure 

monomer 

concen¬ 

tration 

(moles/litre) 

Table 13 

rate of 
reaction 
(moles/ 
litre/seo.) 

pressure 

acetone 

rate of 
starting 
of chains 
(moles/ 
litre/sec.) 

KabJ* 

kjk\ 

°C 

substance 

(mm.) 

w 

IB) 

(mm.) 

(alabB.) 

35 

butadiene 

31 

1-61 x 10~® 

1-91 x 10-® 

21 

1*99x10-® 

4-37 x 10-® 

0*27 

35 

styrene 

8 

0-42x10-® 

1-21 x 10-® 

50 

4*34x10-® 

6-59 x 10-® 

0*44 

35 

methyl 

isopropenyl 

ketone 

25 

1-30x10-® 

10-9 x 10 -8 

30 

2*60x10-® 

5-1 X10-® 

1-63 

35 

vinyl 

chloride 

31 

1-61 x 10-® 

0-43x10-®, 

32 

2*78x10-® 

5-27 x 10-® 

0*05 

20 

acrylic 

nitrile 

31 

1-70x10-® 

6-39x10-® 

24 

1*82x10-® 

4-29 x 10-® 

0*88 


The values of the ratio Jc p jkf give some indication of the tendency of the molecule 
to polymerize. It is unfortunate that no results at 35° C were available for acrylic 
nitrile, but one run done at about 40° C with approximately the same pressure as 
the run at 20° C decreased the rate by about half. It is estimated therefore that at 
35° C h p jh\ for acrylic nitrile would be of the order 0*50, thus bringing it in line with 
styrene and butadiene. The relative values of the ratio at 35° C taking vinyl chloride 
as unity are as follows: 

methyl 

vinyl acrylic isopropenyl 

chloride butadiene styrene nitrile ketone 

1 5-5 9 (10) 33 

It must be remembered that these relative values hold for the free radical poly¬ 
merization of these substances and they give no indication of the velocity of thermal 
polymerization. 
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The adsorption of vapours on mercury 
I. Non-polar substances 
By C. Kemball and E. K. Redeal, E.R.S. 

Department of Colloid Science , Cambridge 
(.Received 20 November 1945— Read 23 Jfaw/ 1946) 

Reversible results for the adsorption of benzene, toluene and n-heptane vapours on mercury 
have been obtained. The films were found to be gaseous and obeyed the Vokner equation 

F(A — 6) = kT, 

where F = spreading pressure, A ==area per molecule and b = co-area. The possibility that 
the films might be immobile was considered and the Langmuir equation was applied but 
found unsatisfactory. 

A standard state for the surface phase was defined and the free energy, total energy and 
entropy of adsorption evaluated. The heat of adsorption was shown to increase with the 
amount on the surface. 

A number^of phase changes were found to occur after the completion of monolayer adsorp¬ 
tion, the most striking being interpreted as the change over from ‘fiat’ to ‘vertical’ adsorp¬ 
tion of the toluene molecules. Others were thought to be either two-dimensional condensa¬ 
tion or adsorption of a second layer. 

Much of the published work on the surface tension of mercury in the presence of 
vapours is qualitative rather than quantitative, and in some cases grave doubts 
arise as to the purity of the mercury used. The present investigation was under¬ 
taken with the intention of throwing further light upon the following poihts: 

( 1 ) The determination of quantitative energies of adsorption of simple molecules 
on mercury to give the magnitude of the van der Waals or exchange forces involved. 

( 2 ) The nature of the monolayer films formed on mercury. 

(3) The conditions governing the formation of multilayers or lenses on mercury, 
which is an ideal medium for examining changes at vapour pressures approaching 
the saturation value, because of the homogeneity of the surface and the absence of 
capillaries. 

Iredale ( 1923 , 1924 and 1925 ) described the adsorption of a number of vapours. 
He found that the adsorption was largely reversible except in the case of methyl 
iodide. Unfortunately, as pointed out by Burdon ( 1932 ), the sessile drop used was 
not of sufficient size to justify the application of the Worthington ( 1885 ) equation to 
calculate the surface tension, but by chance the errors approximately cancelled. 
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Thus Iredale’s results can only be taken as qualitative data. In all cases the curves 
for the surface pressure against the vapour pressure were concave to the pressure 
axis, indicating a departure from perfection of the adsorbed film due to the size of 
the molecules. 

Micheli ( 1927 ) obtained a series of curves for the lowering of the surface tension of 
mercury by the vapour of the hydrocarbons C 5 -C 8 , again concave to the pressure 
axis. The effect on the surface tension per additional CH 3 group was approximately 
three-fold, a factor which has been mentioned in connexion with the adsorption of 
vacuum grease on mercury (Kemball 1946 ). 

Cassel & Salditt ( 1931 ) and Cassel ( 1931 ) carried out the most extensive study of 
the adsorption of vapours on mercury. They worked with the simple alcohols, water, 
nitromethane, benzene, hexane and cycZohexane. They reported no adsorption of 
water, and a considerable pressure of the lower alcohols was required in order to 
produce a noticeable lowering of the surface tension. In fact, they concluded that 
the polarizability of the molecule was more important for adsorption than dipole 
moment. However, their initial value for the surface tension of mercury was only 
455 dynes/cm. at 50° 0, which, coupled with the results to be described shortly for 
the adsorption of water and the alcohols, points to the correctness of Adam’s sugges¬ 
tion that their mercury was contaminated(i 94 i),andfurther, that the contamination 
was non-polar in nature. 

Bosworth ( 1932 , 1939 ) adsorbed the lower fatty acids on mercury following the 
adsorption both by surface-tension measurements and also by dropping mercury 
through a vapour of known pressure and collecting the acid liberated when the 
drops coalesced under water. His later work on acetic acid was more extensive, and 
he determined isotherms over a wide range of temperatures. He gave 8 * 1 kcal./g.mol. 
and 6-1 kcal/g.moL for heats of adsorption at molecular areas of 400 and 25 A 2 
respectively. However, these values for acetic acid are not reliable because the 
association of the vapour was neglected. 

EXPERIMENTAL 

The method involved measurement of sessile drops and has been described else¬ 
where (Kemball 1946 ). The methods of purification and the data for determination 
of vapour pressure from temperature of the substances adsorbed were as follows: 

Benzene. Benzene was shaken with sulphuric acid until free from thiophene; it 
was. then washed with alkali and water, and after drying over sodium, distilled 
twice. It was kept over sodium until used. Comparison with a specimen from 
Bureau International Etalons Physico-chimiques, Universite de Bruxelles, by 
ultra-violet spectra, showed that it was over 98% pure. The physical properties of 
the comparison specimen were yg = 1-5013 and = 0-88419. The vapour pressures 
were calculated from the relation ( 1 ) 

, — 0-05223a r 

*°§10 Pmm. - 7p -b (1) 
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using the following constants (International Critical Tables):* 


°0 

— 58 to — 30 (solid) 

— 30 to — 5 (solid) 

0 to 42 (liquid) 


a b 

42,904 9*556 

34,222 9*846 

34,172 7*9622 


Toluene . Co mm ercial toluene was shaken with sulphuric acid until there was no 
further reaction. It was then washed, dried and distilled. The boiling-point was 
110*5-111*5° C/760 mm. and — 1*4967. Vapour pressures were calculated from 
relation (1) using a — 39,189 and b = 8*330 (International Critical Tables ). 

n-Eeptane. The heptane used was an hydrogenated Fischer-Tropsch product with 
ij$ = 1*3882, (F~C) x 10 4 ~ 68 and df = 0*6845. When the vapour pressure results 
of Mundel ( 1913 ) (— 63 to — 40° C) were plotted as logp against 1 \T , a straight line 
parallel to the straight line through the results of Young ( 1898 ) (0 to 40° C) 
was obtained. For calculation of the vapour pressure the straight line intermediate 
between the two sets of results was used. 


Table 1. ^-Heptane 

25° C; surface tension of mercury = 484*2 dynes/cm. 


temp. °K 



temp. °K 



of heptane 

p (mm.) 

F (dynes/cm.) 

of heptane 

p (mm.) 

F (dynes/cm.) 

202*3 

0*0386 

5*7 

259*0 

5*01 

42*8 

209*3 

0*0800 

9*4 

263*0 

6*49 

45*7 

210*1 

0*0875 

10*0 

265*0 

7-43 

46*0 

215*6 

0*152 

12*7 

273*1 

12*22 

51*1 

216*5 

0*164 

13*7 

273*1 

12*22 

51*7 

226*4 

0*406 

20*3 

274-0 

12*66 

51*7 

226*4 

0*406 

20*6 

279*5 

17*74 

55*6 

229*6 

0*528 

22*9 

279*3 

17*56 

55*9 

236*5 

0*978 

27*8 

284*7 

23*55 

58*7 

240*8 

1*33 

30*1 

288*8 

29*07 

60*9 

240*8 

1*33 

30*5 

293*8 

38*46 

65*7 

248*9 

2*47 

35*3 

296*4 

44*00 

68-5 

250*6 

2*77 

37*0 

297*2 

45*86 

70*0 

254*8 

3-74 

39*5 





50° C; surface tension of mercury = 479*0 dynes/cm. 


214*2 

0*132 

4*0 

265*2 

7-48 

31*5 

219*6 

0*221 

6*0 

270*8 

10*64 

34*4 

226*1 

0*395 

8*3 

275*1 

13*79 

37*0 

230*1 

0-557 

10*6 

279*8 

18*18 

39*3 

233-4 

0-734 

12*6 

284*8 

23*80 

42*5 

237*3 

1-01 

14*9 

287-3 

27*42 

43-4 

242-1 

1*54 

16*9 

289*1 

30*20 

44*7 

246*3 

2*02 

19*5 

293*0 

37-02 

46-6 

251*5 

2*95 

22*8 

297*5 

46*82 

48*8 

258*7 

4-91 

27*3 
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Isotherms were normally obtained at 25° and at 50° C, but in the case of benzene 
some measurements were made at 75° 0 as well. The temperature of the vapour 
source, vapour pressure and surface pressure are given in tables 1 and 2 for ^-heptane 
and toluene respectively. The results for benzene are given graphically (figure 1), 
•the curves for the other substances being similar in form. All isotherms were com¬ 
pletely reversible, and the application of liquid air to the vapour supply brought 
the surface tension of the mercury back to the original value. 

Table 2. Toluene 


25° C; surface tension of mercury = 484-2 dynes/cm. 


temp. °K 



temp. °K 



of toluene 

i p(mm.) 

F (dynes/cm.) 

of toluene 

p(mm.) 

F (dynes/cm.) 

195-2 

0*0076 

5*0 

269*7 

5*49 

52*4 

201-1 

0*0141 

7*1 

273*1 

6*82 

55*6 

206*5 

0*0261 

9*7 

275*8 

8*07 

58*1 

208-4 

0*0321 

11*4 

276*2 

8*28 

58*4 

215*3 

0*0662 

15*4 

278*0 

9*23 

60*0 

221*6 

0*123 

20*3 

280*2 

10*55 

62*2 

223*1 

0*142 

21*0 

281*6 

11*47 

63*2 

226*7 

0*199 

23*6 

282*4 

11*95 

63*8 

230-4 

0*278 

25*9 

283*0 

12*47 

64*7 

231*9 

0*317 

26*9 

285*6 

14*50 

66*3 

231*7 

0*315 

27-2 

284*4 

13*54 

66*3 

237*8 

0*526 

31-4 

286*3 

15*11 

66*6 

240*6 

0*661 

32*7 

288*0 

16*64 

69*7 

241-0 

0*684 

33*4 

290*0 

18*64 

71-3 

244-7 

0*918 

36-6 

*293*1 

22*14 

75*7 

245-9 

1*01 

37*3 

293*5 

22*61 

76*6 

247*9 

1*18 

38*6 

294*1 

23*38 

76-6 

250*5 

1*44 

39*5 

295*0 

24*56 

78*4 

254*2 

1*89 

42*5 

295*7 

25*51 

79-7 

256*7 

2*26 

44*1 

295*8 

25*64 

79*7 

258-2 

2*52 

45*0 

296*1 

26*10 

80*3 

258*4 

2*55 

45*3 

297*5 

28*10 

80*3 

261*9 

3*26 

47*3 

297*1 

27*69 

81*8 

265*4 

4*13 

49*5 

297*9 

28*76 

82*8 

269*2 

5*31 

52*4 

297*6 

28*24 

83*4 


50° C; surface tension of mercury = 479*0 < 

dynes/cm. 


208*9 

0*0339 

1*3 

257-2 

2*34 

21-1 

216*1 

0*0718 

3*0 

257-9 

2*47 

21*8 

219*4 

0*0998 

4*0 

264-2 

3*81 

26-4 

223*2 

0*144 

5*0 

266-6 

4*48 

28-0 

222*0 

0*187 

6*7 

270-2 

5*66 

29-9 

226*7 

0*219 

7*0 

272-6 

6*61 

32*2 

231*5 

234-0 

242*0 

244*9 

247-4 

249*2 

251*1 

0*321 

0*381 

0*742 

0*934 

1*14 

1*30 

1*50 

8*7 

9*6 

13*0 

14*9 

16*2 

17*2 

18*2 

277-7 

282-1 

285-4 

289-3 

293-1 

298-5 

9*08 

11*37 

14*34 

17*93 

22*14 

29*63 

35-4 

39*3" 

41*5 

44*4 

46*9 

50-7 
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Pmm. of mercury 
Figure 1 


Interpretation of the experimental results 
Thermodynamic quantities for the adsorption 

In order to obtain the standard thermodynamic quantities it was necessary to 
consider the surface phase at such concentrations that the molecules could be 
assumed an ideal gas, and to decide on a standard state for the surface phase. In 
the past this had been done by considering the surface to haye a thickness r, 5*4 or 
6*0 A; it was then possible to convert the two-dimensional surface pressure to a 
three-dimensional pressure, and to take the standard state as 1 atm. The standard 
free energy of adsorption is then given by (2), 

-AO = BThi—, (2) 

Pi ' 

where p 1 referred to the bulk phase and p z to the surface phase. This could be com¬ 
bined with the Gibbs adsorption equation (3), 

RTd ln^’ 

where F is the surface pressure and jT the surface excess. The only assumption 
involved in this equation is that the bulk phase is ideal, since pressures are 
used instead of activities. Furthermore, the bulk phase being a vapour, it was 
possible to ignore the difference between surface excess and surface concentration. 
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Transforming F into suitable units and taking t — 6 - 0A, (2) and (3) give (4) 
(p being measured in mm. of Hg), 

-AO = RT In 12,500^. (4) 

This equation is applicable to a region of the adsorption isotherm where the adsorbed 
film is ideal, in fact the initial value of dFjdp is required. 

The method of defining the standard state by the introduction of an arbitrary 
surface thickness, which is taken to be the same for all substances, appears at first 
sight an over-simplification. However, it is equivalent to defining the standard 
state on the surface as a given area per molecule, which is constant for all molecules 
at the same temperature, but which depends on temperature. The three-dimen¬ 
sional standard state is usually 1 atm. at any temperature. At 273*1° K 1 g.mol. 
occupies 22*41. and the corresponding volume per molecule is 36,930 A 3 , or at any 
temperature r°K the volume per molecule is given by 

v = 135-2TA 3 . 


Taking the surface thickness as 6 A, the standard surface area per molecule is 
given by 

A - 22-53TA 2 , 

or, assuming the ideal relation FA = TcT , the standard surface pressure F is 

F — 0*06084 dyne/cm. 

This last means of defining the standard state is independent of temperature in the 
same manner as the standard pressure of 1 atm. is independent of temperature. 

The experimental curves for F against p were not linear even at the lowest surface 
pressures measured. This, and the fact that the relative error in F was greatest at 
small values of F, implied large errors in any graphical method of determining the 
initial slope. An alternative method was therefore required to obtain the result from 
the curve as a whole. 

The total energy of adsorption could be determined from the free energy at two 
or more temperatures using the Gibbs-Helmholtz equation (5), 

AG-AH=T~ = -TAS. (5) 


Although the free energy and the entropy were dependent on the value assumed 
for r, the total energy was independent of such an assumption. This can be seen by 
substituting in (5) from (4) in the form 

-AG = BTkL-^, 

T dp 

where B is a constant, which leads to 


AE = 

o m * 


(- 6 )' 
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The equation of state 

The surface monolayers may be either mobile or immobile in the sense that the 
adsorbed molecules may have two-dimensional freedom or be retained at fixed sites. 
In the case of activated two-dimensional migration, the apparent mobility is time 
dependent. Now examine the case on the assumption that the surface layer consists 
of a mobile film. 

The general equation of state for a gaseous surface film, is a modification of the 
Traube equation suggested by Volmer ( 1925 ), involving a molecular co-area, 

F{A~b) = kT . (7) 

A combination of equation (7) with the Gibbs equation ( 3 ) yields 

bF 

Injj = In .F + ^+c, ( 8 ) 

containing two constants b and c, 

p == fl e (bFlkT)+C i 

IMS +1 ) 

dp dF 

therefore Kr f - = e c or ^-= e-°. (9) 

ZFf-* 0 s Pf-+ 0 


The significance of b has been mentioned, but c is also of interest, being some 
measure of the free energy of adsorption. Considering two substances at the same 
vapour pressure and having identical values of b , then the difference between F ± 
and F 2 for the substances will depend on the difference between c x and c 2 , the smaller 
algebraically the value of c, the greater the value of F for a given pressure. Thus the 
initial slope of the F, p curve is a function of c, equation (9). In order to test equation 
( 8 ), log pjF was plotted against F which gave straight lines of slope b/2-ZQZlcT and 
intercept c. As can be seen from figures 2-4, reasonable straight lines were obtained 
over a wide range of surface pressure. For the present only the first region of the 
isotherm will be considered, and the other regions where changes in the log pjF 
against F line occur at higher surface pressures will be discussed later. 

The experimental error of the function log pfF increases at low surface pressure, 
and therefore all points below about 3 dynes/cm. were ignored. To the remainder of 
the experimental results, the best straight lines were fitted by the method of least 
squares. The errors in b and c were calculated similarly. From the values of c, the 
standard free energies of adsorption were determined using equation (4) in the 
form ( 10 ), 

-AG = BT In 12,500^- 
dPmm. 

= 2-303JS!Tlog 10 12,500 x 10"« 

= 2-3032^(4-0969-c). 


( 10 ) 
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F dynes/cm. 
Figure 2 







log p/F 
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F dynes/cm. 
Figure 4 


The total energy and entropy of adsorption were found from the free energies at two 
temperatures or more directly from (11), a combination of (6) and (9), 


AH = 2 * 303 JST 2 ^ 


(ID 
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The values calculated for the free energy, etc., of all the substances are summarized 
in table 3. 


Table 3. Free energies, total energies, entropies op adsorption 

AND CO-AREAS FOR BENZENE, TOLUENE AND 71-HEPTANE 



temp. 

co-area 

AO 

AH 


AS 


substance 

°C 

A 2 

cal./g.mol. 

k.cal./g.: 

mol. 

caI./deg.mol. 

benzene 

25 

33*7 ±0*3 

-8513 ±15 

—16*4 ± 

0*46 




50 

35*0 ±0*5 

- 7848 ±22 

-26-6± 

1*5 


75 

37*8 ± 0*5 

-7250 ±11 

—15*7 ± 

0*45 

— 23-9± 

1*3 

toluene 

25 

36*2 ±0*2 

— 9625 ± 8 

— 21*2 ± 

0*30 




50 

38*4+0*6 

-8634 ±14 

+1 

CD 

Gi 

CO 

1 

0*9 

rc,-heptane 

25 

32*1 ± 0*2 

1 

00 

GO 

+ 

GO 

—13*4± 

cq 

6 



50 

33*3 ±0*2 

— 8434 ± 9 

1 

J-* 

Ox 

W 

1+ 

0*7 


Again examine the case on the assumption that the surface film is immobile, the 
adsorbed molecules being held on sites. In the simplest case where no interaction 
between neighbouring particles is assumed the Gibbs equation can be combined 
with that of Langmuir, which relates the surface concentration to the pressure of 
the bulk phase. 

The empirical equation ( 12 ) given by Szyszkowski ( 1908 ) has been shown by 
Rideal ( 1926 ) to imply the Langmuir relation (13), 

F = y<>- y = -By„ log 10 (j+1) > ( 12 ) 

r= t 

2-303 RTp+A‘ ( 13 ) 

The method used to fit equation ( 12 ) was due to Szyszkowski ( 1908 ), i.e. to take fixed 
intervals, d, of 1 -y/y 0 , and to find the values of p x , p 2 , etc., corresponding to these 
values of 1 — y/y 0 . The value of B given by 


JJ = Pn-1 
Pn~l~P n ~2 

should be constant, and the constants A and B in ( 12 ) are given by 


1 TO-l 

4 = -S 


— y {An 
n£ n B*-\ 


and B = • 


The maximum adsorption, r 1Im , corresponding to a completed monolayer, is 


r _ F y<> 

j- Urn = —_ ■ 


11111 2-303.R2 7 ’ 

and the area per molecule is 1 / r Um . 

«nd‘^uiT» ePb T at boSl T and 50 ° 0 weie B “ b i e ' ,ted *> »fitment, 

f””™ “ * “ d 5 ' Hepta ™ was 

It can be seen that PrW +I 6r & c ° m P arative ty lar g e range of surface pressures. 

It decreases throughout the adsorption, particularly in the initial 
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stages where the calculated values of log p differ most markedly from the observed. 
This means either that the equation was not valid or else that the packing of the 
molecules was constantly changing, i.e. the co-area was becoming less as the film 
was compressed. With heptane this explanation is quite possible because at low 
surface pressures one would have expected the molecules to lie fiat on the surface 
and at high most of each molecule would have been forced off the surface. The mean 
limiting areas per molecule are 42*7 A 2 at 25° C and 47*0 A 2 at 50° C, which are larger 
than the corresponding areas determined by the Volmer equation. The difference is 
connected with the basic assumptions. The Langmuir equation has been shown to 
apply when the molecules are adsorbed on to definite sites and do not interact with 
each other (Fowler & Guggenheim 1939 ), whilst the Volmer equation depends 
essentially on the mobility of the molecules; thus the resistance to adsorption for 
the last stages of the monolayer is much greater than the resistance experienced in 
the case of Langmuir adsorption. Molecules in motion effectively cover a larger area 
of the surface. As a result over a comparatively large range of surface concentration 


Table 4. Adsorption oe heptane at 25° C 


7/7o 

F 

(dynes/cm.) 

log2? 


Pn Pn-i 

r Pn-Pn-l 

~Pn-l-Pn~ 2 

log p 
(calc.) 

1*00 

0*00 

— 

0*0000 

— 

— 

— 

0*99 

4*84 

2*480 

0*0302 

0*0302 

— 

2*5514 

0*98 

9*68 

2*936 

0*0863 

0*0561 

1*854 

2*9765 

0*97 

14*53 

1*267 

0*1849 

0*0986 

1*753 

T-2856 

0*96 

19*37 

1*547 

0*3524 

0*1675 

1*700 

1*5519 

0*95 

24*21 

T-807 

0*6412 

0*2888 

1*722 

1*7980 

0*94 

29*05 

0*053 

1*130 

0*4888 

1*691 

0*0330 

0*93 

33*89 

0*297 

1*982 

0*852 

1-739 

0*2621 

0*92 

38*74 

0*529 

3*381 

1*399 

1*642 

0*4878 

0*91 

43*58 

0*749 

5*610 

2*229 

1*592 

0*7114 

0*90 

48*42 

0*954 

8*995 

3*385 

1*518 

0*9339 

0*89 

53*26 

1*154 

14*26 

5*265 

1*553 

1*1556 

0*88 

58*10 

1*347 

22*23 

7*97 

1*512 

1*3767 


Table 5. Adsobptioh of 

Mean R = 1*662 

HEPTANE AT 50° C 


7/7 0 

F 

(dynes/cm.) 

logy 

(mm.) 

Pn-Pn-l 

jPn Pn-1 
~ Pn-l-Pn-2 

log p 
(calc.) 

1*00 

0*00 

— 

0*0000 

— 

— 

— 

0*99 

4*79 

T-214 

0*1637 

0*1637 

— 

1*2548 

0*98 

9*58 

T-663 

0*4603 

0*2966 

1*813 

T-6799 

0*97 

14*37 

1*994 

0*9864 

0*5261 

1*771 

1*9870 

0*96 

19*16 

0*271 

1*866 

0*8796 

1*668 

0-2553 

0*95 

23*95 

0*523 

3*334 

1-468 

1*669 

0-5014 

0*94 

28*74 

0*757 

5*715 

2-381 

1*621 

0*7364 

0*93 

33-53 

0*978 

9*506 

3-791 

1*586 

0*9655 

0*92 

38*32 

1*196 

15*70 

6*194 

1*628 

1*1912 

0*91 

43*11 

1*408 

25*59 

9*89 

1-592 

1*4148 

0-90 

47*90 

1*618 

41-50 

15-91 

1-608 

1-6373 
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a Volmer expression with co-area 33-3 A 2 gives the same result as a Langmuir 
expression with co-area 47-0 A 2 , i.e. the results for heptane at 50° 0. To illustrate the 
different ways in which the adsorptions approach saturation, the calculated adsorp¬ 
tions for heptane obeying the Szyszkowski equation (14), the equation'(15) which 
was derived from the Volmer equation, and lastly the experimental values calculated 
by the Gibbs equation are shown in figure 5. The experimental results 


F = 0-04533 x 479-i 


" Olog (o : 

log p/F = 0-03259 F- 1-6248, 
clearly favour the Volmer adsorption isotherm. 


P 


2716 


4 


. (14) 
(15) 



two theoretical isotherms and the 
experimental results 


0-5 


- = Volmer isotherm. Correa 33-3 A 2 

-- Langmuir isotherm. Co-area 47*0 A 2 

A m Experimental results 


1*0 

log Pmm. 
Figure 5 


1*5 


2*0 


2*5 


Tl» keat of Sorption me obtained from the Seysekowski equation. Differ- 


entiating (12) 


and substituting in (6) from (16), 


dp, 


0 A 


(16) 


AH = PTO ^gel-Pyo/A) 
8 T 


(17) 


W^TCer^o ,»^V° 0f ^ eaS 12-hM/g.mol.Thiaii 

kcal./g.mol. because the Langmuir isotherm 
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is curved when plotted as logp/F — F, and because of the greater range to which the 
Langmuir equation was fitted in the case of adsorption at 25° C. These two factors re¬ 
duce the difference between the values of log pjF at F = 0 for the two temperatures. 

It is clear that in all the cases where straight lines are obtained by plotting log p/F 
against F, a Langmuir equation could be fitted, and the constant It would decrease 
as the adsorption proceeds. The heats of adsorption calculated from such Langmuir 
equations would not differ greatly from those obtained by the use of the Volmer 
equation, but the co-areas would be decidedly greater. 

The force area curves * 

The methods used to interpret the results in the preceding sections have all de¬ 
pended on the Gibbs equation and some other relation between the surface pressure, 
surface concentration or pressure of the bulk phase. However, by the use of the 
Gibbs equation alone it is possible to construct the force-area curves for the adsorbed 
substances, and although these do not give much further information about the 
region of monolayer adsorption, they furnish valuable information about the phase 
changes and the formation of second layers, which occur at higher surface pressures. 

The surface pressure is a direct observation, and the area per molecule is cal¬ 
culated from the curves for F against log#, using the Gibbs equation (3). An example 
of the F against log# curves is given in figure 6. The slope changes rapidly at first 
and then more slowly as the monolayer is completed, and farther rapid changes 
occur at higher pressures which will be considered below. 



V0L187. a. 
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The FA-F curves for heptane and toluene are given in figures 7 and 8. The first 
portion of the curve is in all cases a straight line intercepting the FA axis at TcT as 
required hy the Volmer equation. The increase of the co-area, i.e. the slope of this 
straight portion of the curve, -with temperature is also obvious. The main deduction 
from these curves is that the films are gaseous, because, although there may be a 
tendency for the value of FA to dip below 400, as F is decreased, it certainly does 
not tend to zero. 



F dynes/cm. 
Figure 7 


On the variation of the heat of adsorption 

The investigation of the change in AH as the surface becomes covered indicates 
the magnitude of the interactions between the molecules in the adsorbed film. The 
calculation is carried out with the experimental results for heptane, the force-area 
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relations (18) and (19) are assumed to hold, the values of the constants being those 
determined by the Volmer method. The values of log^> for any particular value of F, 

F(A - 32*07) = 408*6 at 25° C, (18) 

F{A - 33*26) = 442*9 at 50° 0, (19) 

are determined from the smoothed curves of F against log p. 



Figure 8 


The first method of examining the change in AH is to calculate the isosteric heat 
of adsorption for fixed amounts on the surface using the van’t Hoff isochore in the 
form (20) 



(20) 


5-2 
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where A refers to the area per molecule. The results obtained in this manner are 
given in table 6 . The energy of adsorption increases slowly at first and then more 
rapidly towards the completion of the monolayer. This indicates that energy is 
liberated by the approach of two heptane molecules to their equilibrium dis t an c e 
as expected. 


Table 6. Isosteric heat oe adsorption oe heptane 


surface concentration 


10~ 13 mol./em. 2 

10 

15 

20 

23-24 

area per mol. A 2 

100 

66-7 

50 

43 

heat of adsorption, kcal./g.mol. 

14-37 

14-79 

15-86 

18-42 


The second method of calculating the variation in the heat of adsorption is to 
refer the change in log# with temperature to the fraction of the surface covered. 
The surface is assumed to be covered when there is one molecule per 32-07 A 2 at 
25 C and per 33-26 A 2 at 50° C. The results for this method of calculation are given 
in table 7. In this case, allowance having been made for the change in co-area with 
temperature, the heat of adsorption is constant. This means that the increase in 
co-area with temperature results from the liberation of energy when two molecules 
approach to their equilibrium distance. The two sets of results in tables 6 and 7 
confirm the conclusions reached by Wilkins ( 1938 ), who recommended from statis¬ 
tical mechanical arguments that the heat of adsorption should be calculated with 
respect to the fraction of the surface covered and not with respect to the amount on 
the surface. The difference between the result of 13-77 cal./g.mol., the mean of the 
results m table 7 and the value 13-4 cal./g.mol., obtained earlier by the use of the 
Volmer equation, is due to the fact that the first is a heat at constant volume, and 
the second at constant pressure. 


Table 7. Variation in the heat of adsorption of heptane 

WITH FRACTION OF SURFACE COVERED 


fraction covered 0-3 0-4 0*5 0*6 

heat of adsorption, kcal./g.mol. 13-78 13-73 13-80 13-73 


0-7 

13*73 


0-8 

13-83 


Discussion op the results eor the monolayer region 

^ CaieuiatiQns bQth by the Volmer equation and the Gibbs equation show that the 
first region indicated by the logp/F curves corresponded to monolayer adsorption 
The three substances were found to obey the Volmer equation ( 7 ), and the co-area 
^ shghtly dependent on temperature. The Langmuir equation was applied to the 
results for heptane and did not give such good agreement. The monolayers appeared 
to be gaseous, as the value of FA did not approach zero as F was decreased. The 

tS™? °? mpared favoura % -with areas calculated from the moleculai 
volume of the molecules m the liquid state (cf. table 8 ). The experimental co-areas 
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for benzene and toluene were greater than the value from the liquid volume because 
they were flat on the surface. Palmer & Clark ( 1935 ) gave 36 A 2 for the low-pressure 
area of benzene on vitreous silica, and Stewart ( 1929 ) obtained 4*70 A for the thick¬ 
ness of benzene in the liquid state by X-ray diffraction, hence 31*4 A 2 for the area, 
in agreement both with 34*4 A 2 for benzene and 37*3 A 2 for toluene. If the ^-heptane 
molecules had been fully extended on the surface, they would have required about 
50 A 2 , and the observed value of 32*7 A 2 indicated that the molecules were partially 
curled up, having four or five of the carbon atoms on the surface. It is possible with 
models to make a heptane structure which has the same area as a benzene ring and 
almost five of the carbon atoms in one plane. The increase in co-area with tem¬ 
perature has been discussed above and shown to imply liberation of energy by the 
approach of two molecules. The co-areas determined by the Volmer method were 
assumed to represent the actual area of the molecules, not twice the area as expected 
from the simple theory of molecules in a dilute gas (cf. the three-dimensional van der 
Waals constant b is four times the volume of the molecules). The simple treatment 
must fail as soon as the concentration of the gas is sufficiently great to get a large 
number of multiple collisions and must be inapplicable as soon as the surface is half 
covered or else infinite surface pressure would be required to satisfy (7). The reversi¬ 
bility of the adsorptions and the magnitude of the heats indicated that only van der 
Waals’s interaction was involved. The value of 13*4 keaL/g.mol. for 72 ,-heptane 
indicates the comparatively large quantity of energy that can be liberated from the 
adsorption of non-polar molecules. The adsorption of a benzene ring leads to an 
even higher heat of adsorption. This effect is not due to the additional polarizability 
of the benzene nucleus but to the fact that the molecule is planar and can 
approach more closely to the surface before the short-range repulsive forces take 
charge. The free energies of adsorption showed considerably less variation than 
the total energies. 


Table 8. Co-areas and areas erom the liquid state 


substance 

liquid volumes 

A 3 

(volume)^ 

A 2 

co-area 

A 2 

benzene 

146-0 

27-8 

34-4 

^-heptane 

241-6 

38-8 

32-7 

toluene 

175-6 

31*4 

37-3 


The extensive work by Cassel & Salditt ( 1931 ) has been quoted and the possibility 
of contamination of their mercury mentioned. With non-polar substances their 
curves for F against p were concave to the pressure axis; with water no adsorption 
occurred and with nitromethane a large pressure was required before any lowering 
of surface tension was detected, and then a fairly rapid lowering occurred with 
further increase of pressure. The alcohols showed serial changes, methyl requiring 
a high pressure to start affecting the surface tension, ethyl a somewhat lower pressure 
and so on until butyl gave an F against p curve entirely concave to the pressure axis. 
In all cases once the critical pressure had been reached further increase of pressure 
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gave marked adsorption. Their mercury must have been covered with a non-polar 
contamination with which non-polar compounds were completely miscible, and in 
which the alcohols could be adsorbed once a critical pressure was reached which was 
lower the greater the amount of hydrocarbon in the alcohol molecule. In pre¬ 
liminary experiments with water and the lower alcohols no initial flat portion of the 
F —p curve has been found. 

The significance of the entropy values have not been discussed because it is 
intended to study them in conjunction with theoretical calculations to be described 
in the following paper. 

Phase changes and secondary layers 

Monolayer adsorption has been a recognized phenomenon for some years, but 
whether the phenomenon of condensation involves the passing of a monolayer by 
stages into a ‘multilayer 5 at relatively low values of p/p Q , or whether the monolayer 
persists until very near the saturation pressure, and then changes abruptly into 
three-dimensional condensation, has not been fully explored. One difficulty has 
been the porous nature of many adsorbing materials, and a second, affecting the 
onset of multilayer formation, the inhomogeneity of the adsorbing surfaces. Liquid 
mercury suffers from neither of these defects, and particular interest arises as to the 
interpretation of the changes observed in the isotherms at higher values of plp Q . 
The work of Palmer & Clark ( 1935 ) and Palmer ( 1937 , 1938 ) on vitreous silica and 
of Orr ( 1939 ) on alkali halides indicated the adsorption of three to four molecular 
layers for high values of p/p 0 . Conclusions reached about adsorption on mercury 
cannot be applied without modification to solid surfaces, but where multilayers 
form on mercury they are more likely to be formed on a solid surface of the same 
adsorbing power because of the more permanent surface of a solid surface. 

In the case of ^-heptane and mercury the monolayer region persists until a fairly 
high surface pressure and then further adsorption occurs. This might be due either 
to two-dimensional condensation, to the adsorption of a second layer, or to the 
unrolling of the heptane molecules and adsorption end-on to the surface. The 
positions of the last two or three points of the FA — F curve {figure 7 ) depend on the 
way the F—logp is drawn and cannot be regarded as accurate. The FA value is 
about 1400 at 70 dynes/cm., whereas if the molecules had unrolled to a co-area of 
20 A, the expected value would have been 1800. If a second layer of molecules, 
obeying a Volmer equation, were adsorbed on the first layer, the two layers might 
be assumed to exert separate surface pressures. If a; be the fraction of the adsorbed 
material in the first layer and A the area per molecule from the Gibbs equation, then 


II 

1 

H 

(21) 


(22) 
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where F 1 and F 2 refer to the surface pressures of the two layers. Since 

F X +F 2 ~F 

we obtain F{A — \b) — TcT — (F x — F 2 ) 6 (|—%)• (23) 

In the initial stages of the adsorption there is no second layer and the ordinary 
Volmer equation obeyed, i.e. (23), with x = 1 . Once the first gaseous layer is suffi¬ 
ciently closely packed a second layer may be formed. It is assumed that this cannot 
occur unt il the fraction of the surface covered is fairly high or else molecules in the 
second layer would simply, fall into the first layer. Once started, the second layer 
begins to fill up rapidly, i.e. x tends to \ fairly rapidly, and the last term of (23) 
becomes smaller with respect to kT . The relation (23) would then reduce approxi¬ 
mately to the form (24), 

I(A-$>) = hT. (24) 

On this view the expected value of FA for heptane at F = 70 dynes/cm. would be 
WOO. 

If the heptane had condensed to a two-dimensional liquid or a vapour-expanded 
film the FA value would have risen from zero at low-surface pressures and followed 
a line parallel to the FA for a gaseous film. An example of this for the fatty acids on 
water was given by Adam ( 1941 ). If the heptane molecules unrolled to form a 
vapour-expanded film with a co-area of 20 A 2 , the FA value at F = 70 dynes would 
be about 1400. Thus the explanation of the phenomenon observed with heptane 
might be either the formation of a second layer or two-dimensional condensation 
in the first layer. 

The results with toluene appeared to indicate a different type of phase change 
from those found with n-heptane. The equations 

j F(A - 22 - 0 ) = kT at 25 p C and F(A - 24-9) = kT at 50° C 

could be fitted to the second region of the adsorption. The thermodynamic quantities 
for this second phase (assumed stable down to the standard state) were calculated as 
for the monolayer region. The free energy of adsorption was — 8401 ± 20 caL/g.mol., 
the heat —13*1 ± 0 * 5 kcal./g.mol. and the entropy -15*2 ± 1*6 entropy units. It is 
probable that this phase represented the adsorption end-on to the surface. The 
co-area of 23*5 A 2 agrees with the cross-sectional area of 24 A 2 given by Adam ( 1941 ) 
for an aromatic amine or phenol on a water surface. The energy values also confirm 
this deduction, and it is possible to apply the two-dimensional Clausius-Clapeyron 
equation 

31n.F -g 

dT~ “ RT 2 

obtaining g.= 6*7 kcal. This differs from the 8*1 kcal. found by the methods outlined 
above because the phases are by no means perfect at the concentrations of the phase 
change and the Clausius-Clapeyron assumes perfect behaviour. The change which 
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occurs at about 53 dynes/cm. in the isotherm for benzene at 25° C is believed to 
correspond to the toluene phenomenon. 

The further change ’which occurs in the adsorption of toluene between 65 and 
70 dynes/cm. must mean the formation of a second layer. It oannot correspond to 
two-dimensional condensation because the area per molecule at 80 dynes/om. is 
only 15 A 2 . However, two layers of co-area 22 A 2 would give FA = 1300, agreeing 
within the experimental error with the 1200 observed. The logp/F — F curves and 
the FA — F curves afford two different methods of exainining all these changes. 
In the log pjF—F curves, the changes are made as sharp as possible by drawing 
straight lines and the FA—F are the result of smoothed F—logp curves. Despite 
experimental error and smoothing the discontinuities remain fairly sharp, a factor 
presumably being the homogeneous nature of the surface. 

Some work by Cassel ( 1932 ) on the adsorption of carbon tetrachloride on mercury 
has attracted considerable attention. He claimed that his results indicated 3-6 
molecular layers as the saturation vapour pressure was approached, and, moreover, 

1 that the first molecular layer was completed at an extremely low value of p/p 0 . 
However, the general form of his F—logp curve was similar to those in figure 6 , 
where the monolayer was not complete until a high p/p 0 . Some calculations were 
made from his results. At the point where he claimed the adsorption of about 
layers (with 31-8 A 2 as the co-area), i.e. 26 A per mol., calculation gave 137 A 2 per 
mol. Where he claimed 3-6 layers, i.e. area 9-5 A 2 per mol., calculation gave 50 A 2 
per mol. A possible explanation appeared when the ratio of the two sets of results 
was found to be dose to 5-3, which is the square of 2-303, the factor for conversion 
from natural to logarithms to the base 10 . It would appear, therefore, that Cassel’s 
results far from indicating multilayer adsorption do not even represent the com¬ 
pletion of a monolayer. However, preliminary work has shown that the adsorption 
of carbon tetrachloride is complicated by chemisorption and irreversibility, a fact 
not detected by the earlier experiments using the drop-weight method of measuring 
surface tension. 

The work described in the present paper was financed by the Ministry of Aircraft 
Production, and we are grateful for the permission received to publish. 
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The adsorption of vapours on mercury 
II. The entropy and heat of adsorption of 
non-polar substances 

By C. Kemball, Department of Colloid Science , Cambridge 

{Communicated by E. K. Rideal , F.R.S.—Received 20 November 1945— 

Read 23 .May 1946) 

An attempt has been made to interpret the entropy of adsorption of benzene, toluene and 
n-heptane on mercury. These investigations have indicated with fair accuracy the amount 
of translational and rotational freedom possessed by the substances on the surface of mercury. 

The most striking result was obtained with benzene, where by denying all rotation except in 
the plane of the ring and denying the third degree of translational freedom, the calculated 
entropy of adsorption agreed closely with the experimental value. The surface mobility of 
toluene was found to be considerably hindered, and the entropy of adsorption of n-heptane 
confirmed the view that the molecules were partially rolled up. 

An attempt has been made to derive the theoretical heat of adsorption of benzene from 
various relations for the attractive and repulsive potentials for the van der Waals forces 
near a metal surface. The values obtained were of the same magnitude as the experimental 
value. The calculations gave some evidence of the ranges of mtermolecular distance over 
which the different equations for the attractive potential were accurate. 

In the preceding paper experimental values for the entropy and heat of adsorption 
on mercury of benzene, toluene and %-heptane were obtained. The present paper 
describes an attempt to calculate the entropy of adsorption in the above cases and 
the heat of adsorption of benzene. The entropy can give information about the nature 
of the adsorbed film and the freedom experienced by the molecules on the surface 
of mercury, whilst the heats of adsorption can be compared with the expected values 
due to the calculated van der Waals forces. 
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The entropy oe adsorption 

The exact calculation of the entropy of substances adsorbed on mercury is not 
possible because the nature of the force field at the surface is not known. The method 
used was to consider the molecules confined to a plane at the standard concentration 
of 1 moL/22-537 7 A 2 (the standard state defined in the preceding paper). These are 
assumed to have two degrees of translational freedom in the plane, and the motion 
perpendicular to the plane is replaced by a vibration. The entropy due to this new 
vibration will be neglected as a first approximation. Having thus denied the third 
mode of translation, the various modes of rotation will be denied in turn and the 
entropy calculated at each stage, and compared with the experimental entropy for 
the substance adsorbed on mercury under ideal conditions, i.e. the entropy for 
adsorption t q the standard state of 1 mol./22-53T A 2 . The conditions which appear 
to give the same entropy of adsorption for the molecules in the theoretical plane as 
the experimental value may then be likened to the conditions on the mercury 
surface. The main criticism of the method is that the denial of the rotational degrees 
of freedom one by one is rather an ideal case, and that in practice the force field of 
the mercury is more likely to interfere to some extent with all the rotational possi¬ 
bilities. This criticism will be considered in the individual cases. 

The translational entropy in three dimensions is given by the Saekur-Tetrode 
equation, 

tftrans. = In (if5^) —2*30, (1) 

where M is the molecular weight and the entropy is given in cal./degree/g.mol. for 
the pressure of 1 atm. 

In two dimensions the partition function for a single molecule is 

j. IrmikT 
W~ a ’ 

where m is the weight of a molecule and a the area occupied. This has to be modified 
when the molecule is a member of a dilute gas. Suppose N molecules occupy an 
area A, then the partititon function for the N molecules is 

{f A r V27mJcT - 1*1 

J = "¥r = L~F~^J AT 

Using Stirling’s approximation the partition function for a single molecule becomes 

, _ FltN _ 2mnkTAe 2nmkT 
1 » A jr~ ae - 

Combination of the partition function for the A molecules and the usual equation 
for the entropy in terms of partition functions 

S-Nkifnf+T^} 


( 2 ) 
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leads to an expression for the two-dimensional entropy of translation 

A^-BlnMTa + M-80. (3) 

If the molecule is free to rotate in n independent ways the rotational partition func¬ 
tion given by Halford ( 1934 ) is 



where a + b + .-.+g = n, I A , I B , etc., are the moments of inertia andcris the symmetry 
factor. Hence 


^rot. 



8 n 3 {IU b B- I0 a) llnhT \ in 
b? / 



W 


In these expressions the degeneracy of the lowest energy state has been omitted 
because it will be unaffected by the process of adsorption. The symmetry number has 
been retained because it depends on the ability of the molecule to rotate and may 
alter on adsorption. 


The entropy op adsorption op benzene 


Because of the rigid nature of the nucleus, benzene and its simple derivatives have 
received considerable attention in recent years from the point of view of statistical 
thermodynamics. Pitzer & Scott ( 1943 ) calculated the entropy of benzene to be 
64-43 entropy units, compared with an experimental value of 64-39e.u. at 25-0° C. 
They used the symmetry number 12 , and their moments of inertia were based on the 
C-C distance 1-39 A and the C-H distance 1-08 A. The vibration entropy was found 
to be 4-70 e.u. and the entropy due to translation and overall rotation 59-73 e.u. The 
entropy of translation and rotation for a gram-molecule of benzene confined to a 
plane at the standard concentration of 1 mol./22-53 T A, and under different amounts 
of rotational freedom, will now be calculated. The translational entropy is given by 
equation ( 3 ). The form of the equation (4) used for the vapour phase rotation is 





, 3") 

P ) + 2_ * 


The vibrational changes are ignored as a first approximation; this is possible because 
the contributions to the entropy of the vibrational degrees of freedom are small at 
room temperature. The most natural assumption to make about a benzene molecule* 
when adsorbed flat on a surface* is that rotation can occur in the plane of the ring 
but not about either of the other two axes. If this is so the symmetry number will 
become 6 and the rotational entropy will be 



In table 1 the possible assumptions, the corresponding translational and rotational 
entropies of the c adsorbed phase’, i.e. the molecules confined to a plane in a force-free 
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field, and the resulting decrease in entropy from the three-dimensional phase are 
given. The constants used are 

M = 78, I A = 2-906 x HH 58 g.cm. 2 , I B = I 0 = 1-453 x lO^g.cm. 2 ; 
these values agree with those used by Pitzer & Scott ( 1943 ). 


Table 1 . Entropy op adsorption op benzene. Temp. = 323-1° K 


description of phase 

three-dimensional 
two-dimensional without rotation 
two-dimensional with rotation in plane of ring 
two-dimensional with rotation in plane of ring 
and about one of the axes in the plane of 
the ring 

two-dimensional with all three rotations 


entropy (e.u.) 

--_--A-_ 

trans. 

rot. 

39-4 

21-0 

30-4 

0-0 

30*4 

4-0 

30-4 

11-8 

30-4 

21-0 


total 

entropy 

loss 

60-4 

0*0 

30-4 

30*0 

34-4 

26-0 

42*2 

18*2 

51*4 

9*0 


experimental loss on adsorption 25-2 ±0-6 e.u. 


The agreement between the experimental entropy of adsorption and that calcu¬ 
lated for molecules rotating only in the plane of the ring is striking, but no doubt 
partly fortuitous because the new vibrations replacing the lost modes of translation 
and rotation have been neglected. Again, it is possible that the two translational 
degrees of freedom are only partially free and that the rotations are only partially 
hindered. 


The entropy op adsorption op toluene 

Toluene like benzene can be treated accurately by the methods of statistical 
thermodynamics. The only uncertainty is the hindrance to free rotation of the 
methyl group. Pitzer & Scott ( 1943 ) obtain the theoretical value for the entropy of 
the vapour at 1 atm. and 25° 0 of 76-73 e.u., comparing favourably with the experi¬ 
mental 76-44 e.u. The difference, they suggest, is due to an energy barrier of 500 cal. 
in the rotation of the methyl group. The symmetry number is 6 , of which 3 will be 
associated with the methyl group and 2 with rotation about the axis lying in the 
plane of the ring and passing through the carbon atom of the methyl group. The 
axes of the rotations are shown in figure 1 , and the entropies calculated for the 
substance confined in a force-free field under different conditions are given in 
table 2 . The values used for the moments of inertia are those given by Pitzer & Scott 
(1943): 4 = 4-94 xlO- 38 g.cm. 2 , I B = 1-506 x 10~ 38 g.cm. 2 , I a = 3-50 x 10 -* 8 g.cm . 2 
and I rot = 0-0508 x IO - 38 g.cm. 2 . 

One might have expected that, like benzene, the allowance of two-dimensional 
translation, and rotationabout the axis A A, would represent the state of the toluene 
molecule when adsorbed ‘flat’. However, the adsorption appears to be much 
stronger (cf. the heats of adsorption, benzene 16-0 and toluene 21-2 kcal./g.mol.) 
and limits the freedom of the molecules to a greater extent. The denial of all rotation 
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B 



B 


Figure 1 


Table 2 . The entropy op adsorption op toluene. Temp. 310*6° K 

entropy (e.u.) 

sym- , -■-* 


description of phase 


metry 

number 

trans. 

external 

rotation 

internal 

rotation 

total 

loss 

three-dimensional 


6 

39*7 

25*8 

3*6 

69*1 

0*0 

two -dimensional : 
no rotation 


1 

30*6 

0*0 

0*0 

30*6 

38*5 

rotation about AA 


1 

30*6 

8*1 

0*0 

38*7 

30*4 

rotation about BB 


2 

30*6 

5*5 

0*0 

36*1 

33*0 

rotation about A A and II 


3 

30*6 

8*1 

3*6 

42*3 

26*8 

rotation about BB and II 


6 

30*6 

5*5 

3*6 

39*7 

29*4 

rotation about A A, BB and 

II 

6 

30*6 

15*8 

3*6 

50*0 

19*1 

rotation about AA, CO and 

II 

3 

30*6 

18*1 

3*6 

52*3 

16*8 

rotation about BB, CC and 

II 

6 

30*6 

15*5 

3*6 

49*7 

19*4 

two-dimensional, all rotations 


6 

30*6 

25*8 

3*6 

60*0 

9*1 

experimental loss on adsorption first phase 

39*6 ±0*9 

e.u. 





second phase 15*2+1*6 e.u. 



would fit the observed entropy of the first phase, but it is unlikely that all rotation 
will cease before the translation is considerably affected. The calculations indicate 
that the methyl group of toluene acts as an anchor restricting translations and 
rotations and giving rise to an additional heat of adsorption of 5 kcal./g.mol. from 
the benzene value. 
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When the toluene is adsorbed vertically (e.g. at high surface pressures when the 
co-area is 23A 2 /mol.) the molecules possess greater freedom. The rotations about 
BB and II would be expected, but something else is required as well to account for 
the low entropy of adsorption. The rotation about OC probably remains because this 
involves the passage of the molecule through the more stable position of ‘flat’ 
adsorption. The barrier to this rotation will be caused only by the pressure of the 
other molecules, which will be small under the conditions of the standard state. The 
rotation about A A for a ‘vertically’ adsorbed molecule could only take place if the 
molecule passed through a position of ‘ edge ’ adsorption, which would be of higher 
energy. In choosing which of the conditions outlined in table 2 appear to fit the 
experimental values, the neglected vibrations must be remembered. It is better to 
choose conditions involving a greater decrease of entropy on adsorption than the 
experimental, as the difference will be partly compensated by the additional 
vibrational entropy. 

* The entropy of adsorption of ji-heptane 

The entropy of re-heptane has been calculated in two ways, both giving agreement 
with the experimental value of 101-3 e.u. at 298-1° K. Pitzer ( 1940 ) assumed that 
the molecules are randomly linked under the restraints imposed by the potential 
barriers to the internal rotations. Using standard frequencies for the bending and 
stretching of the carbon-carbon link, and for the motions of the hydrogen atoms he 
calculated the entropy to be 101-54 e.u. at 298-1° K. The other method of calculating 
the entropy of re-heptane was due to Aston, Isserow, Szasz & Kennedy ( 1944 ). They 
deduced from the calculation of the potential energy of the ethyl groups in w-butane 
that the straight chain position was the most stable form, and concluded that most 
of the smaller normal paraffins would be in the straight chain position in the gas 
phase. By choosing the carbon-carbon bending frequencies to give the observed 
entropy at the boiling-point under atmospheric pressure, and choosing suitable 
rocking frequencies for the methyl group to fit the experimental heat-capacity 
curves, they fitted the straight chain model to the experimental data. 

It is clearly impractical to calculate the effect of all the possible restrictions in 
the surface phase on the entropy of %-heptane. However, it is possible, using the 
knowledge outlined above about the entropy, to confirm the picture of the adsorbed 
heptane molecules presented in the previous paper. It was suggested from con¬ 
siderations of co-area that the heptane molecules were partially curled up on the 
surface and that four or five of the carbon atoms were in contact with the mercury 
at any one time. The experimental entropy of adsorption was 15-3 ± 0-7 e.u. at 
310-6° K. The calculations will, however, be made for heptane at 298-1° K. Equa¬ 
tion (1) gives 39-7 e.u. for translation in the gas phase and equation (3) gives 30-6 e.u. 
for two-dimensional translation of the adsorbed molecules. This difference accounts 
for 9-1 e.u. of the experimental loss of 15-3 e.u. The remaining 6-2 e.u. must be con¬ 
nected with the change in the rotational freedom of the molecules on adsorption. 
Ta king the values suggested by Aston et al. ( 1944 ) for the vibrational frequencies of 
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n-heptane, namely, carbon-carbon bending 165 cm .- 1 (5), carbon-carbon stretching 
1000 cm .” 1 ( 6 ), hydrogen rocking 1070 cm ."" 1 (19), hydrogen bending 1400 cm . -1 (11), 
and hydrogen stretching 3000 cm . -1 (16), then the vibrational entropy is 14*6 e.n. 
at 298-1° K. Subtraction of this and the translation entropy from the experimental 
value of 101-3 e.u. gives the entropy due to overall and internal rotation of w-heptane 
as 47*0 e.u. A similar calculation for ^-heptane gives 41-9 e.u. as the rotational 
entropy. Both these calculations are based on a straight-chain form for the hydro¬ 
carbon because the vibrational frequencies were assigned assuming that model. 
The increase of 5-1 e.u. for rotation between hexane and heptane corresponds to 
two factors: first, an increase in the moments of inertia for overall rotation; and 
second, the new restricted rotation or torsional oscillation about the extra bond. 
The second of these factors is the more important, as the entropy depends only on 
the logarithm of the half-power of the moment of inertia. The similarity between 
5*1 and 6-2 means that one possible picture of adsorbed heptane is that the molecule 
is doubled up, rotation about one of the central bonds being denied, but the rest of 
the molecule is as free to oscillate as in the gas phase. Although this is only one of 
many possible pictures of the adsorbed molecules, it shows that the entropy of 
adsorption is consistent with partial curling of the heptane on adsorption. The 
overall rotations appear to be almost unhindered, as most of the 6-2 e.u. must 
be connected with restrictions on internal rotation, which means that each molecule 
must be able to roll freely on the surface like a ball, or in other words must possess 
something approaching spherical symmetry, or the adsorption for one orientation 
would be stronger than for the others as in the case of benzene. 

Another method of obtaining the change in entropy when the gaseous heptane 
molecule is converted to a spherical molecule on the surface is afforded by Huggins 
( 1940 ). He gives general equations for the entropy of hydrocarbon molecules both 
in the randomly linked state (5) and when rolled into a spherical mass ( 6 ): 

54-3* fr + 91nn + (l -8 + * fr )», (5) 

S = 52 — Sk ir +Slan + (bS + k ir ) n, ( 6 ) 

where k ir is a constant giving the entropy of internal rotation per carbon and n is 
the number of carbon atoms in the chain. Although his results only apply strictly 
to large molecules, he shows that the relations are obeyed approximately for the 
smaller molecules. If n = 7 is used, the difference between expressions (5) and ( 6 ) 
is 3-9 e.u. Thus once again the experimental decrease of 6-2 e.u. could be attributed 
to the rolling of the molecules into balls. 

The heat adsorption op benzene 

The experimental heat of adsorption of benzene was found to be 16-0 ± 0-2 
kcal./g.mol. at 50° C. This must be corrected to the heat of adsorption at the absolute 
zero. Prom the entropy considerations it was suggested that the molecules have lost 
one degree of translational, two of rotational, and gained three of vibrational freedom 
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on adsorption. The specific heat for the translations and rotations will be 1 oal./ 
degree/g.mol. down to low temperatures, whereas, although the vibrational con¬ 
tributions may be as much as L cal./degree/g.mol. at room temperature, the value 
will fall sharply with temperature; The second term on the right-hand side of 
Kjrchhoff’s equation (7) will be about 600 cal. taking 2/3 cal./degree/g.mol. for the 
average alteration for each of the three degrees of freedom: 

AH T = AH 0 +j\ACp)dT (7) 

The heat of adsorption at the absolute zero is therefore 15-4 kcal./g.mol. 


Attractive potential 


The attractive energy liberated by the approach of a molecule to a metal surface 
may be calculated from a number of equations, not always in good agreement. If 
the metal is treated as a covalently linked structure, the attractive potential may 
be obtained from either the London ( 1930 ; Bom & Mayer 193 a) equation ( 8 ) or the 
Kirkwood ( 1932 ) equation (9): 


U = -lOiOj, 

* 


hv x 1 
hv 1 + hv 2 r 6 ’ 


( 8 ) 


U = — 6 mc 2 


i«2 i 
“ilXi+XilX^' 


(9) 


where oc v a 2 are polarizabilities, an d are diamagnetic susceptibilities and hv x 
and Jiv % ionization potentials of the molecule and the metal. If this method is used, 
the interaction between the adsorbed molecule and each metal atom is considered 
and summation has to be made over all the metal atoms. However, there are now a 
number of equations for the attractive potential near a metal surface considering 
the metal as a uniform sea of electrons. All apply only to spherically symmetrical 
molecules, but benzene may be assumed to contain six spherically symmetrical units. 

The simplest of these equations, due to Lennard-Jones ( 1932 ), gives the energy 
resulting from the image force experienced by a molecule near a perfectly con¬ 
ducting surface, i.e. the metal is assumed to be completely polarizable and to repro¬ 
duce instantaneously an image of any charge distribution. The equation ( 10 ) thus 
gives the maximum interaction that would be expected: 


_ -mc 2 ^ 
2iV> 3 ’ 


( 10 ) 


where m — mass of electron, c = velocity of light, r = distance from surface and x 
is the magnetic susceptibility of the benzene. Using m = 9-11 x 10 -28 g,, c “ 3 x 10 10 

cm./sec. and ^ = 93-3 x lO -30 c.g.s. units, equation ( 10 ) gave the ‘L—J’ curve 
shown in figure 2 . 
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Bardeen ( 1940 ) treated the metal as well as the molecule quantum mechanically, 
giving the expression ( 11 ): 


C B e 2 


mc 2 x 2r s hv 0 
2 Nr* C B e 2 ? 

+ 2r 8 hv Q 


( 11 ) 


where C B is a constant = 2 - 6 , r s is the radius of a sphere containing one metal electron, 
and hv 0 is the characteristic energy of the benzene, which is approximately equal to 
the ionization potential. Assuming two electrons per metal atom, i.e. the value of 
r s is 1-432 A and the value of 9-19 electron volts (Price & Wood 1935 ) for hv 0 , the 
calculated fi B s curve in figure 2 was obtained. 

Prosen & Sachs ( 1943 ) gave an entirely different type of expression, depending 
not on r~ z but on r~ 2 logr. Their equation was based on perturbation theory which 
applies only if the molecules are sufficiently far away from the surface for there to 
be little overlapping of the wave functions of the molecule and the mercury. The 
Fermi degeneracy of the electron gas was taken into account, but the Coulombic 
interaction between the electrons in the metal was neglected. They suggest that 
the expression ( 12 ) 


ae 2 &^ln2fc m r 
87 r 2 r 2 5 


( 12 ) 


where oc is the polarizability of the molecule, and k m is given by 

Jc z m = 3 np, 


where p is the density of electrons in the metal, will break down as soon as the cal¬ 
culated interaction is as large as the Lennard- Jones interaction. However, they point 
out that the treatments used by Bardeen and by Margenau & Pollard ( 1941 ) (see 
below) only apply to large values of r. They conclude that the Lennard-Jones expres¬ 
sion probably sets a maximum value to the attractive potential over a large range 
of r. Taking p = 8-136 x 10 22 electrons/c.c. and the mean polarizability of benzene 
= 10-3 x 10~ 24 c.c. the € P.S.’ curve of figure 2 was obtained. 

The last method of obtaining the attractive potential was due to Margenau & 
Pollard ( 1941 ), who considered the metal surface as small elements, evaluating the 
interaction between the dipole field of each element and the molecule. They gave 


U 


"eW 
_ m 


A(v q )£+ 
m v 0 i>o 


GtfhT j 
2 r y 


J 8 r 3 > 


(13) 


where the terms have the same meanings as above and A(v 0 ) is the polarizability 
for the frequency v 0 , and is given by 


and/is given by 


4c7T 2 mvl ? 

j, mocvl 
J ~~ * 2 * 


Vol. 187. A. 


6 



82 


C. Kemball 


As can be seen from figure 2 , equation (13) (the ‘M.P.’ curve) agrees well with the 
Bardeen equation ( 11 ). This does not mean that they are more reliable than the 
others, but confirms the suggestion of Prosen & Sachs ( 1943 ) that they both hold 
and break down over the same range of values of r. In all cases for the attractive 
potential it is possible to use the polarizability or diamagnetic susceptibility of the 
complete benzene molecule, because these quantities have appeared linearly in the 
equations. 

Repulsive potential 

One method of obtaining the net energy of interaction is to assume an equilibrium 
distance and that repulsive potential is a definite fraction of the attractive potential 
at that distance. A second method assumes only the equilibrium distance and the 
form of the repulsive potential, and using the condition that the two forces balance 
at that distance the total interaction may be evaluated. Both methods involve a 
number of arbitrary assumptions. However, Pollard ( 1941 ) has given an equation 
for the repulsive energy experienced by molecules possessing Is electrons near a 
metal surface. This equation may be used to give an approximate repulsive potential 
for benzene, by considering the electrons in benzene as Is electrons of the same 
polarizability. The expression given by Pollard ( 1941 ) was 

7T <?['p(Ps) g(P) + g(Pa) (3>(ft) ~ 1) F(P) ] 

[i -p( Ps )Fm ’ (14) 

where F(D) = 7 ^ 1 +~j e~ iD/a , 

a { D)-(±y™ 

S (ft)=i[co *(&)_l]/( 0 )*, 
and Ps = 2 V S , 


where r s is the radius of a sphere containing one metal electron of a given spin (as¬ 
sumed to be one electron per metal atom), D is the distance from the surface and a 
is given by 



where the symbols have the usual meanings. 

The thirty valency electrons in benzene may be considered in three groups, the 
twelve electrons forming C-H bonds, the twelve forming the C-C bonds and the six 
it electrons. The description of the benzene molecule given by Coulson ( 1941 ) 
indicates that most of the repulsive potential will be due to the interaction between 
the surface and the 7 r electrons, as they project considerably farther from the mole- 
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cule than the others. The repulsive potential for each of these groups of electrons 
will be calculated for a series of values of D. The necessary information about the 
longitudinal and transverse polarizability of the different bonds was given by Den¬ 
bigh (194P). Assuming one electron per metal atom the value of r s is 2-274 x 10 -8 cm. 

The twelve electrons forming the C-H bonds will now be considered. The trans¬ 
verse polarizability of the C-H bond is 5*8 x 10~ 25 c.c., i.e. 2-9 x 10 -25 c.c./electron, 
giving a value of ‘ a ’ of 0-492 x 10 -8 cm. from equation (15). Now the electronic 
radii (i.e. the distance from the nucleus at which the radial charge density is a 
maximum) given by Slater ( 1939 ) are for the hydrogen Is electron 0-53 A, for the 
carbon 2s 0 - 67 A, for the carbon 2p 0 - 66 A and for the carbon Is (which do not have 
to be considered) 0-090 A- Thus the two electrons which form the C-H bond have 
radii 0-53 and 0-66 A, and the bond ellipsoid is being considered as two spheres 
with maximum charge density at 0-492 A, a reasonable value in view of the con¬ 
centration of the electrons along the bond. The repulsive potentials obtained by 
using a = 0-492 A and a series of values of I) in expression (14) are given in table 3. 


Table 3. The repulsive potential eor benzene-mercury 


distance 

12 C-H electrons 

12 C-C electrons 

67 r electrons 

2 repulsive 

X 10 8 cm. 

kcal./g*mol. 

kcal./g.mol. 

kcal./g.mol. 

kcal./g.mol. 

2-0 

48-96 

22-32 

71*6 

142-9 

2-5 

6*685 

0-516 

13*14 

20-34 

3-0 

1-123 

0-011 

2-392 

3*526 

3-5 

0-166 

0-000 

0*427 

0*593 

4-0 

0-024 

— 

0*060 

0-084 

4-5 

0*003 

— 

0-013 

0*016 


Denbigh ( 1940 ) gave the transverse polarizability of each bond in the benzene 
ring as 4-8 x 10 -25 c.c. This corresponds to three electrons, the contribution of one 
being much greater than the other two. The transverse polarizability of a single 
C-C is 0-2 x 10~ 25 c.c., i.e. 0-1 x 10~ 25 c.c./electron. Taking double this value for the 
two electrons in the benzene bond ‘a’is found, to be 0-252 A, a value in keeping with 
a very flattened ellipsoid frqm two electrons originally of size 0-66 A. Despite the 
fact that the transverse polarizability has b§en taken as double that of the ordinary 
C-C bond, table 3 shows that the repulsive potential due to these twelve electrons is 
small and the approximation will not affect the total potential greatly. 

Having assigned 0-2 x 10" 25 c.c. of the 4-8 x 10~ 25 c.c. to each of the two bond 
forming electrons, 4-4 x 10~ 25 c.c. remains for each of the it electrons. The calculated 
value of ‘a’ is 0-546 A, again in agreement with the Slater value for the unbonded 
2p electron of carbon with the Coulson picture of slight interaction between these 
electrons in the benzene ring. In the calculations described above the electrons 
have been assumed to be spherically symmetrical, i.e. they have been replaced by 
Is electrons of equivalent size. This has been permissible because ellipsoids have been 
divided into two spheres, but in the present case the n electrons are concentrated 
along one axis which projects out from the plane of the ring. The repulsion will 
be greater, therefore, than the value calculated for a spherical electron, and it is 

6-2 
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proposed to consider each of the tt electrons as equivalent to three spherioally 
symmetrical electrons of radius 0-546 A to allow for the fact that the electrons are 
concentrated in one direction. From table 3 it can be seen that the n electrons give 
rise to the majority of the repulsive potential. 

The logarithm of the total repulsive potential is nearly linear with distance 
(figure 3). Potential energy curves (figure 4) are constructed from figure 3 and from 
two of the curves for the attractive energy given in figure 2 . The Lennard-Jones 
curve is used to give a maximum limit to the energy of adsorption, 18-4 kcal./g.mol. 
at 2-7 A, and the Margenau & Pollard, a lower limit, 10-2 kcal./g.mol. at 2-95 A. 
These results bracket the experimental value of 15-4 kcal./g.mol., indicating that 
the various relations are approximately correct. It would be possible to draw a 
smoothed curve following the Prosen & Sachs relation at small distances and 
gradually changing over to the Bardeen or the Margenau & Pollard at greater dis¬ 
tances, which would give a value near the experimental value. This confirms the 
suggestions of Prosen & Sachs ( 1942 ) about the ranges in which the various equations 
hold, namely, the Prosen & Sachs relation at small distances from the surface, and 


A 



Figure 2 
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the Bardeen and the Margenau & Pollard at greater distances, with the Lennard- 
Jones as an upper limit at all distances. The values for the equilibrium distances 
appear to be small, as Pauling ( 1942 ) gives the van der Waals half-thickness of an 
aromatic molecule as 1-85 A and the radius of a mercury atom is about 1*5 A. Most 
*of the relations treat the mercury as a uniform structure with electrons in cubical 
elements and presumably count the surface as starting from the centre of the first 
plane cubes which may be nearer the adsorbed molecule than the first plane of 
mercury atoms. 

The greatest objection to the type of relation which has been used above is that 
no indication is obtained of the periodic nature of the energy at the mercury surface 
which will govern the whole question of surface mobility. For this reason it would 
have been more satisfactory to use the equations of London and Slater & Kirkwood 
for the interaction of molecules and covalently linked structures. The interaction of 
each spherically symmetrical part of the molecule and each of the mercury atoms 
within a certain distance would require summation. It is doubtful if the labour of 
such a calculation would be justified in view of the assumptions which would have 
to be made about the repulsive forces. It is felt that the calculations which have been 
carried out for the adsorption of benzene are sufficient to indicate that the values 
for the heats of adsorption of the non-polar substances adsorbed on mercury are due 
to the van der Waals dispersive forces. The calculations afford some evidence as to the 
regions in which the various relationships for the van der Waals dispersive energy 
can be applied accurately. There appears to be no equation suitable for the required 
distance of some 3 A from the surface, the Prosen & Sachs giving correct results 
slightly nearer the surface, and the Bardeen and the Margenau & Pollard equations 
holding farther from the surface. A number of approximations have had to be made, 
especially in the calculation of the repulsive potential. However, there is still a 
large gap to be bridged before accurate equations, as yet only applicable to small 
spherically symmetrical molecules under well-defined conditions, can be applied 
to such a simple chemical system as the adsorption of benzene on mercury. 

I have pleasure in thanking Professor Eric K. Rideal, F.R.S., for his interest and 
encouragement in this work which was financed by the Minis try of Aircraft Pro¬ 
duction. I am also grateful to Mr A. H. Wilson, F.R.S., for some advice on the 
theoretical calculation of energies of adsorption, and to Dr A. D. Walsh for helpful 
discussion. 
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Two-dimensional boundary-value problems of elasticity 

By Bibhutibhusan Sen 

{Communicated by R. V. Southwell, F.R.S.—Received 21 November 1941) 

A new method of solving two-dimensional problems of elasticity is developed in this paper. 
Airy’s stress function is not used; but the stress equations of equilibrium are so transformed 
with the help of consistency equations as to yield simple solutions when the values of the 
stresses on the boundary are given. The boundaries discussed in this paper are the straight 
edges of a semi-infinite plate and the circular boundaries of a thin disk. Action of forces and 
couples in the interior of the plates is chiefly considered. 

Introduction 

Plane problems of elasticity are usually solved with the help of Airy’s stress function 
which satisfies a differential equation of the fourth order. In two papers published 
by the author* (1938, ‘1939), it has been shown that the stresses in certain two- 
dimensional problems of elasticity can be directly obtained with much advantage 
from the stress equations and consistency relations. Considering each problem to 
be one of generalized plane stress, it has been shown that the stress distribution in a 
circular plate or a semi-infinite plate with a straight edge can be easily found for 
prescribed values of stresses on the boundary. By simple and suitable modifications, 
the different cases are reduced to boundary-value problems of the theory of potential. 
It is a known fact that the two-dimensional potential problems are much simplified 
if the functions of complex variable are used. It has been found that the use of these 
functions also facilitates the solution of two-dimensional boundary-value problems 
of elasticity. The object of this paper is to solve, with the help of complex functions, 
the problems in which the boundary is free while a single force or a couple (with its 
axis normal to the plate) operates at any point inside a thin plate. 

* These two papers will be referred to as Paper I and Paper II respectively. 
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The general outline of the method is as follows: 

At first consider the thin plate to be of indefinite length in all directions with faces 
parallel to the x-y plane. A force or a couple acting at a point in such a plate will 
produce stress components xx x , xy x and yy x with singularities at this point. The 
values of these components are already known and are given in treatises on the 
theory of elasticity. If these values for a plate having a circular boundary or a semi¬ 
infinite plate having a straight edge now be assumed (with the point of application 
of the.force or the couple in the interior of the plate), the boundary will not neces¬ 
sarily be free from stress. However, the values of the surface tractions xv, yv, can 
be calculated from the stress components xx x , xy x and yy x . To nullify these surface 
tractions on the boundary it will be necessary to superpose another system of stress 
components xx 2 , xy 2 , yy 2 [with singularities at an outside point] such that the 
surface tractions xv 2 , yv 2 calculated from them give us xv 2 +xv x = 0 and yv 2 +yv x = 0 
on the boundary. In order that the added system may be physically possible, the 
stress components xx 2 , xy 2 , yy 2 must satisfy the equations of equilibrium and the 
consistency relations. These stresses being found, the resultant stress components 
. will be given by 

xx = xx x +xx 2 , xy = xy x + xy 2 and yy = yy x +yy 2 . 

It can be easily seen that this method is comparable to that of images which is 
widely used in various branches of mathematical physics. To illustrate the applica¬ 
tion of the method, the following problems have been selected for solution. 

Section I 

(а) The problem of the stress distribution due to a single force acting in tile in¬ 
terior of an isotropic plate with a straight edge. 

(б) The problem of the stress distribution in an isotropic semi-infinite plate with 
a straight edge due to a single couple operating at a point inside it. 

(c) The problem of the stress distribution due to a point of pressure situated i n side 
a plate as described above. 

Section II 

(a) The problem of the stress distribution due to an isolated couple operating at a 
point inside a semi-infinite plate of certain non-isotropic material with a straightedge. 
- (6) The problem of the stress distribution due to a point of pressure situated 
inside a plate of the above type. 

Section III 

(а) The problem of the stress distribution due to couples operating in the interior 
of an isotropic circular plate. 

(б) The problem of the stress distribution due to forces acting in the interior of 
an isotropic circular plate. 

Problems 1 (a) and 1 ( 6 ) were solved in a different manner by Melan (1932) and 
Ghosh (1937) respectively. But the remaining results, and especially the method used 
in this paper, are believed to be new. 



Two-dimensional boundary-value 'problems of elasticity 


Section I 

(a) Stresses due to a single force acting in the interior of an isotropic semi-infinite 
plate in the direction normal to the straight boundary 

Let .the axis of y coincide with the straight boundary of the semi-infinite plate of 
unit thickness, the axis of x being drawn into the plate perpendicular to the edge. 
Suppose a force of magnitude T acts at the point (c, 0 ) along the axis of x. If the 
plate had extended to an indefinite length in all directions, the stress components 
due to the force would have been (Timoshenko 193 a) 


_ _ TV (1 — cr)(x — c) 2(1 +cr) (x— c) 3- 
XXx ~ 4v [_ (x— c) 2 + y 2 {(x— c) 2 + y 2 } 2 _ 

TF{l-cr)(x-c) 2 (l+cr)y 2 (x-c)~| 
yyx ~ 4 = 7 t 1_ (x-c) 2 +y 2 {(x-c) 2 +y 2 } 2 J’ 

X-, Tr (1 -cr)y 2(1 +<r)(x-c) 2 y~\ 


TF (1 

477 \JX — 


c) 2 + y 2 {(x—c ) 2 + y 2 } 2 


where cr stands for Poisson’s ratio. On the line x — 0 , then 


— tf 

TV 


T r 2 c (1 +<r)c(c 2 — y 2 )~ 

in 1_C 2 + t/ 2 + (c 2 + y 2 ) 2 

TV (l-o-)y 2 (l+tr)c 2 y ~ 
(=77- 1_ c 2 +y 2 (c 2 +y 2 ) 2 


In order that the bounding edge may be free from stress, it will be necessary to 
superpose on the stresses given in ( 1 - 1 ) stresses xx 2 , xy 2 , yy z which have no 
singularities inside the plate and which are such that 

ran --rai - - , a+^^+y 2 ) ] \ 

L***J«-o- L^iJx-o - 47 T |_c 2 4 - y 2 ' (c 2 + y 2 ) 2 M 


^ _ TF\ 

Mx -0 = “ Mx-o = 4^1 


2 T (l-cr)y 2(1 +cr)c 2 y ~ 
tvL c 2 + y 2 (c 2 +y 2 ) 2 _ 


If z be written for x+iy and R e for the real part of a complex function, ( 1 - 3 ) can be 
put in the form 


-~c[ J 

-•-sH 




( 1 — cr)i (l+cr)ci 
z+c + (z+c ) 2 


— [RefifaTix-o- 


Functions ffz) and / 2 (z) in the above expressions have singularities at the point 
(— c, 0 ) which is outside the plate. It has been shown in an earlier paper [Paper I 
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art. X (6)] that if the boundary values of the stresses xx z > * 2/2 on the line x = 0 be 
given as 0 and [R e Mz)] x ~ 0 respectively, the stress system is given by 


xx 2 = R e [ - xf[(z) +f 1 (z) -ixf' 2 {z)l 
xy 2 = R e [-ixfi(z)+xffc) +/ 2 (z)], 
yy 2 = TO + */i(z) + 2i/ 2 (s) + inofiiz)],. 


(1-5) 


•where/i(z) and/ 2 (z) denote the derivatives of the functions A(z) and/ 2 (z) with respect 
to 2 ;. Hence, from (1*4), 


A( z ) 


rr 2 (i+<r)c 

47tL^ + C (25 + C)" 


c“ 

r 3 


/•(*) = 


T ["(1 -<r)i(l + o-)ct~| 


4t 7T |_ z+c 




On substituting these values in (1*6), the stress components are obtained as 

_ T „ f 2x 2(1 +a)xc 2 (l+<r)c (1 -<r)x 2(l+<r)cafT 

(z+c) 2 (z+c) 3 t + c (z + c) 2 (z+e) 2 (z+c) 3 J’ 

T |“ 2 ix 2(1 +<r)cix (1 —cr)ix 

Xy * ~ 4m (z+c) 2 (z + c) 3 (z+c) 2 

2(l+cr)cia: (1 —tr)i (1 + <r) ct ~| 

(z+c) 3 z + c + (z+c) 2 J 5 

_ _T V _2_ (l+(r)c 2x 2(1 + cr) ca: 

4tt e [_ z+c (z+cf + (z+cf (z+c) 3 

2(1— <r) 2(l+cr)c (1— <r)x 2(l+cr)cx~\ 
z + c (z+c) 2 + (z+c) 2 + (z+c) 3 _J‘. 


Combining (M) and (1*7) and writing rf for (a: —c) 2 + y 2 , and rf for (cr+c) 2 + y 2 , then 
S = xx 1 + xx 2 

c a;+c 


rr, .lit-cz+c,^ ■ .i 

--sL ( 1 -^br + “+ + H [(J!+,;) 




>4 


}]■ 


= a^j+aw/a 




2(o; —c) 2 2(# 2 — c 2 ) 4c# 


- + 


rf + r% 


•[ 3 (a; + c) 2 —y 2 ]|], 


yy = mh+yy 2 


, faunas— c) , SJ + C (a: - 3c) [(* + c) 2 - y 2 ] 4ca:(a:+c)[(a:+c) 2 -3y 2 ]) _ | 

+(1+<r) ( + vn-3---3-"ll 


(i-«: 


Proceeding in the same way the stress distribution due to an isolated force acting 
at an internal point parallel to the straight edge may be found. 



91 


Two-dimensional boundary-value problems of elasticity 


(b) Stresses due to a couple acting at a point inside a thin 
semi-infinite plate with a straight edge 


Let a couple of moment Q with its axis normal to the plate act at the point (c, 0 ) 
inside the plate, the axes being taken as shown in figure 1 . If such a couple operates 
at a point (c, 0 ) inside a plate unhmited in all directions, the stresses produced by it 
will be given by (Love 1927 ) 


rr = §§ = 0 and r& = — —^, where r\ 

27rr\ * L 

This is equivalent to the system 


(x-cf+y 2 . 


_Q (s-c)y ^ _ Q _ Q (x — c)y 

1 ~ tt [(& —c) 2 +y 2 ] 2 ’ Vl ~ 2n[(x-c) z +y*]r VVl ~ it {{x-cf+y*] 2 ' K 

The boundary edge x = 0 will not be free from stress. On this boundary the stresses 
xx 1 and xy x will be obtained as 

fcajx-o = ~~fc 2 ~+y*)*’ = ^( C ^+^ 2 ) 2 • ^' 10 ^ 



To cancel these tractions on the boundary the stress system xx 2 , xy 2 , yy 2 ma Y be 
added with singularities at the image point (— c, 0 ) such that 


OaL-o = ~ = 


Q oy 


[#a]*-o = “ l>2/i]x-o = - 


Q y 2 -c 2 

2tt (c 2 +1/ 2 ) 2 ' 


(Ml) 


7 r (c 2 +y 2 ) 2 ’ 

These expressions can be put as 

t ^-0 = C ^ 2]x “° = ^ : [' R6 (2 + C ) 2 ] 

Boundary values of these stresses being obtained in the above forms their values 
may be obtained at any other point by putting in (1*5) 


(M2) 


l *-o 


AW = 


Q i 
2it(z + c) 2 ’ 


AW = 


Q 


2lt(z + C) 2 ' 


(M3) 
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Thus 


Q 


XX 9 


= $R ~7 
277 ■ e L(: 


- 0 P 

= —-K. 


yy* 


4ia? i "1 

(^3)" 3 + (z+.e) 2 J’ 

r i ~i 

(z + c) 3 + (z + c) 2 J ’ 
<Lix 1 


__Q„ r_ 3 i _ 

~2n e l(z+c)* (z + c) 3 J 
Combining the results given in (1-9) and (1-14), then 
xx = xx 1 + xx i 


Q^ix-^y ,{x+c)y , 2xy{Z{x+cf-y' i }~\ 

~^\TW~ r% + 4 J’ 

= xy x +xy % 

Q TV* — ( x ~ c ) 2 [x + c) 2 —y 2 ix(x+ c) {(a:+c) 2 - 3y 2 }l 

= 2m\_ 4 + 4 ft J’ 


yy = w/i+yy* 

_ QV {x-c)y 3 y(x + c) 2a^{3(s + c) 2 -^ 2 } l 

” TtL r l r i r 2 J’ 


(M4) 


(1-15) 


(c) Stresses due to a point of pressure situated inside a semi-infinite plate 

Let there be a point of pressure at A ( c , 0 ) so that A being in a circular cavity there 
is uniform pressure of amount pjr 2 over the cavity (Love 1927 ). If the plate had 
extended indefinitely in all directions there would be, in consequence of this point 
of pressure, the stresses 


^ y 2 — (x — c) 2 2pJx — c)y ^ (x — c) 2 — y 2 ... 

**i = Po -—^— > x v% = - -^-73 —- > yy 1 = Po — - r r~~- • (h®) 

On the line * = 0 it follows that 


[**iL=o = Po 


r 


( c*+y 2 ) 2 ’ 


[%]*=o = 2^0 


cy 


(c*+y z r 


(1-17) 


The superposed stresses ct 2 , £y 2 that will make the edge x = 0 free from stresses 
would be such that 


[KXzlx-o = Po 


(c 2 -y 2 ) 
(c 2 + y 2 ) 2 


— — 


2 iW 

(c 2 +y 2 ) 2 



(1-18) 


The complex functions in the above expressions are so chosen that they have 
singularities at the point ( — c, 0 ). To obtain the stresses Scx Z) xy 2 , yy 2 it is necessary , 
to put in (1-5) 


A(z) = 


Po 

(z + c) 2 ’ 


/ 2 (z) = - 


Poi 

(z+c) 2 ' 


(1-19) 
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Ttns 

^ - 

r 3 4% "I 

Hence combining (1*20) with. (1-16) 
xx — xx 1 +xx 2 

_ fy 2 -(x-c) 2 | (x + c) 2 —y 2 i 4x(x + c) {(a; + c ) 2 - 3y 2 }~| 


"w 2 — lx 

- 4 — K 


xy = xyx+xy 2 


o ( X ~ C 

= - 2 4“4 


yy = Wi+yvi 


-cyy (x + c)y 2xytyf-lp + cf} 


•+^-r^ + 

^ 9 . 


= 2 >o[ 

On the edge a; = 0 


(# — c ) 2 — ?/ 2 3{(# + c ) 2 — y*} 4a:(£ + c) {(# 4 - c ) 2 - 3y 2 }" 


[yy]x=o - 


4^ 0 (c 2 -2/ 2 ) 


( 1 - 21 ) 


V1A VAAV ^ “ v L#£/J:c— 0 — ^ c 2 2/2^2 » 

which shows that on this edge yy = 0 when y = ± c; and yy is negative when | y | > c. 


Section II 

(a) Stresses due to an isolated couple acting at a point inside a thin 
semi-infinite plate of certain non-isotropic material 
In the paper II referred to above, problems of a plate having a particular kind of 
aelotropy were considered. In this type it was assumed that the Poisson's ratios 
<r x and <r 2 , and Young’s moduli E x and E 2 corresponding to two perpendicular 
directions taken as the axes of x and y , are connected by the relations 

£ = |M 2 (say). ( 2 - 1 ) 

- cr 2 JIj-l 

In a semi-infinite plate of such material bounded by the axis of x it is found that 
(see paper II, art. X) 

yy = 

where 

z = x + iy, z 1 = x+i^, \$y\ y=0 = [BJ(z)] y=0 , [xy] y _ 0 = [R e ift(z)] y ^. (2-3) 
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For a couple of moment Q acting at the point ( 0 , c) in a thin plate of such a material 
as described above which extends indefinitely in all directions, the following corre¬ 
sponding stresses are found: 

m _ Q «(y-6) ~ Q a; 2 -(y-c ) 2 & Q a:(y-o) 

^ - 7r [x 2 + (y— c) 2 ] 2 ’ 27r[x 2 + (y—c) 2 ] 2 ’ 1 tt [o ; 2 + (2/—c) 2 ] 2 ' ^ ^ 

On the edge y = 0 are found the stresses . 

= ( a;2 + c 2 ) 2 » M l r =0 = ^( a .2 + C 2 )2 - ( 2 * 5 ) 


(o.-c) 


Figure 2 



To counteract the above stresses on the boundary it will be necessary to add a stress 
system of which the components yy 2 , xy 2 should be such that 

n Q xc Q x 2 -c 2 

It being assumed that the superposed stress system has no singularities at any point 
inside the plate, then 

W=o=|[5e^]^ o> [xy 2 \^ = (2-7) 


Hence put 
in ( 2 * 2 ) and obtain 


/(*) = fi z ) = 


2tt (z+ ic) 2 


yy 2 = 


Q 

2tt(]c—1) 

Q 


2 ki (t+i)n 
l(zi + *c ) 2 (z+£c) 2 _T 


Xy * 27r{h-\) R \_(z 1 +icf fc+fc)*. 


<a - 9 . t,["(*+D» 2 % ll 

2 27T(k- 

Putting now r\ = x*+{y-c)\ r\ - z 2 + (y+c)\ r% = ^ + (|+c) 2 , 
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and combining (2-4) with (2-8) it is seen that 

yy = §i+#2 

_ , 2a:(y+fcc) (k+ l)a;(y+c) ~| 

7T |_ n\ 


(*-1)4 (k- 1 ) r\ J 5 


xy = xy x +xy 2 


_ Q Fa ; 2 — («/ — c ) 2 , 2{x 2 —(yjk + c) 2 } (k + l){x 2 —(y + c) 2 }' 

L 4 


2n 


(*-1)4 (4-1) 


4 




= £3^ -f %X 2 


QV xiy-c) (4+l)a;(y + c) 2a; (y + 4c) ~ 
7 r rf (4 — 1) 4 2 (4 — l)r|_ ‘ 


On the bounding edge y = 0 


___ 2Q(4+1) ca; 

kn ( C 2 + 2 . 2 ) 2 ’ 
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( 2 - 10 ) 


which shows that the numerically greatest values of xx occur at the points given 


by x — ± -tj , these values being given by 
V" * 


3V3(* + 1 )Q 
Snhc 2 


( 2 - 11 ) 


(6) Stresses due to a point of pressure situated inside a semi-infinite 
plate of the type described above 


Let there be a point of pressure at the point ( 0 , c). If the plate had extended in¬ 
definitely in all directions, the stresses due to this singularity would have been 
(Love 1927 ) 


2/2/i = Po 


x* 


(y-c ) 2 

4 


Zyi = - 2 p 0 


x(y-c) 

A ’ 


xx x = p 0 


(y-c)*-x z 

A ’ 


( 2 - 12 ) 


where r\ = x 2 + (y —c) 2 . Then, on the edge y — 0 , 

^2_g2 

[yyJiz-o = ^2 +c 2^2 > Mv-o,— %Po C 2^2 • (2*i3) 

In order that this edge may be free from stress, the stress components yy i and xy % 
of the superposed system should be such that 

rjQ 2 _ CCC 

[yy%lv=*0 = #0 ^2 c 2)2» = ““ %Po ( x 2 + c 2J2 * 

These expressions may be written in the forms 

' (2 ' 15> 
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Hence putting 


in (2-2) then 




(z + ic) 2 


£ i *[- 


2k k+1 
(z 1 +ic) 2 + (z+ic) 2 
2 i (k + l)il 


a - P* pf 2 * (fc + 1) H 

2/2 A -1 e L(Zx+ ic) 2 (s +ic) 2 J 1 

_ Po pf 2 _ fc +1 ~| 

2 k—1 e \_k(z 1 + ic) 2 (z + ic) 2 J‘ 


Combining (2-12) with (2-17) then 

yy = m+m 


Vx % — (y — 

-*L-r 

-*\ r % 


xf-(y-c) 2 k+l{x z -(y + c) z } 2k {x z -(y/k + c) z )~\ 

ft + k-1 ri k-l 4 J : 


-c) (fc + l)2% + c) 4x (y/k+c)' 


(k-l) 4 k 


ix (y/k+c)~ 

-1 r% J’ 


XX = xx x + xx 2 




-c) 2 -^ 2 , 2{x 2 —(y/k + c) 2 } _ (&+1) {x z -(y + cf}- 


k(k-l)4 (k-l) 4 


Hence, on the edge y = 0, 


[ ZX ]y~0 ~ 


which shows that on this line 


(k+1) c 2 -s 2 
k (c 2 + a: 2 ) 2 ’ 


xx = 0, when x = + c. 


Section III 

Stresses in a circular plate of isotropic material 

It has been shown in paper I [art. 2 (a)] that the equations of equilibrium can be 
put in the forms 

Vf[r.B]+l[r^-6)] = 0 ) + = 0, (3-1) 

02 02 

where V x stands for ’ rx an< ^ r V are respectively the x component and the 

y component of the stresses at the point (r, 6) on the circle of radius r and 0 = xx+yy. 
Smce 0 is a plane harmonic function then 


z standing for x + iy. & ^ef( z )> (3-2) 

Substituting this value of 0 in (3-1), then 

V?[r.5w] = R e ~[f(z)-zr(z)l Vf [r.ry] = R e ij z lf(z)-zf(z)l 


(3-3) 



Two-dimensional boundary-value problems of elasticity 97 
To find the solutions of the a^ove equations suitable for circular boundaries put 

r.fx = R^—JL(j > {z) + aL{z)^, r .ry = if(z)+aM (z)J. (3-4) 

where <fi(z), ifr(z), L(z), M(z) are functions of z. 

The functions L(z) and M(z) are such that 

P]r-a == Ift-EfcXLa, [ fyl-a = [^(z)]r=a- (3*5 

On substituting the expressions (3-4) in (3-3) it is found that these equations are 
satisfied if 

z4>{z) = zf(z) =f(z)-zf'(z). 

Hence as the solutions of (3-3) one can write 


0 0 

■ Q = ^Xr.rx\+^{r.ryl 


which gives 


R e [f(z) + zf'(x)] = 2aR e [L'(z) + iM'(z)], 
f(z) = 2a f(z) + ^¥(z) 


except in the case* /(z)+z/'(z) = 0, or when /(z)oo-. (3-8) 

z 

Thus, in general, L(z) and M(z) being known from the boundary values of fx and ry, 
f(z) can be found from (3*7) and hence the stresses at every point of the plate can be 
determined with the help of (3-6). 

(a) Stresses due to couples acting in the interior of a circular plate 
Let a couple of moment Q act at the point (c, 0) within a circular plate of radius a. 
For equilibrium let there be another couple of equal and opposite moment operating 
at the centre,*}* the axes of the couples being perpendicular to the plane of the plate* 
The stresses due to these couples operating on a plate extended indefinitely in all 
directions are given by 

_ _ ^ Qyrr 2 —c 2 11 

r -**1 = x-Wi + y.xyi = ^ -r 

. 1 . V (3-9) 

_ __ _ Qr-x(r 2 +c*) + 2cr z xl 

r.ry 1 = x.xy 1 +y.yy 1 =^- +~ 2 j, 


where 


r\ = (x—c) 2 +y 2 and r 2 = x 2 +y 2 . 


* This case can be treated separately (see Paper I, art. 3 (&)). 

t The solution can also be obtained for a different position of the equilibrating couple. 
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Let A be the point (c, 0) and B its inverse with respect to the circle of radius a 
(figure 3). Then the co-ordinates of B are (a 2 Jc, 0). If P be any point (x, y) on the 
circular boundary, the above stresses at P will be 

IV »1 y"l_ Q W-c*)y yl 

l lir - a ~2n\_ AP 1 a* J 2jr|_ c 4 BP 4 a 2 J’ 

r -i Q —x(a % +c 2 ) + 2ca 2 , x~\ Q fa 4 -{—x(a 2 + c 2 ) + 2ca 2 } xl 
\r.ryAr~a ~ ^-Jpi +~2j -frlJi BP i +^aj • 


B 


Figure 3 




To make the circular boundary free the stresses fx 2> fy z may be added which have 
singularities at the point (o 2 /c, 0 ) and of which the boundary values are equal and 
opposite to those given in (3'10). Henoe 

r r ^T Q p 4 (° 2 ~« 2) y . y~| 

L 2jr= ° 2 tt|_ c*BP 4 a 2 J’ 

Q fr, K iz izV I 

' 2 ttL j ae W(z-a*/c) 2 a 2 ll_ a ’ 

\<r rv~\ - ^ f ffl4 M« 2 +c 2 )-2ca 2 } ajl 
L • '3'aJr-o 277 [_c 4 5P 4 ipj’ 

1. 0 *J 

To find the stresses rajg, Yy 2 from the results (3‘6) it will be necessary to write 


(3-11) 


aL(z) 


= QYt 


IZ 


2n\_c 2 (z—a 2 lc) 2 
Putting these values in (3-7), then 

f/~\ _ 2 Q[ a * i i~] 

n> 7T |_c 2 (z-a 2 /c ) 2 a 2 j 
This value of/(z) being substituted in ( 3 - 6 ) then 


iz~\ , Qfa 2 z zl 

a‘J’ < 3 ' 12 > 


(3-13) 


r.rx z 




\ +: 


_2 ) iz izc z ~ 

s—a 2 /c) 3 J + (z-a 2 /c) 2 o*J ’ 


- 2 /c) a 2 (z—a 2 /*:) 2 " 1 " (z 


•7j 



Two-dimensional boundary-value problems of elasticity 
If one writes r\ = (x—a 2 \c) 2 +y 2 , 

and combines (3-10) with (3-14), then 
r.fx = r.rx x +r .ra 2 
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QyVr*-c* 1 , , 9 l 


2(r-« 2 /c) 2a 2 [3(x-a 2 /c) 2 -y 2 ] 


cr| 


+ T5- 


a 2 (r 2 —a 4 /c 2 ) 1 

o 2 




r.J^ = r.?^ 1 +r.ry 2 


1 " 

a 2 _|’ 


= « r ?^!±£!) + - +(a 2 - 


27rl_ 


rf 


, J %-a 2 
T ( a 2 r\ 


—a 2 /c _!_(*—® 2 /c ) 2 — 2/ 2 


cr| 


+ 


2 a 2 (a: — a 2 jc) [(#—a 2 /c ) 2 — 3«/ 2 ]| a 2 {a;(r 2 +a 4 /c 2 ) — ( 2 aV 2 /c) a; 


} + i !) 

I c 2 


> ffl 

a 2 J'J 


(3-15) 


The hoop stress d& at any point on the boundary can be found out from the boundary 
value of 0 ( = rf+6d). The contribution to © by xx x and yy x is nil. Since at the 
circular edge ff = 0 , then 

[%-a = m r - a = [RJ(*)]r- a , 

which in the present case is equal to 


IvYZQa? i D _ 
PLtt c 2 (z-a 2 /c) 2 Jj r=a _ 7T 


4(a—c cos 0 ) sin 0 


' (a 2 +c 2 — 2 ac cos 0) 2 ’ (3 ' 16) 

where (a, 0) are the co-ordinates of the point on the boundary. The above expression 
evidently vanishes when 6 = 0 or n. 


(b) Stresses due to forces acting in the interior of a circular plate 
Let an isolated force T act at the point A (c, 0 ) in the positive direction of the 
r-axis (figure 3 ), while an equal and opposite force acting at the origin balances it. 
If the plate has extended indefinitely in all directions the corresponding stress com¬ 
ponents would follow: 


_ Tf (3+o-)(x — c) , 2 (l+cr)(a;—c)y 2 , (3+cr)x 2(l+a)xy 2r \ 

XXl ~tor[_ T 2 + Jf + r 2 ? J* 

T\-{3+<r)y 2(1 +<r)^ (3+cr)y , 2(1+cr)y*q 

yi ~~An\_ ?f f$ r 2 + r 4 J’ 

^ 2 »rd-<r)(*-o) 2 (l+cr)y 2 (a;—c) ( 1 — <r)x t 2 (l+cr)®y 2- | 

• m = - V\ -rf ^ --+ j* J - 

These results give 


- a _ ^ns+rMaJ-^AOe . (l+(r)y 2 (l+<r)y 2 (r 2 -c 2 ) 2 (l+or)y 2r l 'i 

r,rflJl ~ 4 ^L~-rf-+ (3+cr)+—^ 3 —+ ;a r * J’ 

„ j- T Y(1—<r)cy , 2 (l+<r)a;y 2(1 +o-)cy 3 2 (l+o-)aa/l 

'/? TT "If r 2 J’ j 


(3-18) 
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Then, at a point P(x, y) on the circular edge r = a, 

r _ , rr(H<r)(!c-4)c , , n , _ v , (1 +<r)y z , (1 +cr)y 2 {a 2 -c 2 ) 2(l+cr)y n \ 

[r.rx^-— L-jpi-+( 8 +<r) + - ^ p2 + jpi - ~ z U 


r _ . T\-{\-cr)cy '2(l+<r)xy 2(1 +<r)cy 2 2(1 +<r)xy~ 

iT-^/lJr-a - 4 ^ ^p 2 + J.P 2 JLP 4 a 2 J* 


(3-1 


The stress components rx%, ry 2 to be added for nullifying these stresses on the 
boundary should be such that 

r _ n T f(3+cr) a 2 (x — a 2 jo) , , (l+o-)y 2 a 2 (l+cr)a 4 2 / 2 (a 2 -c 2 ) 2(l+o-)i 

[r.«r 2 ]_ a = - c pp 2 “ + (3+<r) + -^gp*- + —?-ppi 

f _ Tr(l-cr)a?y 2(1 +cr)a 2 a:y 2(l+cr)a*y 3 2(1+tr)a«/ - ] 

Ir-flWr-a- 4 j|_ c pp 2 + C 2 PP 2 C 3 PP r “ 

The above results can then be put in the forms 

r _ j- n y Ti>f (3+ g ') 0 *' , /o . -x . ( 1 '+ cr ) 

[ • - 47 r [_%(*-a 2 /c) + (3+ ) + 


"J' 


c(z—a 2 /c) ' v " ' ' 2c 

(z—a 2 jc) 2c 2 (z—a 2 /c) 2 




'4srL' e U-» 2 


)z t (l+cr)z(z 2 —a 2 ) (l+<r)z(z 2 — a 2 ) 


')] 

/ Jr-a 




! /c ‘ a 2 (z — a 2 /c) 2c(z—a 2 /c) 2 

= _ 2T ( 2z (l+o-)* 3 (l+cr)z(z 2 —a 2 )]! 

47t|_ ®|z—a 2 /c a 2 (z—a 2 /c) 2c(z—a 2 /c) 2 

W _ (1—cr)tz _ (l+cr)iz 2 (1 +a~) iz(z 2 -a 2 ) (1 +cr) iz 2 H 

* ~ a2 l c o{z ~ a 2 /c) + 2c(2J - a 2 /^ a 2 |J r « a 


37 

47r| 


— fp / _ _ (1 4-cr) is 3 (l+o") i2(z 2 — a 2 )|“j 

4^L e l 2 -a 2 /c a 2 (3-a 2 /c)"^ 2c(z~a 2 /c) 2 JJ r 

Putting now in (3-7) 

«i W = r r * I ( l + rW-tf . 0 

-r n / v ft _/7.0 / \ o rr 


477 [2 - a 2 /c a 2 (z - a 2 /c) 2c(z - a 2 /c) 2 + 2a 2 




Z 2 — tf,2 


a 2 " 

J 


it follows that 


(Zj 


aM(z) T f ij—fife (l+<r)iz 8 , (l + q-)iz(z 2 -a 2 ) ic z 2 +a 2 ~| j 

W 47tL z-a 2 jc a 2 (z—a 2 /c) 2c{z-a 2 /c) 2 2 a 2 ' 1 a ‘ z j’j 

/<>.)-2 

_ T p-o-) 2(1+ tr)z 2 (l+o-)(z 2 -a 2 ) , c "I 
277 [_z - a?lc ^ a\z - a? jo) c(z-a 2 /c) 2 + a 2 ^ 

27rLz-a 2 /c + a 2 (z-a 2 /c) c (z-a 2 /c) 2+ a 2 ^ °7J’ 23 ^ 
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Substituting the values (3-22) and (3-23) in (3-6) the values of the components 
r.rx 2 and r. ry % are obtained, which, combined with the components r .rx x and 
r. ry x , give us the required stress distribution in the plate. 

From the expressions (3-17) and (3-23) then 

0 = (xx 1 +xx 2 )+(yyi+yy2) = xii+yyi+s e [f(z)] 

T f(l + cr)(x-c) (l+<r)x 2(l-<r)(x-a*lc) 2(l+<r) 


--T[0 ± ^ ) -(l^ + 2( 1 - , r ) |- aW + ^) (( ,,- y ‘ ) ( ,_ o , /e ) + ^, } 
+^ (i - <t) - -cx-y 2 ) [(* - ® 2 / c ) a - y 2 ] + 2 v 2 ( x - a 2 l c ) ( 2x - °)}J • ( 3-24 ) 

Since Q = fr + §d and (n% =a , = 0 it follows that at any point (a;, y) on the boundary 
[8d] r -a = Wr-a 


T r(\+cr)(x—c) (1 +<x)x 2(1— cr)(x—a*jc) 

_ 2^L 3 P 2 BP* 

c 3(1+cr) (x*-cx-y 2 ) 4(1+ c r)a*y*(x-c) 

a 2 1 a) cBP 2 c*BP* 


c*BP * 


']• ( 3 - 
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The mechanism of ionospheric ionization 

By R. y. d. R. Woolley 

(Communicated by S. Chapman, F.R.8.—Received 10 October 1945 ) 

The available mechanisms for the production of electrons in the three regions of the iono¬ 
sphere are discussed with special reference to the question whether it is possible to account 
for the observed electron densities without supposing that the sun emits far more energy in 
the remote ultra-violet spectrum than would be emitted by a black body at 6000°. The con¬ 
tributions to electron densities made by metastable states of atoms and molecules are 
examined. It is concluded that the observed electron densities may be accounted for 
without requiring high solar energy in the ultra-violet if the effective recombination coeffi¬ 
cient in the F 2 region is 10 _u . The F 2 region is attributed to the ionization of atomic 
oxygen, and the E region to the ionization of molecular oxygen. The electrons forming the 
v E x region are supposed to be provided by metastable N 2 or by NO. 

1 . The electron density in the earth’s atmosphere considered as a function of height 
exhibits several maxima which are observed by the reflexion of radio waves sent out 
from ground level. Broadly speaking three such maxima are observed: the neigh¬ 
bourhood of each maximum is called a region, and. the regions are named E, F t 
and F 2 in order of increasing height. The E region reflects all waves having frequencies 
less than the critical frequency of the E region. Waves above this frequency and. 
below the critical frequency of the F 1 region are reflected by the F t region, and waves 
of still greater frequency are reflected by the F t region. Waves of frequency greater 
than the critical frequency of the F 2 region are not reflected at all. Since the critical 
frequency is proportional to the square root of the maximum electron density in 
the layer, the maximum electron densities increase from E to F 2 . It follows that there 
may well be unobservable maxima in the electron density. 

Suppose that for a particular absorption spectrum in the atmosphere capable of 
ionizing an atom or molecule the absorption coefficient Jc(v) is independent of v for 
all frequencies greater than v 0 and is zero for v<v 0 . The number of electrons produced 
per c.c. from n atoms (or molecules) per c.c. is nq, where 

< 7 =J kS y e^ rSecz (hv)^ 1 dv, 

J V, 

where 8, is the intensity of sunlight entering the atmosphere, r is the optical depth 
in the atmosphere or r = f Jcndx and z is the sun’s zenith distance: x is the height 

J X 

measured upwards. ' 

Now suppose that the atoms or molecules are distributed exponentially with 
height according to the law n = n 0 e~ xlH } where n 0 and H are constant, then 
r = Hkn 0 e~ x l H . Write 

faw-* = s. 

j v 0 

nq = SJcn 0 e^ H exp { - HJcn 0 sec z 
[ 102 ] 


Then 
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Let nq = Q. For a given zenith distance the maximum value of Q is 
at x = x m (z), where 

x m( z ) = H In (HJcn 0 sec z), 

Q m (z) occurring 

(Ml) 

and if N(z) is the value of n where the maximum occurs, then 


■ HkN(z) = cos 2. 

(M2) 

Again QJz) = Skn 0 exp { - x m (z)/H -1 } = S cos zj{eH). 

Writing £ = (x m (z)—x)JH, then 

(M3) 

QIQmW = exp{l+£-e£}. 

(M4) 

The quantities concerned may also be referred to Q m ( 0), the maximum value of Q 
when the sun is in the zenith, or z = 0. Then 

x m { 0) = H In Hkn 0 , 

(1-21) 

HkN 0 = 1, 

(1-22) 

QJ 0) = SI(eH), 

(1-23) 

and writing £ = (x m (0)-x)jH, 


QfQm(°) = exp{l + £—secze 5 }. 

(1-24) 


These expressions are due to Chapman (1931). It may be shown that they are still 
approximately true if k(v) Varies appreciably with v. For example, if k(v) = 0 for 
v<v 0 and k(v) = ocv~ z for v > v Q , these expressions are still very nearly correct in the 
practical case where 8 y is a black-body curve for a temperature T r and hv 0 j(RT f ) > 20. 

2. The electron density n e can be found from Q if the absorption spectrum is 
the only method whereby electrons are produced and if the recombination coefficient 
a is known; for then there are cm\ recombinations per c.c. per sec. and 


dn e 

dt 


Q-an*. 


Taking an average over 24 hr. suppose dnjdt zero, then, simply, Q = an% This 
expression can be reduced to a special form if the recombination is radiative, that 
is to say if it is the reverse of the ionization process, for there is then a relation between 
the absorption coefficient k and the recombination coefficient a, as was shown by 
Milne. 

In full equilibrium at a temperature T between n e electrons n atoms and n + ions 
per c.c. Saha’s relation gives 

= K(T) = 2(2nmRT)^ hr z m exp (— IjRT), 

where I is the ionization potential and m is the ratio of the statistical weights of the 
ion and atom; m is the mass of the electron and R, h Boltzmann’s and Planck’s 
constants respectively/ 
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Now in fall equilibrium nq T = a'n e n + {= an\) and in secular equilibrium 
(dnjdt = 0), nq = a'n e n + . Hence in secular equilibrium 


HT 


The value of qE{T)jq T has been investigated by Woltjer (1925) in a special case, 
namely, where the radiation intensity is a fraction (less than unity) of full radiation 
at some temperature T', while the temperature of the atmosphere (judged by the 
Maxwellian velocity distribution of the molecules) is T, less than T'. Woltjer’s 
equations have been applied to stellar atmospheres by Pannekoek (1926) and to the 
earth’s atmosphere by Bhar (1938). The subject is discussed fully by Pannekoek 
(1930). Let the intensity of the radiation be (co/Stt) B(v, T'), where 


Rr„ T'\ - 8nhp3 1 
£ \ v > 1 )~ c 2 e hvisr_i 


is the intensity of fall radiation at the temperature T'. Then 

Jfc(v) B(v, T’) (hv)~ l dv 


^ = wK(T,T') = ^K(T)x' 


jk(v)B(v, T) (hv)-'dv 
In particular, if k(v) = 0 for hv < I and k(v ):: v~ z for hv > I, 


( 2 - 1 ) 


<oK(T, T') = 2(2*mB)* Jexp^--^). (2-2) 

If k(v)-is zero for hv< I and is constant for hv > I, the right-hand side of (2*2) must 
be multiplied by 

♦Kfn- 

If there are n~ negative ions per c.c., then, in place of (2*1), 

Tip 71/ __ _ 

-^r = 0)E(T, T'), 


(2*21) 

(2*3) 


with, of course, values of I and m which differ from those in the positive-ion reaction. 
In the case of 0", w is f, and according to Vier & Mayer (1944) I = 3-07 V. Then, 
with T' = 6825°, T = 1000° and w = 5*41 x 10~ 6 , 

n e n/n~ = 3 x 10 12 . 

Thus with n = 3 x 10 10 and n e = 10 6 , representing conditions in the F 2 region, it 
follows that n = 10 4 , giving one negative ion to about one hundred electrons. 

3. Before attempting to identify the various layers of the ionosphere with 
particular ionization processes, one must note a difficulty which is illustrated 
by the following theorem. Let there be a number of ionization processes and let 
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v n be the lowest frequency capable of ionizing the atom or molecule in the rath 
process, numbered downwards in the order in which the, maxima occurs in the 
atmosphere (e.g. F 2 — 1, F 1 = 2 and E = 3, if these regions arise from the only 
processes). Let S n be the amount of light available for the rath process. Let a n be 
the effective recombination coefficient in the region where the ionization due to the 
rath process produces a maximum electron density. Then in an isothermal atmosphere 
if the quantities S n ja, n form an increasing series, only one layer, the lowest, is observable. 

*n( N l)n = (QJz))n = COS z/{eH), 

so that if SJot n increases with decreasing height (N 2 e ) n increases with decreasing 
height and the lowest layer has the largest electron density and reflects all the radio 
waves capable of reflexion by any higher layer. Hence the higher layers cannot 
be observed. 

In the actual atmosphere the temperature probably increases with height so that 
H is greater for F 2 than for E. On the other hand, a decreases from about 10" 8 at 
E to about 10“ 10 or 10~ u at F 2 . With the former value (10~ 10 ), ctN\ is roughly constant 
from layer to layer, and the quantities S n must increase with increasing height in the 
series of observed layers. 

If the solar-energy curve is at all like a black-body curve at 6000°, S„ decreases 
very rapidly with increasing v in the far ultra-violet, and a series of absorption head 
frequencies will give a series of values of S n which increase rapidly with decreasing 
v n unless the absorption heads are very close together. If each layer completely 
cuts off the radiation capable of ionizing the next 

S n = f ’ , *'S(y)(hv)- 1 dv. 

J vn 

Values of S' n = lO -8 /?- 3 dv are shown for relevant values of fiv n in table 1. 

J V n 

Table 1. S' n 

ftv n 24 25 26 27 28 

S' n 142*3 56*7 22*5 8*93 3*53 

Since for T' = 6000° and hv « 13*54 V (the ionization potential of O), fiv ~ 26*2, 
successive entries in table 1 correspond to potential differences of about half a volt. 
A series of values of S' n increasing with v n could only be obtained if successive ioniza¬ 
tion potentials closer than a quarter of a volt apart were available. In particular, 
the identification of two of the three layers with the reactions 

0 + M>13-5V)->0 + + e, 0 2 +A^>12*5Y)^Oj + e, 

is not possible if aN\ is constant—unless, of course, the hypothesis is abandoned 
that S(v) does not decrease with increasing v so rapidly as a black body at 6000° 
or so. If, however, a = 10 -11 for the F 2 region, in which case ocN% and therefore Q, 
is about ten times larger in both of the lower regions, S' n for the F 2 region has only 
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one-tenth, of the value for a lower region, and from table 1, flv — 25 and ftv — 27 
give approximately correct values of S' n . 

According to Appleton (1937) the value of a for the F z region is 10 -10 . This value 
depends upon afternoon min us morning differences in the F z critical frequencies 
which are attributed to recombination. According to Martyn (1945) tidal motion of 
charged particles is a main cause of the asymmetries in the diurnal ionization varia¬ 
tions of the F% region: admitting Martyn’s hypothesis, the value of cc cannot be 
determined with any satisfaction from diurnal variations in critical frequency. 

Now if ^ then ^(lnw e ) = -<m t . With n e = 10 s it is seen that 

—^(ln n e ) = lO^sec. -1 , or (3 hr.) -1 , if a = 10 -10 , and (28 hr.) -1 with a = 10 -11 . 

According to Allen’s analysis (1945) of the correlations between a variety of solar 
and terrestrial phenomena, the F z region exhibits a mean period of recombination of 
order 1 or 2 days. This observation supports a = 10 -11 . The well-known lag (of the 
order of a day) otF z critical frequencies behind magnetic storms gives further support 
to the lower value of a. In the remainder of this paper we shall adopt a — 10 -11 for' 
the F z region. 

4. In this section the conditions under which two observable regions could be 
formed by the ionization of 0 and of N 2 are examined, if necessary waiving the 
supposition that the solar-energy curve is that of a black body. Suppose, then, that 
the atmosphere is isothermal and let %, n 2 be the numbers of oxygen atoms and 
nitrogen molecules per c.c. Let h v Jc 2 be the continuous absorption coefficient of 
atomic oxygen and molecular nitrogen. Following Massey & Bates (1943),, take 
to be independent of wave-lengths from 912 A downwards, and suppose k 2 to be 
independent of wave-lengths from 661A (the beginning of the strong absorption 
ofN 2 ) to shorter wave-lengths. Let 

#i— f ^(hv)- 1 dv and S 2 = f S^hv)- 1 dv 
1 Jv, 

where • cvf 1 = 912A and cr 2 1 = 66lA. 

Lastly let % = wjexp(- xjH^) and n 2 = n% exp (- xjH 2 ). 

Then fij = Hence 
Q = S 1 h 1 7%e-*l B iexp{-H]c 1 nlse(sze-*i 3 i} 

+ 1+ lc 2 nl exp {- H x h x sec z n\ 1 - H 2 k z sec zn\er xlB *\. 

Write S 2 jS 1 = S, = fi and H^njsecz = A. 

Let x)E 1 = £. Then . 

WW = exp {-£-rie-£} [1 + £(1 exp {-±AJ3e-K)]. ‘ (4-1) 

According to (4*1) two maxima of Q can occur. One may choose to reckon n\ and ri\ 
at the point where one of these maxima occurs: then one ma xim um is at £ = 0, giving 

6= (A-!){l + <S , (l+/?) 2 exp(—fA^)}+^/?(y5+i)exp(-friy5). (4-21) 
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Let the other maximum occur at £ = — h and -write Ae h — A', y Se ih = /?'. Then 

0 = (4' -1) {1 + 8(1 +/?') a exp (- $A'/3 ')}+£/?'(/?' + i) exp (-$A'yd'). (4-22) 

The ratio of the two maxima is given by 

QolQ~h = exp {A' - A - h} {l + 8(l+fi) e-W} {i + S(1 +/?') (4-23) 

From (4-21), (4-22) and (4-23) may be computed the location of the two maxima in 
the atmosphere, and the ratio of their intensities, given the fundamental data A , 

S and yd. Conversely one can examine any two layers and find what values of A, 

8 and yd are required to account for them. Since nothing is known about 8 the latter 
course will be pursued. 

Now from ( 4 - 21 ) and ( 4 - 22 ) both A and A' (which must be positive) are less than 
unity, so that for solutions which are well separate (e h appreciably greater than 1 ), 

A must be small. Suppose as a first approximation that A’ — 1 . Then A = e~ h , 
and ( 4 - 21 ), (4-23) give a pair of equations for 8 and /?. When the solution has been 
made it can be verified from (4-22) that 1 —A' is small. 

First suppose that Q 0 = yoQ^ which may be supposed to correspond to the F 2 
and F t regions with a = 10 -11 in the upper region. No solution (with positive values) 
is obtained unless 

7 ^- exp {A + h - A'} > 1 , 

V-h 

so that if QolQ-h = 10 -1 , h > 3-265. Hence 

for h = 3-401, yd = 258 and 8 = 0-074, 

for h = 3-912, yd = 142 and 8 = 0-031. 

On the other hand, suppose that the recombination coefficient is 10 ~ 10 in the F 2 
region .so that Q 0 /Q^ h — 1 , then 

for h = 3, yd = 36-7 and 8 = 0-485, 

for h = 2-303, yd = 19-0 and 8 = 0*460. 

These figures show that yd is in all cases so large that unless is very much larger 
than (which is not likely, as the oscillator strength of the O absorption is high) 
the nitrogen absorption contributes mainly to the upper maximum. 

Bhar ( 1938 ) supposes that N 2 forms the lower of the two regions. He is in this way 
able to evade the difficulty described in § 3, although he supposes that the solar- 
energy curve is that of a black body: but his result depends on the assumption that 
radiation at 661A is not absorbed by O. 

For a black body at 6000°, 8 is of order 10 ~ 4 , if the absorption heads are at 912 

and 661 A. ; 

Of two layer solutions of this type, even admitting the high values of 8 required, 
it must be remarked that they demand a rather higher ratio of nitrogen to oxygen^ 
population than seems at all likely. (Parallel calculations assuming the nitrogen to 
be in the atomic rather than the molecular state also give high values of/?.) It may 
also be remarked that the solutions with Q 0 fQ-n - 10-1 are °P ett objection 
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that h must be greater than 3, which corresponds to a separation of about 150 km. 
between the layers. Under many circumstances F% and F t come much closer 
together than this. 

5. The lines of Njj" are actually observed in aurorae and in the light of the night 
sky, and to account for their excitation Saha ( 1935 ) postulated ‘ with a certain amount 

’of hesitation’ that the solar spectrum exhibits the Lyman lines of H and the 
principal lines of He and other elements as intensely bright lines on a much feebler 
continuous background. Later, Saha ( 1937 ) repeated this postulate much more 
emphatically, concluding that solar ultra-violet light of wave-length <660 A is 
about a million times as intense as that given out by a black body at 6500°, and 
stating that it was difficult to see any alternative to the result. 

To obtain three observable layers one must have the spectrum from 661A onwards 
including the He line at 584 A about one-tenth as bright as the spectrum from 912 
to 661 A, and that spectrum in turn half as bright as the spectrum capable of 
ionizing 0 2 (at 12-5 V). The Lyman a and /? lines will not ionize 0 2 in its ground state. 

Very bright lines are impossible if the solar atmosphere is in radiative equilibrium. 
Without going into great detail one can say roughly that if the bright lines are formed 
by the cyclic process described by Rosseland ( 1926 ) no bright line can emit more 
energy than a black-body spectrum appropriate to the colour temperature of the 
star integrated from the frequency of the line to infinity.' (Admitting Rosseland’s 
principle, any small volume of the atmosphere can add no more energy to a principal 
fine than it absorbs in higher frequencies.) It is certainly not necessary to suppose 
that principal lines of a spectrum are bright at all (let alone intensely bright) merely 
because subordinate lines (in eruptions, such as Ha) appear bright. 

On the other hand, the phenomenon of very high excitation in coronal lines has 
not yet been justified on any theory of radiative equilibrium, and in fact Saha 
( 1945 ) has given a theory of the excitation of these lines by nuclear processes. It 
may therefore be felt that any objection to the postulate of bright lines based on the 
supposition that the solar envelope is in radiative equilibrium is not a fatal objection. 
However, in succeeding sections various mechanisms will be examined which may 
account for the observed ionosphere without invoking this postulate. 

6. Suppose that the ionization of atomic oxygen in its ground state 

0( 8 P) + hv—> O"*" + e ( 6 * 1 ) 

forms a simple Chapman layer. Then from ( 1 * 12 ) HlcN(z) = cosz. It is seen from 
Massey & Bates ( 1943 ) that Jc = 4-5 x 10 -18 . If it is supposed that the temperature 
of the atmosphere is 1000° then H = 52-6km. for oxygen, and taking cosz = ^ to 
represent average conditions, then for the number of oxygen atoms per c.c. at the 
height where the maximum electron production occurs 

N = 2 x 10 10 , 

which is of the same order of magnitude as the number of particles per c.c. in the F 
region- as determined by observation (Martyn & Pulley 1936 ). Suppose that the 
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reaction (6-1) actually forms either the F 1 or the F a region, one cannot use the Panne- 
koek dilute equilibrium formula to get the electron density, because the radiative 
recombination coefficient corresponding to (6-1) is of order 10 -12 (Massey & Bates 
1943), while the observed value of oi is of order 10~ 8 for the F x region and 10~ 10 or 
10 -11 for the F 2 region (§ 3 ). Since there are few negative ions per electron at such low 
densities (§2) then n e = n + and a' = a so far as reactions of type 0 - ->0 + e are 
concerned. Massey & Bates (1943) attribute the observed high recombination to 
the reaction 

0 + + 0 "-* 0 ' + 0 ", 

in which a positive ion combines with a negative ion to form two excited oxygen 
atoms. This reaction has so high a probability that it is important despite the 
comparatively low negative-ion population. 

Let the number of transitions occurring per c.c. be defined as follows: 


0+ + CT-*0' + 0", a"n+n~, 0' + 0"->0 + + 0', A n'n", 

0~ + 7 w '-*-0 + e, n~q~, 0 + e^-0 ~+hv, aTnn e , 

0 + Ay->0 + + e, nq, 0 + +e-> 0 +hv, a'n + n e . 


Then 



« nn e —a"n + n —nq + A n'n", 


dn, 


- = -oc nn e + nq+n q~-a'n + n e . 


dt 

d, - 


Adding, (n +n e ) = nq+Xn'n"—x'n + n e —a n + n , 


and in secular equilibrium n~+n e is constant, so that 

nq + Xn'n" = n + (a,'n e +a"n ). 

If the atmosphere is electrically neutral, n + - n e +ri~, and if 
nearly. Thus 

nq + Xn’n" = ct'n\ + a"n e n . 


n e ^>n then n + = n e 


(6-2) 


In full eq uili bri um the two processes balance independently, that is, nq = an* and 
A n'n" = a "n e n~. In dilute temperature equilibrium, q will be multiplied by a 
dilution factor <u/8tt. If both populations of the excited states n and n are of order 
w in comparison with their full equilibrium values, the product nn is of order (o*, 
and A n'n" can be neglected in comparison with nq, giving 

v Q = an% _ ( 6 ' 3 ) 

7b 

where a is now the effective recombination coefficients equal to a + — ot . its value 

may be taken to be 10” 11 from observation. 

If, however, one of the excited states is metastable, one population n or n is 
not of order o), and the product n'n” is of the same order as g (the first order in o)), 
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and since a"n e n~ is much greater than a'n\, A n'n" must be correspondingly greater 
than nq. The electron density will then be given by 

A n'n" = an\. (6-4) 

To investigate this point further one must examine the populations of metastable 
states in dilute temperature equilibrium. 

7. Consider the populations of a number of states of an atom in secular equili¬ 
brium. Let % be the number of atoms per c.c. in the ith state and let n t Ay be the 
number of transitions per c.c. per sec. from state i to state j. In secular equilibrium 
among m states 

= hnjAji, (7-11) 

% j 

both sums being from 1 to m with i = j excluded. Defining A u by 

A fa + 2 Ay — 0 

with j = i excluded from the sum, equation (7*11) becomes 

= 0. (7-12) 

i=i 

Let there be (n^ji atoms per c.c. in state i in thermodynamical equilibrium at some 
temperature T (for a given number of atoms per c.c. in all states) and let n i = (n t ) T x t t . 
Write (n^ T Ay — (ij). Then n t Ay == t t (ij) and equation (7-12) becomes 

m 

= 0. (7-13) 

1 

There are m such equations and m -1 unknowns (the ratios t t /t v etc.) so that the 
determinant 

(11) (21) ... (ml) 

(12) (22) ... (m2) 

(lm) (2m) ... (mm) 

must vanish and the quantities t v t 2 , etc., are proportional to the minors of any row 
in the determinant. 

In thermodynamical equilibrium (ij) = ( ji ) and t x = < 2 = ... = t m = 1. Under 
any other circumstances, if E^>E i; (ji) is an atomic constant (for bound states) 
and (ij) is proportional to the intensity of the radiation promoting the transition. 
In dilute radiation 

(W "S(*)’ 

and in a dilute radiation field which is weakened by absorption 
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To investigate the population of a metastable state one must consider at least three 
atomic states: the ground state i — 1 , the metastable state i = 2 and d third state 
i = 3. Then 


h _ ( 12 ). (31) + ( 12 ). (32) + (13). (32) 
h (21). (31) + (21). (32) + (31). (23) 


A + Boj't 23 5 


(7-21) 


where (o' = (ol&n, A = ( 21 ). (31) + ( 21 ). (32) and B = (31). (32). If the transition 
( 21 ) is a normal one, t 2 /t 1 is of order <o’, but if state 2 is metastable and A is small 
compared with B<o' 



(7-22) 

* 


Thus the population of a metastable state is unity, noW, at the top of the atmosphere 
(compared with its population at the solar temperature): but the metastable atoms 
are not distributed exponentially with height. That the population of a metastable 
state is of order unity in dilute equilibrium was first pointed out by Rosseland ( 1926 ). 

8 . Bates and Massey ( 1943 ) list eleven possible pairs of excited states O' and O". 
Of these six may show a large coefficient <x". They are 


1 S + 1 S, 3 P + 5 S°, 8 P + 3 S°; 3 P + 5 P, 3 P + 3 P, iD + sS 0 . 


Of these the last three are ruled out if the value of the detachment potential is 
3-0 V, as given by Vier & Mayer ( 1944 ). The states X S and X D are metastable. It is 
uncertain which pair of states gives the highest value of a" (and A), but since in one 
pair both the states are metastable, the product An'n" must be greatest for that 
pair, namely, 

O-^ + O^O^SHO^). 

Recognizing that more than one pair of excited states is possible one may write (6*4) 

ZA rs n r n 3 = an*. ( 8 - 1 ) 

In full equilibrium X rs {n r n 3 ) T = ot," ra {n\) T 

for each pair, and writing \ 3 {n r n a ) T = y rs -2’A rg (» r 7i s ) 2 -, 

( 8 - 1 ) becomes »f/(»S)r = A/y rs £ r f 5 . ( 8 - 2 ) 

The quantities y ra are not, strictly speaking, independent of T, as the cross-sections' 
for mutual neutralization of 0 + and 0 ” (the quantities ajl g ) are not independent of T. 
In writing an equilibrium value of n e it is supposed that n is given. 

Despite its approximate character, equation ( 8 - 2 ) exhibits the important points 
of the argument. If t r = t a — 1 and if the r, s pair exhibits the largest coefficient, 
so that y rs is nearly equal to unity, n e will be equal to the number of electrons per 
c.c. in equilibrium with n oxygen atoms per c.c. at the solar temperature without any 
dilution factor. While y„ may have a . high value, even approaching unity, it is 



112 


R. y. d. R. Woolley 

doubtful whether t r and t s attain high values on account of absorption (the term 
r 13 in (7-22)), and because in the important case (the X S state of 0) the condition 
A 4. Bo' is not satisfied. If t r and t B are very small, equation (6-2) reduces to (6-3) 
rather than (6-4). The result may be expressed in terms of the solar temperature 
required to produce the observed electron concentration. Making no allowance for 
day and night averaging, and taking n e = 10® and n = 2 x 10 10 , then (by day) 

Zy rs t r t s 1-7 xlO- 3 4 x 10~ 4 ' 10" 1 -0 

solar temperature 5000° 5500° 6000° 6500° 

The entry 6500° for Zy rg t r t a zero assumes a = 10 -u : other entries are unaffected by 
the choice of a. If a = 10~ 10 and the metastable states make no appreciable con¬ 
tribution, a temperature of 7100° is required. 

' If the solar atmosphere is in radiative equilibrium one would expect a lowering of 
the visible solar curve in the far ultra-violet, especially beyond 912 A, where one 
would expect very strong Lyman absorption. In the visible region radiation is 
received from depths considerably below, and therefore considerably hotter than, the 
extreme surface, which is at 4830°. An effective temperature in the Lyman continuum 
not much greater than 5000° might be expected. The populations of the metastable 
states of O are supported by radiation on the long-wave side of 912 A, so that the 
process 0 ( 1 S) + 0 ( 1 S) 0 + + 0“ is favoured relative to 0 ( 3 P) + Av-*0 + + e if the 
solar-energy curve exhibits an absorption continuum at 912 A. 

In any event it appears possible to account for the observed electron density in 
the F 2 region by supposing that the electrons are supplied by the ionization of 0 
to 0 + , either directly or by the double process 0 (*S) + 0 ( X S) -*• 0 + + O" followed by 
O ->0 + e. With a == 10 -11 the solar-energy curve required does not exceed the 
observed black-body curve at about 6800° in the visible spectrum, and a solar 
curve weakened below this will produce the observed ionization if the metastable 
states are abundant. 

9. If t remained constant (not necessarily unity) throughout the atmosphere, a 
metastable state would yield a higher value of Q than the ground state of the same 
atom, because 8 is greater for the metastable state. In general the absorption 
coefficient per gram of the atmosphere is much lower for absorption by a metastable 
state than for absorption by the ground state. Th.e layer formed by the metastable. 
state would therefore be below the layer formed by the ground state and completely : 
screen it from observation. With the ground state distributed exponentially with : 
^eight and with t constant, in fact only one layer would be seen, formed by that 
metastable state which gave the highest value of S. This does not, however, occur 
m practice because t is not constant, as it contains the absorption term r 13 . Ifr 18 
is sufficiently small, the metastable state will not form an observable layer because : 

e population of the metastable state has not reached sufficiently large values to 
arm a maximiim electron density above the region where collisions become im- 
portant. Below 100 km. or so, collisions become more important than radiative ; 
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processes in determining the populations of the metastable states. They will therefore 
be appropriate to the temperature of the earth’s atmosphere and will not yield the 
full value of Q given by S/eH. 

The two reactions 0 ^Dg) + hv{ 11 • 6 V) 0 + + e, 

N( 2 D°) + Av( 12 * 1 V) ->■ N + +e, 

fall into this class. When the centre of the line 1 -> 3 is blacked out, r 13 is proportional 
to so that n 2 is proportional to n\ and still distributed exponentially. But the 
value of n 2 is still too small to produce an observable layer when n x = 10 13 , and 
higher values of n x probably do not exist, as collisions inhibit the dissociation of 
molecules into atoms. 

Metastable molecular nitrogen offers possibilities. In a homonuclear molecule, 
vibration bands are forbidden by the g^u rule, so that all the vibrational states 
of the lowest electron state x x Zf cannot perform a spontaneous transition to the 
ground state x x £+, v" = 0 . For states with v* > 6 the energy necessary to ionize the 
molecule is less than 13*5 V, so that ionization can be accomplished by radiation 
which passes the barrier 

0( 3 P) + hv(13-5 V) ^ 0 + + e. 

If v" > 16 the energy of the x x Zf state is greater than that of a 1 II U state so that 
x x Ff, v" > 16 is not metastable. An observable layer may be formed by 

N*(* l 2y, 16>t; ,, >6) + ^(<13*5V)-^]Sr^ + e. (9*1) 

Too little is known about the oscillator strengths concerned to apply a quantitative 
test to the hypothesis that (9*1) is responsible for the F 1 layer. 

According to Mulliken ( 1932 ) molecular nitrogen should exhibit a x II g state, which 
would be metastable if it lay below X II U . The x U g state has not been observed. The 
strongest unidentified band in the night-sky spectrum occurs at 3556 A. If this is 
the forbidden transition x II g -> x £ g > the state has an excitation potential of 3*5V 
and requires 12 V to become ionized. Such a metastable state would be excellently 
placed for forming the F x layer. 

One may at this point discuss briefly another source of the electrons in the F x 
layer, namely nitric oxide (NO). The first ionization potential is 9*1 V, but the 
ionization continuum has not been observed (Price 1943 ). Since, however, examina¬ 
tion of the N 2 absorption spectrum with high dispersion by Worley & Jenkins ( 1938 ) 
has revealed at the first ionization potential an ionization continuum which was at 
one time thought not to exist, or to be very weak (Price & Collins 1935 ), it may be 
supposed that higher dispersion would reveal a continuum for NO. A single band in 
the spectrum of NO + has been observed by Duffieux & Grillet ( 1936 , 1937 ). The 
band head is at 5999 A. If this band is a transition to the ground state, the second 
ionization potential of NO is at 11*2 V. 

Like every other constituent, NO would be distributed exponentially with height 
in an isothermal atmosphere in which there was no change in the intensity of 
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photo-dissociating radiation. The population of NO in the actual atmosphere will 
accordingly be on an exponential curve at great heights at which both O a and N 2 are 
highly dissociated. The population of NO will fall off from this curve at just that 
point where absorption of the radiation which dissociates N 2 begins to be appreciable. 
■This may be expected to occur somewhere near the height of the F x region. 

10. Suppose that the electrons which form the F x region are supplied by absorption 
of light with energy below 13-5V, the absorbing agent not being distributed expon¬ 
entially with height. It is possible that several of the processes mentioned in § 9 
contribute to the electron density. Radiation of energy 12*5 Y will be diminished 
in intensity, but the diminution will not be so great as to exclude the straightforward 
reaction 

O z (x s F g , v" = 0) + hv(l2-5V)->O£ + e 

from forming the E region. As in N 2 , vibration bands are forbidden and a number of 
vibrational levels are metastable. In addition the state l S g is metastable according 
to Mulliken. There is no doubt that 0 2 can supply enough electrons to form the E 
region: the only difficulty is to explain why it does not supply so many that the E 
region will screen the upper layers. But the E region is at a considerably higher 
pressure than the upper regions, and it may be supposed that collisions are no 
longer negligible at this level, and prevent the metastable states of 0 2 fjom building 
up too high a population. 

The writer acknowledges with pleasure the assistance he has derived from dis-. 
cussing ionospheric problems with Dr D. F. Martyn and Dr C. W. Allen. 
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Stability of viscous flow between rotating cylinders. I 

By D . Meksyn, D.Sc. 

(Communicated by Q . Temple, F.R.S.—Received 6 December 1945) 

1. Introduction and summary 

The problem of stability of viscous flow between two rotating cylinders was treated 
theoretically and experimentally by Taylor (1923, 1936). 

After Taylor, the problem was considered and extended in several papers. 

Faxen (1928) discussed the convergence of Taylor’s expansions. Goldstein (1937) 
considered theoretically the case of flow between rotating cylinders under pressure. 
The question was also discussed by Jeffreys (1928) and Synge (1938). 

The problem was dealt with experimentally by Lewis (1927), Cornish (1933) and 
Fage (1938). 

Lord Rayleigh’s criterion for an inviscid fluid, namely, that a fluid is stable at 
all speeds if Q 2 R\>Q X R\ and unstable if Q 2 R\<Q 1 R\, was confirmed by Taylor 
for the case of viscous fluid; the latter condition being, however, mo difi ed in the 
sense that the motion becomes unstable only if is greater than a certain value. 
(i? x , Q 1 and i? 2 > ^2 are ^he radii and angular velocities of the inner and outer cylinders 
respectively.) 

Taylor also found that in the case of instability, if the velocities are proportional, 
say, to cos A ze 0 *, and the ratio D 2 /D 1 is positive, A satisfies to a fairly high degree 
of approximation the relation Xd = n, d being the distance between the cylinders. 

Taylor’s experiments confirmed his theoretical results and showed a very close 
agreement between the theoretical and experimental values of the critical angular 
speed Q v 

The method of solution employed by Taylor was the expansion of the velocities 
in orthogonal Bessel functions of order zero and unity. 

This method leads to the general solution of the problem for both cases, namely, 
when the cylinders rotate in the same, or in opposite directions; the formulae obtained, 
however, are rather complicated. 

The method of solution employed in the present paper is an asymptotic expansion 
of the velocities in inverse powers of a large parameter. 

The final formulae are very simple; the solution, however, is only valid in the case 
when the cylinders rotate in the same direction. The case when the cylinders rotate 
in opposite directions would require a separate investigation. 

This solution confirmed Taylor’s theoretical conclusions, and showed a complete 
agreement with the numerical results. 

Additionally, it was found that for a fixed value o£Q 1 there is only a limited number 
of possible wave-lengths; this restriction is very drastic, and, since for large values 
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ofQJv (R u R 2 and Q 2 jQ 1 being fixed) the motion becomes turbulent, it is probable 
that only a single wave-length can be observed. 

It is also shown that there are no solutions for complex or imaginary cr ; there are, 
however, solutions for positive and negative values of cr, as was found by Taylor. 

It should be emphasized that this solution is only valid for positive fi, i.e. when 
the cylinders rotate in the same direction. 


2. Equations of motion 

* 

Below are given the equations of motion as set out in Taylor’s paper (1923, 
pp. 294 ^ 5 ); also Taylor’s notation will be followed as closely as possible. 

Let V he the velocity at any point of an incompressible viscous fluid in steady 
motion between two infinitely long rotating cylinders of radii R x and R 2 (R 2 > j? x ). 
If r is the distance of a point from the axis, then 

v = Ar + ~, ( 2 - 1 ) 


where A and B are connected with the angular velocities Q x and Q 2 by the relations 


Q X = A + B/Rl Q 2 = A + B/Rl (2-2) 


whence 
where jjl = 


a _ ^i(l p _ “/0 

1-221/jBf ’ 1 — JBJ/jBJ ’ 


( 2 * 3 ) 


Let u, V+v,w be the components of velocity in the disturbed motion, u along r, 
V+v perpendicular to the meridian plane, and w is the component along the axis. 

It is assumed that u, v and w are small compared with F, and that the disturbance 
is symmetrical, so that they are functions of r, z and t only; z is the co-ordinate 
parallel to the axis, and t is the time. 

Neglecting products and squares of u, v, w the equations of the disturbed motion 
may be written 


1 dp_V^ 

pdr r 

0 


“N +2 (' 4+ ?)*’ +, 'f V! “ + 5 

-|- 2 ^+v(vS»+g-i), 






where p represents pressure, p density, v is kinematic viscosity, and 


( 2 - 4 ) 


The equation of continuity is 


Vf = 


— - 11 

dr 2 ~*~ rdr * 


3 u u dw 



Stability of viscous flow between rotating cylinders 

The six boundary conditions which must be satisfied are 
u ~ v ~ w = 0 at r = R 1 and r == 

Assume as a solution 

u = u 0 cos A z v = v 0 cos A z w = w 0 sin A z 

where u 0 , v 0 and w 0 are functions of r only. 

Eliminating p between the first and third equation ( 2 * 4 ), then 

Urv ^ A 

J + J+A» 0 . 0, 

the boundary conditions are 

u Q = v 0 = w 0 = 0 at r = B ± and r = R 2 . 
Denoting for brevity 

L = M — Vf—Af, A? = A*+? 

the last two equations can be written as 

vLv 0 = 2 Au 0 , j Mw 0 = - 2 (A+^jv 0 - vLu 0 . 
From (2-8) and (2-11) then 

w ° = 2A LVo ’ W ° = -2AA{fo Lv ° + r Lv ')’ 
whence substituting in the last equation (2-11) 

" i A+ 
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(2-6) 

( 2 - 7 ) 


(2-8) 


( 2 - 9 ) 

( 2 - 10 ) 

( 2 - 11 ) 

( 2 - 12 ) 

( 2 - 13 ) 


It should be borne in mind that L and M are operators, whence the order in 
which they follow is essential. 

Making use of (2d0) one finds the equation for v 0 

3 r* r8r« V> + 1+ /dr 4 (,r* r / 9 r* 

+ [-" + «!±»a-^ ± ^_A^-^(^ + ^)]«- 0 , ( 214 ) 

where for the sake of brevity the subscript of v was dropped. 
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3. Integration - of equations of motion 

Before integrating the equation ( 2 - 14 ) it would be convenient to express all 
lengths in units of B 0 , the mean radius; the large parameter would then be equal to 
Aft 0 , which is an abstract number. This transformation can be avoided, however, 
by assuming that r remains of the order of unity, and that A is large. 

The integrals of ( 2 - 14 ) must now be expanded in inverse powers of A. 


Assume that 


v = 0 & 


is a solution of ( 2 - 14 ), where £ is a function of r containing also the large parameter, 
and O’ is a slowly varying function of r. 

The order of magnitude of the above functions and their derivatives is as follows: 

A, r, r. 0, O', ...,J 

1, 1, 1, 0, 0, 0, .. J v ' 

where primes denote differentiation with respect to r. 

Differentiating ( 3 * 1 ) with respect to r, and substituting in ( 2 - 14 ) we find 

CP 4- 6 erg* + ISO?*? +...■+ *{cr a +...} 

- (£ + 2A?+A 2 j {Of 4 +4 O'g' 3 +6 Or 2 r +...} 

x {or 2 +or +2 or +...}+0® _ ^i+^ 2 + A t+^ 2A i j {C g +Qt) 

+ [_« + ^ L M_ A1Ai _a.( 41+ ^)] 0=o ( , 3) 

Collecting terms of the order of magnitude of six and five respectively, and 
equating theni to zero, then 

. CM) = 0, >| 

C' d M) .IQTO Gd_W) 

9 r 2r ar + 2 ar 2 S _U> [ ( 3 - 4 ) 

m = r 8 -(2A!+A 2 )r 4 +(Af+2A 2 A|)r 2 -A 2 Af-^/A 2 + —\. 

v % \ r % } 

It was assumed in the above that B/r 2 is of the same order as A, since B contains 
as a factor, and r changes between R x and R z , the difference between them being 
small in comparison with each of them; A was assumed to be of the order of A 2 , 
which will be justified a posteriori. 
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From the first equation (3-4) we find and integrating the second equation, then 

const. 


G = 


(3-5) 


rKm'mr 

The above solution represents only the dominant term; the contribution of the 
next term is negligible. 

The solution of the equation may now he completed. From (3-4) it is found that 

/(f) = (f 2 -A 2 ) (f *-A *)*-^L«+ 4?) = 0. (3-6) 

It is assumed in what follows, unless otherwise stated, that cr = 0, i.e. = A, 
whence 

< 37 > 

where w 3 = 1, (3-8) 


o) being any cube root of one. 

Since our integrals will only be needed to solve the boundary conditions equation, 
further simplifications ean be made in (3-6). 

Put R i -R 1 = 2r 0 , R 2 +R 1 = 2 Rq, y = r-R 0 , d = 2r 0 . (3-9) 

It can be easily shown from (2-3) and (3-9) that 


A+- a = Q, 


r 2 
a = 


(* 2 j Rq) + K 1 + 2 ^) 


1 + 


( V , 3y 2 \\ 

\ 2r 0 + 4r 0 Rjj’ 


2(1 -A) 


a+^-lJa-/*) 


(3-10) 


where only terms up to r 0 /R 0 were retained; whence 


4 

vW 




3 Tq 




1 -fiRl/Rl (1+/t) 2Jg 0 (1 ^ 


(3-11) 


vWl-Rl/R* 2 

where a is given by (3*10); it can therefore be assumed that 

To find i one has to integrate f' (3-12) with respect to y between zero and y; in the 
characteristic equation there will appear terms like 


(3-12) 
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and it is clear that the term in if- in £ will make no contribution; the term in y in 
(3-12) can therefore be disregarded in the first approximation, and it he assumed 
that is constant within the range considered; it does not follow of course that, 
generally, £" can be taken equal to zero; whence 


£'-±A(l+<u*)», £ = Z'r. (3-13) 

Now introduce the following notation; let 

/2m\ [ 2ni\ 

Wi = exp^—J, w 2 = exp^—-J 

a = (1+&>!&)*, a=(l+iy 2 A)*, a 0 = (l + ^) i 

where a can be taken as the complex conjugate of a; whence 

= Aa, £ 2 = Aa, £ = -Aa,l 

\ (3-15) 

& -“AS, S-Age = -Aa 0 J 

and the six integrals of (2-14) are, to the first approximation, 


(3-14) 


% = rWti* 6XP (Aar)> V * = 6XP (Aar) ’ ' 

Vs = r iy',(g')i exp ( — ^ ar )> V i — ex P ( — ^® r )> 
V& = ri /f(Ss) i 6XP ^ a ° r ^’ Ve = 6X ^ ~ Hr), j 


(3-16) 


The differentiation of/(f') is taken with respect to £' and not r; in what follows the 
£"s can he taken as constant and the/'(£') disregarded. 


4. Boundary conditions 

From (2-9) and (2-12) it is found that the boundary conditions are 

0 

v o = 0, Lv 0 = 0, foLv 0 = 0 (4-1) 

at r = R x and r = ^ 2 , whence from (2-10) the above conditions become 


v _o ^Ho-o 

0_ ’ M*~ 0, 


d 3 v n 


,dv 0 




(4-2) 


at r = and r = i? 2 , where the terms dvjrdr and dv 0 /r 2 dr were disregarded in the 
second and third equations (4-2) as being of lower order of magnitude. 

A farther simplification can be made in the expressions (3-16) before they are 
used in the boundary conditions. 
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The factors/'^') in the denominators (3-16) can be disregarded, since they appear 
symmetrically in the characteristic equation, and drop out from the final expression; 
and, since the terms due to were found to be very small in comparison with the 
terms due to £', the latter can be treated as constant in the differentiations. 
Accordingly it is assumed that 


v i = ^exp(aAr), v 2 = iexp(aAr), 
v 3 = ^exp (-aAr), v t = ^exp (-oAr), . 
«# = ^ ex P K'H »• = ^exp(-a 0 Ar). 


(4-3) 


It will be necessary to differentiate the v’s when substituting in the boundary 
conditions (4-2); the dominant term only will be retained in these differentiations; 
for instance, 

^ $ ex P ( aAr ) “ <p ex P ( aAr >> 


and the second term on the right-hand side will be disregarded since it is of the order 
1/aX.r, which was assumed to be small. 

It should be noticed that, even if it were desirable to get a better approximation, 
it would still be simpler to disregard these terms in the first approximation and 
introduce them only in the second approximation. 

Let e 1 — e z = a 2 A 2 , e 2 = e 4 = a 2 A 2 , e 5 = e e — a§A 2 , \ 



In the present case A* = A. 

Let now the general solution of (2*14) be 

6 

V 0 = H,A n v n , (4-5) 

n~l 

where A v are constants. 

The boundary conditions (4*2) lead, by making use of (4*4), to the following six 
equations: 

= 0, SA B e„«g ) = 0, = 0, 

71=1 71=1 »-l 

= 0 , = 0 , i A nVn v n=^ 

n=l 7i=l ti= 1 

where and v® denote the values of v n at r = R 1 and r — R 2 respectively. 


(4-6) 
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Eliminating the constants A 1 ,...,A 6 between (4-6) the following characteristic 
equation is found: 




v ( f 


e^' 1 ... 

e 6 v<p 

J = 

Vi" ... 



- 

%<4 2) 


= 0 . 


(4-7) 


5. Evaluation of the determinant 


To evaluate the determinant one must bear in mind the order of magnitude of 
its terms. 

The constant a 0 may be either real or purely imaginary, but a and a are oomplex, 
the real part of which can be assumed as positive. 

In the determinant there will be terms proportional to 


v< s v< i w 5 2) ~ exp {(a + a) Xd+ Aa 0 d}> ' 

vf ~ exp (A ad ), 

4 2) a® *4 2) w 5 2) ~ exp (Aa 0 d), , 


(5-1) 


and, since exp (aXd) is large, the terms of the second and third kind (5*1) will be 
much smaller; whence they can be disregarded. 

The remaining terms lead to 

A = P sinh Aa 0 d cosh X(a + a)d + Q cosh Aa 0 d sinh A(a + a)d - 0,' 

P = [/l^+ee^-^)] [/l 12 + e 6 (%-%)]+ ^ 5 ?/ e (e 1 -e 2 ) (e 8 -e 4 ), 

f (5*2) 

Q = Vnih-Ci) [A i2 + e 6 (Vi — Vi)l + %( e i ~ e z) [^34'+e«(%“9*)]» 

To evaluate P and Q they are divided out by (e x — e 2 ) (e 3 —e 4 ). Inserting in P 
and Q the expressions for A 12 and A Si it is found that, after few transformations, 


P 

( e l — e 2) ( e 3 — e i) 

Q 

(e 1 -e 2 ) (e 3 —e 4 ) 
whence (5-2) becomes 



(5*3) 



tanhAfl 0 i+29,{J-3 9l -3u_SS 9 , 

e l _e 2 e l~ e 2 


ei-e K 


Making use of (4*4) then (3*14) 


tanhA(a+ a)d = 0. 

(5*4) 




= — w 2 , 7j 1 = aX. s h(t) lt tj 2 = a\ 3 h(o 2 , 7 j b = a 0 A *h, 


(5*5) 
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whence (5-4) becomes 

{(awf+awf ) 2 +a§} tanh Ad( 1 + + 2 a 0 (aw|+aw|) tanh (a+a) Ad = 0, (5-6) 

where the symbols employed in (5- 6 ) are explained in (2-7) and (3-14), and d = R z —R 1 
is the distance between the cylinders. 

6. Solution of the characteristic equation, cr = 0 

(i) 1 + h > 0 . Since (1 + A) i A d is large, at least equal to two, and a+a is positive, 
one can put in (5-6) 

tanh Aa 0 c£ = 1 , tanhA(a+a) <2=1, ( 6 - 1 ) 

whence, extracting the square root (5-6), 

ao) 2 +ao) 1 +a 0 = 0. (6-2) 

Transferring a 0 to the right-hand side, and squaring (3-14) 

2ad = 2{l-h + W)i = 2{l + h), (6-3) 

whence, by squaring again, one obtains 

h = 0. (6-4) 

This value of h, however, reduces (4-3) to two asymptotically independent solutions 
only, whence it has to be discarded. 

The following important result is then obtained; in order that the motion may be 
unstable it is necessary that h shall be negative, its absolute value being larger than 
unity; i.e. from ( 3 - 11 ) the condition of instability is 

3 T 

4 Q\ 1 -fiRURl 1 +/t 
v 2 A 4 1-Rt/Rl 2 

i.e. for fixed Q-y. y, Ry and R 2 , A has an upper limit ; there is, therefore, only a limited 
number of possible solutions. 

This is in striking contrast to the case of elastic vibrations where there is always 


an infinite number of harmonics. 

(ii) 1 + A<0. Putting (1 + A)* = ij l + A-l*, ( 6 * 6 ) 

let (3-14) a = (1+Wi&) = Ke ik , (6-7) 

and ( 5 - 6 ) becomes, after few transformations, 

2 | \+h\^ K cos 

tan | l + h\*\d = — ' ^ 6 " 8 ^ 

Since, however, K = (l—h+h 2 ) i , (6*9) 

2 ll + A|icos(fc— (6 . 10) 
then, finally, tan 1 1 + h J* Ad -- (i—h+h*)t * 
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The equation ( 6 * 10 ) will evidently have a solution for real values of A; hence 
follows the well-known result that the motion will be unstable if (3*11) 

1 > 0 . ( 6 * 11 ) 

The two equations ( 6 * 10 ) and (3*11) must be solved for the three unknown quan¬ 
tities \ A andi3 1? under the additional condition that Q x is minimum. 

Since the right-hand side of ( 6 * 10 ) is of the order of unity, a change in h will not 
affect greatly the value of the left-hand side of ( 6 * 10 ); whence, roughly, it is necessary 
to find the minimum of Q x , where (3*11) 

jQi^WA*, (6*12) 

under the condition that ( 6 * 10 ) 

| l+h [4 A = const., (6*13) 

whence the required solution is, in the first approximation, 

A = ~ 3. 


To find a better approximation one assumes for h a set of values starting, say, 
with h s= — 3, and from ( 6 * 10 ) follows the corresponding values of Xd = p (say). 

Since (3*11) Q x is proportional to PA 2 , i.e. to Wjp 2 , the latter expression is evaluated. 

Plotting P # 2 against h, h is found corresponding to the minimum of Pp 2 , i.e. 
of Q v which is the required solution for Ti\ the values of A and Q x minimum are then 
obtained from ( 6 * 10 ) and (3*11) respectively. 

These computations lead to results which are in very close agreement with 
Taylor’s, namely, 

h = -2*60, Xd = 7 r, (6*14) 


whence 


3 T 

4fif 1 -iiEHR \ 1 +/ “~ 2 Ro ' (1 _/t) 
v 2 A 4 1 - R\IR\ 2 


h 3 = - 17-576. 


(6-15) 


If in our expression (6-15) A is eliminated by making use of (6-14) and the term 
depending on Br 0 /2R 0 is disregarded, the expression becomes identical but inverse 
to Taylor’s expression, -P(l-/t)/(l+/t) (Taylor 1923 , p. 309), i.e. 


p 1 -/* l 
1 +/i~h 3 ~ 


0-0569, 


as against Taylor’s value of — 0-0571. 

The equation (6-15) gives critical values of .Qj which are almost in complete agreer 
ment with Taylor’s numerical results for positive u, including fi = 0 , even for the 
larger values of r 0 /P 0 . 

It should be noticed that the curve of critical against A is extremely flat at 
the bottom, and that an increase of \ % in Q 1 is sufficient to change the value of 
the wave-length by about 5 %. 

That might explain the scattering in the distances of the vortices observed by 
Taylor; it was, in fact, of the above order of magnitude. 
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7. Solution of the characteristic equation, cr+0 

In the above investigation it was assumed that a = 0; consideration will now 
he given to the more general case when cr 4=0. 

To solve the equation 

r «_(2A?+A2)^+(Af + 2A^!)^-[A^+^- 2 (^+^]=0, (7-1) 


where 


assume 


**-*+?■ 

2A?+A 2 

g/2 ==2/ + __l_ f 


where y in (7-2) should not be confused with the one used previously; whence 

AB\ 


, (A 2 -A 2 ) , 2(Af-A 2 ) 3 4AY„ 2t 
y *-±L—l y+ * 27 - A -^ 2 + 


r 2 / 


= 0. 


Put 


A?-A 2 

y=^y~ x > 


(7-2) 

(7-3) 

(7-4) 

(7-5) 

(7-6) 


and then, finally, £' 2 = A 2 {1 + (x +2) y}, y = —^, 

where x is any of the roots of 

h 3 

x 3 -3x + 2-H = 0, # = 

y* 

Consider the following cases. 

(a) cr real and small . Consider the case when (7*5), (7*6) 

h 3 

7<b or ^ 3 > 1 . 

There is no difficulty in discussing the more general case, hut it is not needed for 
the present purpose. 

From (7-6) one obtains, to a first approximation, 


(7-7) 


whence 


x = co-, a) 3 = 1, 
7 

|' 2 = Ag(l +a>h 0 ), 


(7-8) 

(7-9) 


A 0 = A(l + y), h 0 = r±2y'] 

The new characteristic equation will, therefore, be similar to (6-10) except that, 
instead of A and A, one obtains A 0 and h 0 ; the corresponding conditions for the 
critical value of is given by (6-14): 

A 0 = -2-60, A 0 d — it. 


(7-10) 



126 


D. Meksyn 


Denoting the new critical value of by Q 0 , then (3-11) 

Ql_Ql 

and (7*9) (1+y) 2 , 

whence if £i 0 >Q^ y>0 ,cr>0 ; '| 

if jQ 0 <D 1 ; y<0, <r<0,j 


(7*11) 

(7*12) 

(7-13) 


i.e. the motion becomes unstable or stable according as the critical speed is increased 
or lowered. 


(b) cr complex. Denoting as before (3-15) 

tx = Ao, & = A a, .... 

where the corresponding values of a, a, ... are given by (7-5), it is necessary to 
distinguish between two cases. 

(i) The constants a, a and a 0 are complex, so that 

tanhAa 0 cZ=l, tanh A(a-f a) c? = 1. (7-14) 

Since it leads to a negative result, only a brief sketch of this investigation will 
be given. 

The characteristic equation (5-4) becomes 


^2 ^5 €1 — €5 * 

Making use of the notation (3-15), then (7-5), (7-6) 

a 2 = l + {x x + 2)y, a 2 = 1 + (x 2 + 2) y, a\ = l + (* 0 + 2)y, (7-16) 

where x v x 2 and x 0 are the roots of (7-6); the equation (7-15) is transformed into (4-4) 

-(«i-l)(* 2 -a; 0 )-^-(ic 2 -l) («!-*„) = -(*„-1) (*!-**). (7-17) 

To eliminate the radicals a\a 0 and a[a 0 one proceeds as follows. 

Making use of (4-4) and (7-16) then 

1) 2 (*2-^o) 2 - 5*2-1) 2 (*x~*o) 2 


l + (* 1 +2)y 
! + (*o + 2 )y 


(*!“ I ) 2 (# 2 —* 0 ) 2 — 


l+(* 2 + 2)y 
l + (* 0 + 2)y 


(* 2 -l) 2 (» x -aJ 0 ) 2 . 


(7-18) 


Dividing^(7-18) by^ (7-17), and adding the obtained equation to (7*17), one 
eliminates a/a 0 ; squaring the result obtained then, after few transformations, 

2{(*i i) 2 (x 2 * 0 ) a + (as,-1) 2 ( Xl -x 0 ) 2 + yH[(x 2 -x 0 ) 2 + (x t -* 0 ) 2 ]} 

X {(*0-1)2 fa-X^ + yHfa-X ,) 2 } = {(*1- 1)2 (X 2 -X 0 ) 2 -(X 2 - l) 2 (* x -* 0 ) 2 

+ yfi'[(* 2 -* 0 ) 2 - (*i-* 0 ) 2 ]} + {(* 0 -1) 2 (*x — * 2 ) 2 + yH (*x—* 2 ) 2 } 2 , (7*19) 
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where use was made of (x—l) s (x + 2) = H. 

The equation (7-6) can be solved in circular functions, namely, 


Xq = 2sin0, 


*2 




where 


sin 3^ = ^ 

2i 


\ 


Substituting (7-21) in (7-19), then 

cos^ = 0. 
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(7-20) 


(7-21) 


(7-22) 


Disregarding the factor cos 0, transferring the second term on the right-hand side 
in (7-19) to the left, and joining it with the first term, then, after somewhat lengthy 
but simple transformations, 

(£+2y—f#) + (—^—8y + fy#) sin 0 + (Y+8y) sin 2 0 = 0. (7-23) 

Since the equation (7-23) has to be satisfied by three values of <j>, it vanishes 
identically, whence 

f+2y = 0, H = 0, (7-24) 


From the solutions (7-22) and (7-24) it follows that two roots of the equation 
(7-6) are equal, which makes two pairs of integrals of our differential equation 
asymptotically equal; whence these roots have to be discarded. 

There is, therefore, no solution for complex values of cr in this case. 

(ii) One of the a’ s, say, a 0 is again purely imaginary, whence tanh Aa 0 d is a 
circular function. 

Since a 0 is imaginary, is negative, whence (7*16) 

(x 0 + 2 )y = -Z, (7-25) 

where l is positive. 

Eliminating x 0 between (7-25) and (7-6), then 

h s 

9y 2 + 61y+Z 2 +j = 0, (7-26) 


whence y = ||-1 ± (-jr) }• C 7 ' 27 ) 

Since l is positive, y will be complex only if h is positive; the corresponding 
vibration is damped. 

Therefore the following result is obtained. There are no solutions for <r complex 
if A is negative, i.e. if the motion is unstable; but there may be solutions for complex 
values of cr, corresponding to damped vibrations, when the motion is stable. 

It has to be borne in mind, however, that the characteristic equation will be 
complex in the latter case, so that certain additional relations will have to be 
satisfied by the two quantities h and l ; since this case has no physical significance 
it will not be pursued further, 
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Erratum 

Vol. 186, page 396. Eirst line of footnote: 
For ‘vorticity’ read ‘viscosity’. 



The kinetics of the reactions of the steam-carbon system 
By J. G-adsby, C. N. Hinshelwood, F.R.S., and K. W. Sykes 
{Received 3 January 1946) 


The kinetics of the various individual reactions which may occur in the steam-carbon system 
have been studied. The pressures of the separate gases have been varied in the range 10- 
760 mm. Essentially similar results have been obtained with coconut shell charcoal at 
700° C and coal charcoal at 800° C. 

The steam-carbon reaction, the primary product of which is carbon monoxide, is of 
fractional order with respect to steam and strongly retarded by hydrogen. The carbon dioxide- 
carbon reaction is of fractional order with respect to carbon dioxide and strongly retarded 
by carbon monoxide. The rates of both these reactions can be represented closely by an 
expression of the form 


= - - - - - - , 

l+fc 2 ?>2+*3:pl 

where and p 2 are respectively* the pressures of steam and hydrogen for the steam reaction, 
and of carbon dioxide and carbon monoxide for the carbon dioxide reaction. This kinetic 
scheme provides a consistent interpretation of the apparently conflicting results of previous 
work under a variety of conditions with many different types of carbon. Further experi¬ 
mental work, however, is necessary to elucidate without ambiguity the mechanisms of these 
reactions. 

The water-gas reaction, CO + H a O = C0 2 + H 2 , takes place predominantly on the charcoal 
surface, and the approach to equilibrium has been studied from both sides. The forward 
reaction is of nearly the first order with respect to carbon monoxide and of fractional order 
with respect to steam; it is retarded by hydrogen and to a lesser extent by carbon dioxide. 
The reverse reaction is of fractional order with respect to both carbon dioxide and 
hydrogen, retarded by steam and unaffected by carbon monoxide. The kinetic expressions 
for the forward and reverse components of this heterogeneous reversible reaction combine 
to give the thermodynamically correct form of the equilibrium constant. 


The reactions which may occur in the steam-carbon system are the following: 


c + H 2 0 = CO +h 2) 

(1) 

C +2H 2 0 = C0 2 +2H 2 , 

(2) 

co+h 2 o =co 2 +h 2 , 

(3) 

C +C0 2 = 2CO. 

(4) 


The kinetics of these reactions are not well understood in spite of the considerable 
amount of work, recently reviewed by,Warner ( 1943 ), to which the industrial 
importance of the system has led. With two possible primary reactions, every product 
of which may enter into a secondary reaction, very carefully chosen conditions are 
necessary if the kinetic scheme is to be elucidated. This requirement has not often 
been met in investigations concerned largely with specific technical problems. As 
a first step in what is planned as a comprehensive study of all the separate reactions, 
a general survey of their kinetic relationships at a given temperature is described 
in this paper. 

[ im i 
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OtXTLIlTE OB' METHOD 


A flow method is used in which a stream of gas is passed through a vertical column 
of granular charcoal kept at a known temperature. The partial pressures of all the 
gases present and the total rate of flow are controlled and varied separately, the' 
total pressure being maintained at atmospheric by,the use of nitrogen as an inactive 
carrier gas. The rate at which each separate product emerges from the charcoal 
column is measured. To elucidate the kinetics, the conditions are chosen so that one 
particular reaction predominates and interference by the other possible reactions 
is reduced to a minimum. This can be done by careful choice of the initial partial 
pressures and total rate of flow and by use of the fact that the steam-carbon and 
carbon dioxide-carbon reactions can largely be suppressed by hydrogen. The inter¬ 
pretation is further simplified by working with a large total rate of flow, so that only a 
small fraction of the reactant is consumed and consequently the partial pressure 
of the reactant and the total rate of flow are approximately uniform throughout 
the column. 

Two types of active charcoal prepared by carbonization and steam activation, 
one from coconut shell and the other from briquetted coal, are used. Both are 
ordinary commercial samples containing small percentages of inorganic impurities 
which are known to affect the rate of reaction (Taylor & Neville 1921). This impure 
form of carbon is studied on account of its similarity to the material used industrially 
and its ready availability in large quantities. The general form of the results, however, 
is the same for the two different types of charcoal and is therefore probably of general 
aj^eanoeMid notde P endent onthe impurity content. All the results are obtainedat 

x 0r r* 16 nut cbarcoal and at 800 ° c for the coal charcoal, at which temperatures 
the rates of reaction for the two materials are comparable. The difference in reactivity 
o he two materials is probably due to their different impurity contents, since their 
surface areas are both of the order of 10 6 cm. 2 /g. (Kipling, unpublished work). 

revious outgassmg of the charcoal is unnecessary. The gas stream is passed ov<jr 
the charcoal until the rate of reaction reaches a steady value; then, with the total 
rate of flow constant, the partial pressure of a given gas is changed and the rate of 
reaction agam measured when a new steady state has been reached. Fifteen minutes 

T , Steady State t0 be reached - To allow for the gradual change in 
stream * ° ° arCO f P* esent > the rate of reaction for a given composition of the gas 
steeam^ m^sured at least twice during each experiment, and by interpolation the 

Z 5?* r? r t0 30 g ‘ ° f th6 **** 35 «• of o^coal. Unless otherwise 
stated, the total rate of flow is 1200 c.c./min., measured at 20° C and 760 m * 

Experimental technique 

^ *?** r°* fTVf-W BS ' S " °»“W W cm. of . long vertical silica tube \ 
ffie ^ Snt hm an electric furnace ^A (figure 1). The temperature at - . 

a thZo , f ^ ?“ M<!0!l1 00hmn “ controlled to within ±1"C by means of * 
thermocouple nr conjunction with a potentiometer, a mirror galvanometer and a :! 
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relay operated by a photocell. It has since been discovered, however, that with an 
endothermic reaction and a flowing gas stream the temperature may not be uniform 
throughout the reaction zone. Subsequent measurements have shown that the 
variation of temperature at any other point may have been as much as ± 3° C and 
the range of temperature over the whole column as much as 15° C. Although the 
rates of these reactions change by about 2 % per 0 0, it is thought that the general 
form of the results will not be appreciably affected. This has been confirmed by a 
more precise and more thorough investigation now in progress, in which not only 
the temperature at a point, but also the distribution of the temperature in space, is 
controlled automatically. 



The steam is generated in a calibrated boiler B, the rate of flow being controlled 
by the electric heating current. The other gases are obtained from cylinders and 
their rates of flow are measured by capillary tube flowmeters C , each calibrated for 
the particular gas used. All rates of flow are known to within ± 1 %. The only signi¬ 
ficant impurity, oxygen in the nitrogen, is removed by red-hot copper. 

The rates of reaction are measured by diverting the gas stream for a known time 
t hr ough an analysis apparatus in which the products of reaction can be absorbed 
and weighed in detachable units. Carbon dioxide is absorbed by sofnolite (activated 
sodalime) followed by calcium chloride to take up the water formed. Carbon 
monoxide is first oxidized by air over hopcalite at 100° C and then absorbed by 
sofnolite. Each unit consists of a U -tube followed by a separate guard tube, fitted 
together and to the apparatus by ground-glass joints. For the steam-carbon reaction, 
the gas stream normally passes to waste through T±, the steam having been removed 
by the condenser D and the calcium chloride tube E. To measure the rate of reaction 
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the gas stream is diverted for a known time by T t , the carbon dioxide being deter¬ 
mined in F, the carbon monoxide oxidized in 0 and absorbed in H. Gas remaining 
in the dead space after T 4 has been returned to its normal position is swept into the 
absorption units by a stream of dry, carbon dioxide-free air from T h . Any water 
formed by the oxidation of hydrogen by the hopcalite is removed by a calcium 
chloride tube between G and H. Prom the rates of flow of the gases, the stoichio¬ 
metric equations and the estimations of carbon dioxide and carbon monoxide, 
complete information about the gas stream leaving the furnace is obtained. The sn.ma 
procedure is used for the carbon monoxide-steam reaction, the carbon dioxide alone 
being determined. Por the carbon dioxide-carbon reaction, the gas stream normally 
passes to waste through D, E and T z , the rate of formation of carbon monoxide 
being measured by the diversion of the gas stream by T x for a known time. The carbon 
dioxide is then removed by sodium hydroxide solution in I and sofnolite followed by 
calcium chloride in J , the carbon monoxide being determined in H after oxidation 
in G. The dead space is swept out by nitrogen from T z . The procedure for the carbon 
dioxide-hydrogen reaction is similar. T x is again the controlling tap, the steam formed 
is determined in K, the carbon dioxide removed in I and J and the carbon monoxide 
determined in H. The extra pressure introduced by the diversion of the gas stream 
for analysis is balanced by the air pump L. The accuracy of the rate measurements 
is within 1 %, the time of absorption being several minutes and the increase in 
weight, determined to within 0-001 g., being not less than 0-100 g. 


Results 

(1) The steam-carbon reaction 

When steam is the chief constituent of the gas phase, comparable amounts of 
carbon monoxide and carbon dioxide are formed by the primary reaction of the 
steam with the carbon and by the water-gas reaction (equation (3)). The carbon 
dioxide-carbon reaction can be neglected, since under comparable conditions it is' 
slower than the steam reaction by a factor of about three, and here the partial 
pressure of carbon dioxide is small compared with that of steam; it is, moreover, 
retarded by the hydrogen present. The sum of the rates of formation of carbon 
monoxide and carbon dioxide is therefore equal to the total rate of reaction of the 
steam with the carbon and is the quantity recorded here as the rate of reaction. 
No hydrocarbons could be detected with a Bone and Wheeler gas analysis 

The effect of steam. The apparent order of reaction with respect to steam is deter¬ 
mined by varying the partial pressure, the rates of flow of steam and nitrogen being, 
c osen so as to keep constant the total rate of flow. In figure 2 the rate of reaction is t 
p otted against the initial partial pressure of steam. The reaction of both charcoals 
fract ^l apparent order with respect to steam over the pressure 
range 100-760 mm. An apparent and not the true order of reaction is obtained since, 
although the fraction of steam reacting is small, the partial pressures of the products 
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« 

present are proportional to the rate of reaction. Since the reaction is retarded by 
hydrogen, the true order of reaction is greater than the apparent order under these 
conditions. 



Figtjbe 2. Steam-carbon reaction: apparent order with respect to steam. 


The effect of hydrogen. Hydrogen at various small partial pressures is added, the 
rate of flow of nitrogen being adjusted so as to keep constant the partial pressure 
of steam and the total rate of flow. Figure 3, where the rate of reaction is plotted 
against the initial partial pressure of hydrogen, shows that the reaction of both 
types of charcoal is strongly retarded by hydrogen. 

The effect of carbon monoxide . The results of analogous experiments with carbon 
monoxide are shown by the experimental points on the left-hand side of figure 4. 
The slight decrease in the rate of reaction is not a direct effect of the carbon monoxide 
introduced. Increase of the partial pressure of carbon monoxide increases the rate 
of formation of carbon dioxide and hydrogen from carbon monoxide and steam. 
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Figure 3. Steam-carbon reaction: retardation by hydrogen. Steam pressure: O 633 mm 
(5 507 mm.; 3 380 mm.; © 253 mm.; • 190 mm. 


I I 

50 75 

P%o (mm.) 


p8o,(mm.) 

Figuhe 4. Steam-carbon reaction: effect of carbon monoxide and carbon dioxide. 
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The retarding effect of this increased partial pressure of hydrogen is shown by the 
curves themselves, which are calculated from the observed relation between the 
rate of reaction and the average partial pressure of hydrogen (figure 10). The agree¬ 
ment between the calculated curves and the experimental points shows that the 
decrease in the rate of reaction on the addition of carbon monoxide is accounted for 
entirely by the extra hydrogen formed in the water-gas reaction. For neither type 
of charcoal therefore is the rate of reaction appreciably affected by carbon monoxide. 

The effect of carbon dioxide. The results of analogous experiments with carbon 
dioxide are shown on the right-hand side of figure 4. The rate of reaction of nut 
charcoal is not appreciably affected, and the slight increase in the rate of reaction 
of the coal charcoal can be accounted for by the carbon dioxide-carbon reaction. 

The composition of the product. The results recorded in table 1 are qualitatively 
in good agreement with the usual assumption that the carbon dioxide is formed 
secondarily from carbon monoxide and steam and with the results obtained in this 
investigation for the kinetics of the secondary reaction. Carbon monoxide is far in 
excess of the equilibrium value, and since the water-gas reaction is of nearly the first 
torder with respect to this gas, the fraction of it converted to dioxide will be approxi¬ 
mately independent of its partial pressure. The effect on the composition of the 
product of increase in the partial pressure of steam is the resultant of two opposing 
infl uences: on the one hand the water-gas reaction is accelerated, though in less 
than direct proportion, and, on the other hand, it is retarded by the extra hydrogen 
formed in the primary reaction. The slight increase in the fraction of carbon dioxide 
formed for the nut charcoal and the decrease for the coal charcoal are consistent 
with the respective slight and considerable retardation by hydrogen of the water- 
gas reaction on those materials. The result of increasing the partial pressure of 
hydrogen is consistent with its effect on the water-gas reaction. The fraction of 
carbon dioxide calculated by numerical integration from the rate expressions for 
reactions 1 and 3 is smaller than the observed fraction by 11 % of the total oxides 
of carbon for the coal charcoal and by 24 % for the nut charcoal. On account of 

Table 1. Steam-carbon reaction: composition oe product 


initial pressure (mm.) 

fraction of C0 2 in- 
oxides of carbon formed 

steam 

hydrogen 

coal 

nut 

127 

0 

0-304 

0*559 

253 

0 

0-263 

0*599 

380 

0 

0*245 

0*633 

570 

0 

0-231 

0*671 

760 

0 

0-225 

0*694 

380 

0 

0-246 

0*654 

380 

12-7 

0*237 ' 

0*641 

380 

25*3 

0*193 

0*646 

380 

44*3 

0*172 

0*636 

380 

63*2 

0*164 

0*633 

380 

88*5 

0*156 

,0*623 
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experimental difficulty, however, this result is only a rough one. It gives an upper 
limit only for the possible primary carbon dioxide, which is thus shown to be small 
and may in fact be negligible. 

(2) The carbon dioxide-carbon reaction 

This reaction can be studied without interference by any of the others. Although 
it does not contribute appreciably to the steam-carbon system as a whole, its in¬ 
vestigation is a necessary preliminary to that of the water-gas reaction. On account 
of their formal similarity, a comparison of the reactions of steam and of carbon 
dioxide with carbon might be expected to throw some light on their mechanism. 
The results given below are obtained with the coal charcoal; the kine tics of the 
reaction with nut charcoal, which are of the same general form, are being studied in 
a more accurate and more complete investigation now in progress. 

The effect of carbon dioxide. The apparent order of reaction with respect to carbon 
dioxide is determined by varying the partial pressure, the rates of flow of carbon 
dioxide and nitrogen being chosen so as to keep constant the total rate of flow. The 
rate, of reaction, defined for comparison with the steam reaction as one-half the rat# 
of formation of carbon monoxide, is plotted against the initial partial pressure of 
carbon dioxide on the left-hand side of figure 5. The reaction is of a fractional' 
apparent order with respect to carbon dioxide over the pressure range 50-500 mm 
and comparison of figures 2 and 5 shows that it is slower than the steam reaction by 
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a factor of about three. The true order of reaction is greater than the apparent order 
obtained under these conditions, since although the fraction of carbon dioxide 
reacting is small, the partial pressure of carbon monoxide which retards the reaction 
is proportional to the rate of reaction. 

The effect of carbon monoxide . Various small partial pressures of carbon monoxide 
| are added, the rate of flow of nitrogen being changed so as to keep constant the 
partial pressure of the reactant and the total rate of flow. The right-hand side of 
figure 5, where the rate of reaction is plotted against the initial partial pressure of 
carbon monoxide, shows that the reaction is strongly retarded by carbon monoxide. 
In all these measurements the rate of the reverse reaction, the disproportionation of 
carbon monoxide, is negligible compared with the rate of the forward reaction. This 
is shown by experiments in which carbon monoxide alone is passed over the charcoal, 
and by a calculation in which the equilibrium constant is assumed to be 8 atm. 
(Dent & Cobb 1929 ). 

The effect of hydrogen . The reaction is also retarded by hydrogen as shown by 
table 2 , which is discussed in connexion with the isolation of the water-gas reaction. 

* , (3) The water-gas reaction 

The equilibrium constant [CO] [H 2 0]/[C0 2 ] [H 2 ] being 0-63 at 700° C and 0-91 at 
800° C (Bryant 1931 ), the forward and reverse reactions may take place at com¬ 
parable rates, and both have been studied. Experiments with and without charcoal 
show that the rate of reaction either in the gas phase or on silica is negligible com¬ 
pared with the rate of reaction on the charcoal. Although the general form of the 
kinetics on the two charcoals is similar, the water-gas reaction depends more 
specifically on the charcoal than do the other reactions. On the coal charcoal in the 
absence of steam the rate of reaction is somewhat erratic and irreversibly reduced 
by previous exposure of the surface to hydrogen. 

(a) The carbon monoxide-steam reaction 

This reaction is studied by passing carbon monoxide and steam over the charcoal 
and measuring the rate of formation of carbon dioxide. The partial pressure of 
carbon monoxide is kept high to increase the rate of the water-gas reaction, and 
hydrogen is added to reduce the rate of the steam-carbon reaction. Under these 
conditions carbon dioxide is formed much more rapidly than without the added 
carbon monoxide, and can without any large error be taken as entirely due to the 
water-gas reaction. Further reaction of the carbon dioxide with the carbon is not 
appreciable in the presence of the hydrogen. 

The effect of carbon monoxide and steam. The order of reaction with respect to 
carbon monoxide is determined by varying the partial pressure of the carbon mon¬ 
oxide, the partial pressures of steam and hydrogen and the total rate of flow being 
kept constant; S imila rly, the order of reaction with respect to steam is determined 
by varying the partial pressure of steam, the partial pressures of carbon monoxide 
and hydrogen and the total rate of flow being kept constant. The results for the nut 
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and coal charcoals are shown on the left-hand sides of figures 6 and 7 respectively, 
where the rate of reaction is plotted against the partial pressures of carbon monoxide 
and steam. A close approximation to.the true order is obtained, since the rate of 
reaction is effectively the same throughout the charcoal column. The fraction of 
steam reacting is small, the increase in the partial pressure of hydrogen is small 
compared with its initial value, and the small fraction of carbon monoxide removed 
by the water-gas reaction is partly balanced by that formed in the steam-carbon 
reaction. With both charcoals the reaction is nearly of the first order with respect 
to carbon monoxide over the pressure range 50-300 mm., and of a low fractional * 
order with respect to steam over the pressure range 100-600 mm. 

The effect of hydrogen and carbon dioxide. Various small partial pressures of each 
product are added separately, the rate of flow of nitrogen being changed so as to 
keep constant the partial pressures of the other gases and the total rate of flow. 
The observed rate of reaction is corrected by the addition of the rate of the reverse 
reaction, calculated from the former, assuming 

rate of reverse reaction _ ^ jPco 2 ^Ha tg\ 

rate of forward reaction ~~ TqqP^o ’ ' 

where K is the equilibrium constant as previously defined and the partial pressures 
are the averages of initial and final values; the correction is about 10 %. The upper 
curve on the right-hand side of figure 6 gives the rate of reaction against the average 
partial pressure of hydrogen and shows that the reaction on the nut charcoal is 
slightly retarded by hydrogen. The corresponding curve on the right-hand side of 
figure 7 shows that the reaction on the coal charcoal is more strongly retarded by 
hydrogen. The lower curve on the right-hand side of figure 6 shows that the reaction 
on the nut charcoal is slightly retarded by carbon dioxide. 

(b) The carbon dioxide-hydrogen reaction 

This reaction is studied by passing carbon dioxide and hydrogen over the charcoal, 
and measuring the rates of formation of steam and carbon monoxide. If the water- 
gas reaction alone takes place, the rates of formation of steam and carbon monoxide 
will be equal. The carbon dioxide-carbon reaction increases the rate of formation 
of carbon monoxide, while the steam-carbon reaction increases the rate of formation 
of carbon monoxide and decreases the rate of formation of steam. The importance 
of these side reactions can therefore be determined by measuring the extent to which 
the rate of formation of carbon monoxide exceeds that of steam. In table 2 the rates 
of formation of steam and carbon monoxide are recorded for various initial partial 
pressures of hydrogen, the partial pressure of carbon dioxide and the total rate of 
flow being constant. With both charcoals the excess of carbon monoxide decreases' 
rapidly as the partial pressure of hydrogen is increased and soon becomes negligible 
compared with the rate of the water-gas reaction; this means that not only the 
steam-carbon reaction, but also the carbon dioxide-carbon reaction is strongly 
retarded by hydrogen. It is therefore possible to choose the partial pressure* of 
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Figure 6. Carbon monoxide-steam reaction on nut charcoal: apparent 
order with respect to reactants and effect of products. 



order with respect to reactants and retardation by hydrogen. 
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hydrogen so that the rate of reaction of carbon dioxide with hydrogen can he 
measured without appreciable interference. For convenience, the rate of formation 
of steam rather than of carbon monoxide is measured. 

Table 2. Carbon dioxide-hydrogen reaction: conditions eor isolation 


initial pressure 

(mm.) 

’ rate of reaction (g. CO a /min.) 

co 2 

"hT 

to H a O 

to CO 

excess CO 

f 253 

0 

nut charcoal 

0*0303 

0*0363 

253 

32 

0*0527 

0*0655 

0*0128 

253 

63 

0*0920 

0*0965 

0*0045 

253 

95 

0*1161 

0*1186 

0*0025 

253 

127 

0*1350 

0*1354 

0-0004 

127 

0 

coal charcoal 

0*0450 

0*0450 

127 

16 

0*0289 

0*0441 

0*0152 

127 

32 

0*0498 

0*0579 

0*0081 

127 

127 

0*0953 

0*0989 

0*0036 


The effect of carbon dioxide and hydrogen. Various partial pressures of each reactant 
are passed in turn over the charcoal in the presence of a constant partial pressure of 
the other reactant and at a constant total rate of flow. Before a series of measure¬ 
ments the surface of the charcoal is brought to a standard condition by reaction 
with steam. Although the fractions of carbon dioxide and hydrogen which react are 
small, apparent and not true orders are obtained since there is a retardation by steam. 
The results for the nut charcoal, which are reproducible, are shown on the left-hand 
side of figure 8; over the pressure range 25-500 mm. the apparent order of reaction 
is fractional with respect to each reactant, that with respect to hydrogen being the 

lower. The left-hand side of figure 9 shows that the results for the coal charcoal are 
very similar. 

The effect of carbon monoxide and steam. Various small partial pressures of each 
product are added separately, the partial pressures of the other gases and the total 
rate of flow bemg kept constant. A small correction, up to about 10 %, is made for 
the reverse reaction by the method previously described (equation (5)). The right- 
hand side of figure 8, where the corrected rate of reaction is plotted against the 
average partial pressure of the product, shows that the reaction on the nut charcoal 
is unaffected by carbon monoxide but retarded by steam. The results for the coal 
charcoal are presented m a different way on account of the continual change in the 
rate of reaction At constant partial pressures of carbon dioxide and hydrdgen, the 
rate is measured successively with no added products, with 6 mm. of carbon mon¬ 
oxide added and mth 6 mm. of steam added. The rates of reaction are plotted against 
time on the right-hand side of figure 9, the measurements with steam (filled circles) 
ymg below the curve drawn through those with no added product (open circles) 
and those with carbon monoxide (half-filled circles). It is concluded that the reaction 
on the coal charcoal is unaffected by carbon monoxide but retarded by steam 
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Discussion 

(1) The steam-carbon and carbon dioxide-carbon reactions 

The rate expression. The reaction of charcoal with steam is characterized by the 
fractional apparent order with respect to steam and the retardation by hydrogen, 
and the reaction with carbon dioxide by'the fractional apparent order with respect 
to carbon dioxide and the retardation by carbon monoxide. Both reactions lead to 
the formation of carbon monoxide, and it will be shown that their rates can be 
represented by an expression of the form 


rate = 


hPi 


1 + kzPz + kiPi ^ 

where p x and p % are respectively the partial pressures of steam and hydrogen for the 
steam reaction or of carbon dioxide and carbon monoxide for the carbon dioxide 
reaction. 

The relation between the expression under test and the observed rate of reaction 
can be deduced as follows. When a steady state has been reached, the net rate at 
which the reactant enters any volume element is equal to the rate of reaction in 
the volume element. Assuming that diffusion along the direction of flow can be 
neglected since the rates of diffusion are shown by rough calculation to be less than 
5 % of the rates of flow, the condition for the steady state may be written 

_/ *1 Pi \.,,r 

ZT ~ [l + k iP2 +k 3 pJ pAdh > W 

where V is the total rate of flow at the temperature T of the reaction zone, dp x the 
increase in the partial pressure of the reactant as it passes through the volume element 
o length dh. the expression in brackets the rate of reaction in gram-molecules per 
unit time per unit mass of charcoal, A the cross-sectional .area of the reaction tube 
and p the mass of charcoal per unit volume. Variations in the total rate of flow do 
not exceed 6 % and are neglected. The stoichiometric relation 

P2=Pl + 9{p\-p-l) (g) 

is introduced, where the superscript zero denotes the initial value, g = 1 for'the 

steam reaction and g = 2 for the carbon dioxide reaction. Integration over the 
reaction zone then gives 

k = - (1 + gk,pl + k 2 p° 2 ) In (1 - a) - (gk 2 - k 3 ) plx, (9) 

where* = (Pi~Pi)Ip°i is the fraction of the reactant which is consumed, Mb defined by 

, k x RTm 

k =; y > ( 10 ) 

be a** 1S i he t0 ! al maS& ° f oharooal P^ent. Since x < 0-1 the logarithm may 
become^ ed ^ ° f ° f * gieater than the second and equation (9) 

klx=l + k z pl + k,pl + $x(l+ gk 2 p0 + k 2 pl). (U) 
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For the same reason the term in \x in equation (11) -will be relatively small; since 
1 (table 3) and gp\ > p\ it reduces to xgk 2 pf2. Thus under the present conditions 


1 1 + fc.®9 K- 

x - T^ + P- 


( 12 ) 


where the average partial pressure of the retarding product, is equal to the sum 
of the initial partial pressure and one-half the pressure increase m the reaction. 

According to equation (12) the rate expression (equation (6)) can be tested by 
plotting 1 jx 'against for various values of The difficulty that some of the steam 
also reacts in the water-gas reaction can be minimized by assuming for the calcula¬ 
tion of x that only carbon monoxide is formed and using the observed average partial 
pressure of hydrogen. Figure 10 shows that for each reaetion the required series of 



Pi (mm.) 


Figure 10. Steam-carbon and carbon dioxide-carbon reactions: test of rate expression. 
Pressure of reactant: C0 2 —coal: 1, 357 mm.; 2,127 mm. H 2 0—nut (multiply ordinates by 
0-75): 3, 506 mm.; 4, 380 mm. H 2 0—coal: 5, 633 mm.; 6, 190 mm. 
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pa rallel straight lines with intercepts increasing with increase of pi is obtained within 
the limits of error. In figure 11 the intercept l/a^at = 0 is plotted against p\. 
These intercepts are calculated by subtracting k^Jk from values of Ijx obtained 
in experiments in which p\ is varied without the addition of the retarding product: 
the values of kjk are given by the slopes of figure 10. The linear relation 

± = ‘ (13) 

x 0 k v ' 

required by equation (12) is obeyed within the limits of error for each reaction. The 
rate expression therefore gives an adequate representation of the results. Values of 
the constants for the various reactions are given in table 3. 
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Fioumb 11. Steam-carbon and carbon dioxide-carbon reactions: test of rate expression. 
1, C0 8 —coal; 2, H 2 0—nut; 3, H s O—coal. 
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Table 3. Steam-carbon and carbon dioxide-carbon reactions: 

VALDES OF CONSTANTS IN RATE EXPRESSION 

h 2 

(g.mol,/min./atm./ 

reaction g.charcoal) (atm. -1 ) (atm.- 1 ) 

nut—H 2 0, 700° 0 3*6 x lO " 4 40 1*0 

coal—H a O, 800° G 9*0 x 10“ 4 , 150 2*3 

coal—C0 2 , 800° C 1*4 x 10 ~ 4 80 3*3 


It is important to find out if the rate of reaction is determined partly by diffusion, 
since then the partial pressures at the surface will differ appreciably from those in 
the bulk of the gas phase and the correct rate expression for the surface reaction will 
not be obtained. An experimental criterion for the absence of control by diffusion 
is that the rate constants should not depend on the total rate of flow. With these 
reactions, however, there is thfe complicating factor that increase in the total rate 
of flow will reduce the partial pressure of the retarding product. Attention is there¬ 
fore confined to the carbon dioxide reaction, where, in the absence of secondary 
reactions, the partial pressure of the retarding product can be calculated accurately. 
The experimental points in figure 12 show the rate of reaction as a function of the 
total rate of flow for three different initial pressures of carbon dioxide. The curves, 
which represent adequately the observed variation, are calculated from the rate 
expression (equation (6)) assuming that the constants k v Jc 2 and k z are independent 
of the total rate of flow. They are arranged to be equal to the observed rates at 
1200 c.c./min. and are obtained by solving for x as a function of V in the equation 


RTm 

xV 


i + fyPi , h o 
- l> 


(14) 


which, follows from equations (10) and (12). It therefore appears that the rate of 
reaction is not controlled by diffusion outside the charcoal granules, and in view of 
the high temperature coefficient, it is unlikely that the general form of the results is 
affected by diffusion inside the granules. The increase of the rate of reaction to a 
limiting value as carbon dioxide or steam is passed at an increasing rate of flow over 
graphite or coke has been observed before, but the whole effect has been attributed 
to diffusion without the possibility of specific retardations being considered (Mayers 
1934a, b, 1939). 

The steam-carbon reaction has previously been reported to be of negative order, 
of zero order, of the first order and of the second order with respect to steam. Although 
this lack of agreement may result in part from the different types of carboh and 
conditions of reaction used, it is largely due to the unjustified assumption that the 
rate of reaction is independent of the pressure of hydrogen. Key & Cobb (1930), 
working with various cokes at 1000° C, found an apparent order of between the first 
and the second by varying the column length, and, having observed qualitatively 
that the reaction was retarded by hydrogen, assumed that the true order was the 
first. Using tKe results for the rate of flow variation obtained by Brewer & Reyerson 
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(1934) with 'lignite char’ in the temperature range 700 - 1200 ° C, Scott (1941) found 
that the apparent order with respect to steam was close to the second, and, without 
mentioning the possibility that the reaction was retarded, assumed that the true 
order was the second. The apparent order of reaction determined by this method, 
however, is greater than the true order, since increase in the pressure 'of steam is 
accompanied by decrease in the pressure of hydrogen. 



Figure 12. Carbon dioxide-carbon reaction: variation of total rate of flow. Carbon dioxide 
pressure :0 506 mm.; 3 380 mm.; • 253 mm: 

Another two investigations gave apparently conflicting results. In the first 
(Haslam, Hitchcock & Rudow 1923) the volume of steam passing in unit time (total 
rate of flow) was kept constant while the pressure was varied, and the order of 
reaction of electrode carbon in the temperature range 650 - 1200 ° C was found to be 
slightly less than the first, the experimental results being similar to those of figure 2. 
In the second (Thiele & Haslam 1927) the mass of steam passing in unit time was kept 
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constant and the reactions of the same electrode carbon, of active charcoal and of 
graphite were found to be of zero order, while the rate of reaction of retort carbon 
decreased with increase of steam pressure (negative order) . However, in the second 
investigation two opposing factors were operating, since increase in the pressure of 
steam was necessarily accompanied by a proportional decrease in the total rate of 
flow and thus an increase in the pressure of hydrogen. The rate of reaction being 
almost inversely proportional to the pressure of hydrogen, a reaction of the first order 
would appear to be of zero order and a reaction or fractional order to be of negative 
order under those conditions. 

The most recent work on the carbon dioxide reaction is that of Frank-Kamenetzky 
& Semechkova ( 1940 ) with a static system. The reactions of sugar charcoal, with and 
without the addition of iron and aluminium, and of coke were interpreted by means 
of an expression of the same form as equation ( 6 ). The effect of carbon monoxide, 
however, was not measured directly. 

The rate expression proposed in the present paper is thus by no means incom¬ 
patible with previous experimental results and provides a consistent interpretation 
of work under a variety of conditions with many different types of carbon. 

Beaction mechanism . There are several different types of reaction mechanism which 
lead to the observed rate expression. In the following discussion the reactant, steam 
or carbon dioxide, is represented by BO, and the retarding product, hydrogen or 
carbon monoxide, by B, since for each reaction it is the molecule obtained by 
removing an atom of oxygen from the reactant; molecules chemisorbed on the carbon 
surface are represented by symbols enclosed in brackets. 

The simplest assumptions are that both reactant and retarding product are 
adsorbed as such on the carbon surface, and that the rate of reaction is proportional 
to the fraction of the surface covered by the reactant: 

B0~1{B0) 3 (15) 

k* 

B^(B), (16) 

k A 

C + iBO^CO + B. (17) 

The conditions for a steady state on a surface of equivalent and independent sites, 
each of which can be occupied by one molecule of reactant or retarding product, are 

= + (18) 

kzPvfi- “* ^ 2 ) = ( 19 ) 

where 6 X and & 2 are the fractions of the surface occupied by reactant and retarding 
product respectively. The rate of reaction is given by 

hhPi 

rate- _h± K_ - ? ( 20 ) 

, . kzP 2 f k x Pj 


102 
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which is of the same form as the observed rate expression (equation (6)). This 
mechanism can also account for the rather striking fact that in each case the reaction 
of RO with carbon is retarded by R. If the adsorption of the reactant requires its 
dissociation so that (RO) represents an atom of oxygen and the retarding product 
adsorbed on neighbouring sites, the reaction of RO will necessarily take place on 
sites which can also adsorb R . 

Another scheme of general applicability is suggested by the mechanism which , 
Trank-Kamenetzky & Semechkova (1940) proposed for the carbon dioxide reaction! 

J80 £(<))■+ B, (21) 

( 22 ) 

C+( 0 )-^C 0 . ( 23 ). 

The reactant is not adsorbed as such, but reacts with the carbon to give an atom of 
oxygen which remains on the surface and the rest of the molecule which passes into 
the gas phase. The retarding product may decrease the rate of reaction either by 
adsorption or by reaction with adsorbed oxygen atoms according to the reverse 
component of equation (21). If one or the other of these two distinct mechanisms 
of retardation predominates, a rate expression of the desired form is obtained. The 
conditions for a steady state on the surface are 

1 — 0 % —#2) = (&5 + &2P2) &i 9 ( 24 ) 

$ 2 ) = ^4^2J (25) 


where 6 ± and ff % are now the fractions of the surface occupied by oxygen atoms and 
retarding product respectively. If the retardation is largely due to the adsorption 
of the retarding product and & 2 can be neglected, the rate of reaction is given by 



If the retardation is largely due to reaction with adsorbed oxygen atoms (k 2 ) and 
the adsorption of the retarding product (k 3 ) can be neglected, the rate of reaction 


is given by 


rate = 


hPi 

1 ■ ■ h2i 

h h 


( 27 ) 


In order to decide between these various possibilities, it is necessary to study the 
adsorption of the various gases and the temperature dependence of the constants 
of the rate expression. It appears that carbon dioxide is not adsorbed as such by 
carbon at high temperatures, but reacts with the surface according to equation (21) 
(Langmuir 1915; Broom & Travers 1932; Trank-Kamenetzky & Semechkova 1940); 
it is therefore probable that the mechanism of the carbon dioxide reaction is that 
either of Frank-Kamenetzky & Semechkova, or of equation ( 26 ), or of equation ( 27 ). 
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I 

For steam the evidence is less plentiful, but the results of Muller & Cobb (1940) 
suggest that the whole molecule is adsorbed by carbon at high temperatures. Since 
hydrogen is also adsorbed by carbon at high temperatures (Barrer 1935; Muller & 
Cobb ‘1940), it is probable that the mechanism of the steam reaction is that of 
equations ( 15 )-( 17 ). More experimental work, however, must be carried out before 
the detailed mechanisms of these reactions can be elucidated without ambiguity. 


( 2 ) The water-gas reaction 

So far as we are aware, no experimental data on the kinetics of the water-gas 
reaction catalysed by charcoal have previously been reported. From the results 
for the nut and coal charcoals taken together, it appears that the reaction between 
carbon monoxide and steam is of the first order with respect to carbon monoxide, 
of fractional order with respect to steam, retarded by hydrogen and to a lesser extent 
by carbon dioxide, and that the reaction between carbon dioxide and hydrogen is of 
fractional order with respect to carbon dioxide and hydrogen, retarded by steam 
and unaffected by carbon monoxide. Although the results leave in no doubt the 
substantial correctness of this general statement, it has not been possible to deter¬ 
mine with certainty the exact form of the rate expressions. No simple expression is 
applicable and the lack of reproducibility, possibly occasioned by changes in 
catalytically active impurities, makes it difficult to distinguish between various 
types of more complicated expressions. The detailed mechanism of the reaction 
will therefore not be discussed and attention will be confined to a comparison of the 
more general features of the forward and reverse components of this reaction. 

Comparison of forward and reverse reactions . The kinetics of the two components 
of a reversible reaction must be related so as to yield at equilibrium the correct 
equilibrium constant. For a* number of homogeneous reactions this condition is 
satisfied in the simplest possible way, the rates of reaction being proportional to the 
stoichiometric product, and the rate constants being independent of whether or not 
the system is at equilibrium (for a summary, see Glasstone 194°)* -^ or heterogeneous 
reactions, however, the rate expressions are often complicated, and it is not easy to 
see at once any simple way in which the equilibrium condition can be satisfied. 
However, the assumption that the rate expressions are the same whether or not 
the system is in eqtiilibrium leads to a simple condition with which the results for 
the water-gas Reaction are in complete qualitative agreement. 

Consider any chemical reaction A + B^C + D. Let the rate of the forward reaction 
be represented by k x f x (a, b, c, d) and that of the reverse reaction by b, c, d ) 9 

where a, 6 , c and d are the concentrations of A, B, C and D respectively. Now define 
the functions F x (a, b , c, d) and F 2 (a, b, c, d) by the relations 


/ x (a, b,c 7 d) 


ab 

F x {a,b,c,dY 


( 28 ) 


/ 2 (a, b 9 c, d) 


cd 

.$2 (®» b 7 c f d) 


m 
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Since the rates of the forward and reverse reactions are equal at equilibrium, the 
following may be written for the equilibrium constant: 

K cd k 1 F 2 (a,b y c,d) 

ab Jc 2 F 1 {a i b,c > d)' ^ ' 

Jxi order that K shall be constant under all conditions, neglecting deviations from 
ideal behaviour, then 

F 1 (a,b,c,d) = F 2 (a 3 b,c,d) ( 31 ) 

for all values, of the concentrations. Thus if the rate expressions are written in the 
form of the stoichiometric product divided by some function of the concentrations, 
the denominator will be exactly the same for both components of the reaction. If 
the forward reaction is of the first order with respect to A , there will be no term in a 
in the denominator and the reverse reaction will be unaffected by A. If the forward 
reaction is of a low fractional order with respect to B, there will be a large term in b 
in the denominator and the reverse reaction will be retarded by B. The evidence 
for the reaction on the nut charcoal is as follows. The left-hand side of figure 6 shows 
that the forward reaction is of nearly the first order with respect to carbon monoxide 
and of a low fractional order with respect to steam; the right-hand side of figure 8 
shows that the reverse reaction is unaffected by carbon monoxide and retarded by 
steam. The left-hand side of figure 8 shows that the reverse reaction is of fractional 
apparent order with respect to both carbon dioxide and hydrogen; the right-hand 
side of figure 6 shows that the forward reaction is retarded by both carbon dioxide 
and hydrogen. Similar evidence for the reaction on the coal charcoal is provided by 
the corresponding portions of figures 7 and 9 . 

The physical interpretation of equation ( 31 ) for a heterogeneous reaction can 
readily be given. The effects of a gas on the forward and reverse reactions are neces¬ 
sarily related, since they are both determined by the extent to which it is adsorbed. 
For example, if it is only slightly adsorbed, the reaction in which it takes part will 
be of the first order with respect to it and it will not retard the reverse reaction, 
since it does not occupy an appreciable fraction of the surface. This aspect has been 
discussed before (Hinshelwood 1933)? hut, so far as we are aware, the experimental 
evidence has not previously been obtained. 

This work forms part of the programme of the Fuel Research Board of the Depart¬ 
ment of Scientific and Industrial Research, and this paper is published by per mi ssion 
of the Department. One of the authors (J.G.) was a member of the Department’s 
staff. The illustrations are Crown Copyright and are published by permission of the 
Controller of His Majesty’s Stationery Office. 
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On lattice points in w-dimensional star bodies 
I. Existence theorems 

By K. Mahler, Manchester 

(1 Communicated by L. J. Mordell, F.R.S.—Received 27 April 1945 ) 

Let F(X) s* P(x v ...,x n ) be a continuous non-negative function of X satisfying F(tX) 
= |-tf \F{X) for all real numbers t. The set K in re-dimensional Euclidean space R n defined 
by F(X) < 1 is called a star body. The author studies the lattices A in R n which are of 
minimum determinant and have no point except (0,0) inside K. He investigates how 
many points of such lattices lie on, or near to, the boundary of K, and considers in detail 
the case when K admits an infinite group of linear transformations into itself. 


INTRODUCTION 


Let K be an arbitrary bounded or unbounded point set in the ^.-dimensional Euclidean 
space R n of all points 


A point lattice A, 


X = (x v x z ,..., x n ) (x lt x 2 ,...,x n real numbers). 


% = 2 %*% (* = 1 , 2 ,= 0 , ± 1 , ± 2 ,...), 

ft —i 

in R n of determinant d(A) = j|a A ftU>-i.2....,n| 

is called if-admissible if no point P of A, except possibly the origin O = ( 0 ,0 ,..., 0), 
is an inner point of K. (P is an inner point of K if there is an ^-dimensional sphere 
with centre at P and contained in K.) The-minimtun determinant A(K) of J? is 
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defined as the lower bound of d(A) extended over all Z-admissible lattices. This 
function A(K) depends on K in a very complicated way and is, in general, not a 
continuous function of K . A A-admissible lattice A such that d(A) = A(K) is called 
a critical lattice of K; such critical lattices exist, for instance, if K contains O as an 
inner point and has at least one admissible lattice. 

Minkowski proved in his classical theorem that if K is a convex body with centre 
at O t then 

2 »A{X)&V(K), 

where V(K) is the volume of K. He further gave a finite algorism for obtaining A (K) 
and the critical lattices of K if K is such a convex body and n = 2 ot n = 3, or if K 
is of a certain type with n = 4 (Minkowski 1907, 1911). 

Minkowski also considered another more general class of point sets, the star 
bodies ( Strahlenkorper ). These are point sets defined by an inequality 

T(X)* 1, 

where F(X) = F(x l9 ... 9 x n ) is a continuous function of X such that 

F(X) > 0 for all points Z, 

, F(tx 1, ...,tx n ) = \ t\F(x v ...,x n ) for real t. 

The functional equation implies that K is symmetrical in 0 . This restriction is not 
made by Minkowski, but is in no way essential. He found (1911) for such point 
sets that 

2S(»)J(Z)<F(JC), 

but his proof was never published. Becently, Hlawka (1943) gave a very ingenious 
proof based on the theory of multiple integrals, and I found a geometrical proof 
(Mahler 1944) for a slightly less exact inequality.* 

New progress was made in the years from 1938 onwards when important special 
examples of star bodies in two or three dimensions were investigated by Davenport 
(1938, 1939 and 1944) and Mordell (1942, 1943,1944, and the general method 1945). 
In 1941 Mordell discovered a method for dealing with a certain important class of 
such problems. This work led me to ask myself whether Minkowski’s method of 
evaluating A{K) when K is convex (Minkowski 1907, 1911) could be extended to 
arbitrary bounded star bodies. I succeeded in answering this question in the 
affirmative, and found an algorism for the evaluation of A (K) if K is two-dimensional 
and bounded; and I applied this method to a few special cases. 

In the present paper, the aim is not to consider further special examples of star 
bodies, but rather to lay the foundations of a general theory of bounded or un¬ 
bounded ^-dimensional star bodies and their critical lattices. 

In this first part, I begin by proving that if the star body K, 

F(X)< 1, 

* Addition, May 1946. A beautiful new proof of the Minkowski-Hlawka theorem was 
recently given by C. L. Siegel, Ann. Math. 46 ( 1945 ), 340-347. 
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has at least one admissible lattice, then K also a dmi ts at least one critical lattice. 
The points of such a critical lattice A on, or in the neighbourhood of, the boundary 
C of K are next studied. If K is bounded, then at least 2 n points of A lie on C, as is 
almost obvious; an example is constructed in which this lower bound is attained. 
If K is not bounded, then A need not have a single point on 0 , as is also proved by 
means of an example. It is then easily proved that to every e> 0 there is at least one 
point P of A such that 

l<J(P)<l + e; 

however, it remains an open question whether there are always n independent points 
of A with this property. 

From § 14 onwards, unbounded star bodies are considered with an infinite group 
F of linear transformations into themselves; many of the most interesting lattice- 
point problems are of this type. Three different assumptions about F are made and 
applied to the study of the critical lattices. Then three general classes of star bodies 
are found with the following three properties respectively: {a) At least one critical 
lattice of K has a point on 0 (theorem 21). (b) For every e > 0, every critical lattice 
A of K contains an infinity of points P satisfying 

l<P(P)<l + e 

(theorem 23). (c) For every e > 0, every critical lattice A oik. contains n independent 
points P v .. P n satisfying 

l^F(P g )<l + e (g = 1,2, 

(theorem 25). The simplest example of an ^-dimensional star body with all three 
properties (a), ( b ), (c) is that defined by the inequality 

I *!«*•■•*» I <1* 

In the second part of this paper which is appearing in the Proc. Royal Acad. 
Amsterdam, I intend to study certain types of star bodies K according as they 
contain, or do not contain, smaller star bodies K' such that 

A{K') = A{K). 


1. Notation 

The following notation is used in this paper: 

If x x ,x 2 , ...,x n (n?z 2) are real numbers, then 

X == (x x ,x 2 , ...,x n ) (1-1) 

is the point in ^-dimensional Euclidean space R n with rectangular co-ordinates 
x x , x 2 , ...,x n . The non-negative number 

\x\ = +(x \+»!+.. .+4)* 


( 1 - 2 ) 
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is called the distance of X from the origin 0 = (0.0,..., 0). If 

...,xf), ...,X r = (x ( {\xf, ...,xf) 
are any points in R n , and A x ,..., A, are any real numbers, then 


is written for the point 


Ai-X^ 4* + X r X r 


(Axa^+...+A,a4»,A 1 a4f>+...+A r 4», ...,A 1 a^+... +A r 4>). 
The determinant of n points 

x* = (*M>, ..:,ag>), ...,x n = ...,*<»>) 





xf 

... X® 

is denoted by 

{X V X 2 , ...,X n } ass 

xf 

xf 

... xf 



4 n > 

xf> 

... xf> 


The points are called independent, if this determinant does not vanish.. 
The set A of all points 


X = u 1 X 1 + ...+u n X n , where u 1 ,...,u n = 0, ± 1, +2, +3,..., 
is called a lattice if its determinant 


(1-3) 


(1-4) 

(1-5) 


d{A)=\{X 1 ,X i ,...,X n }\ (1 . 6) 

is not zero; then X 1 ; X 2 , ...,X n are said to form a basis of A. Any n points 7*, 7.,.,., 7 
of A form a basis of this lattice if and only if ‘ n 

{7^72, ...,7 n } = ±d{A). (i-7) 

If P, Q, R ,... are points of A, then A - [P, Q, R ,...] denotes the set of all points 
of A different from P, Q, R ,.... 


2. The reduced basis or a lattice 

Theorem 1 . There exists a constant y n > 0 depending only on the dimension n 
of R mth the following property: every lattice Ain R n has a reduced basis , i.e. a basis 
7 i, 7 2 , ...,T n for which 

|7i| |7 2 |... |7„ |<y n d(A). (2-1) 

JW Let -CM,...,*?), <&,*>,...,*«> • (2-2) ’ 

be any basis of A. Then 

0(«i, ...,u n ) = 2^%+... +xf ) u n f - | u x X x + ...+u n X n | a (2-3) 
is a positive definite quadratic form of discriminant 

W = {X 1 ,X 2 ,...,X n } a . 


(2-4) 
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There exists a linear unimodular substitution 


n 

u g — lj a gh v h> 
h— 1 


wherg g = 1,2, ... y n 9 


(2-5) 


with integral coefficients by which 0 is changed into a new form 

* <£(%> —,«») = ^(01, ...,v n ) = S +y¥ ) v n ) 2 , (2-6) 

which is reduced according to Mink owski (1911). Hence by Ms theorem 

^(1,0,.... 0) no, 1 ,.... 0)... rn 0 ,.... (2-7) 

where y n >0 depends only on n. The n points 

Y i = (y ( i\yf, Y n = (y ( i\y { ?\ —,y^) ( 2 ’ 8 ) 


form a basis of /I since 


{ Y i, ...,Y n } = {X 1; ...,X n } = ±d(A). 


(2-9) 


Moreover, 

F(1,0,...,0) = i3^ 1®, y(0,l.-,0) = |F,|*, .... mo,...,l) = |F n |* (2-10) 


whence the assertion. 

Theorem I may also be proved by the reduction method of Hermite (1905), 
wMch has the advantage that the proof of the product formula for the W’b is of an 
elementary character. 


3. The convergence theorem 
Definition 1 . An infinite sequence of lattices 

••• 

is called bounded, if there exist two positive numbers c 1: c 2 such that 

<2(40 for r = 1,2,3,...; (3-1) 

| X | > c 2 for all points X =^0 of A r , when r = 1 , 2 , 3, .... (3-2) 

Definition 2. An infinite sequence of lattices 

■di,/l 2 > 4 j> ••• 


is said to converge, and to have as its limit the lattice A, if there exist reduced bases 



Jt\n\-, Y< $ Of A for r= 1,2,3,... 

(3-3) 

and a basis 

Fl5^2>---»ln of A, 


such that 

lim| 7^—I^| = 0, where g = 1,2, ...,n. 

r—^co 

(3-4) 
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This definition implies that the points of A r in any finite region independent of r 
tend to the«points of A, as r tends to infinity. 

From these two definitions is derived the following theorem which is fundamental 
for the study of star bodies: 

Theobem 2 . Every bounded infinite sequence of lattices contains a convergent 
infinite subsequence. 

Proof. Let A u A 2 ,A 3 , ... be any bounded sequence, and let Y ( {\ 7 ( 2 r) ,..., Yff be 
a reduced basis of A r for r = 1 ,2,3,..., then from definition 1, 

d(A r ) ^ c v | Yf [>c 2 , where g=l,2,...,n and r = 1 ,2,3,..., (3-5) 

and from theorem 1 , 

where r=l,2,3,..„ (3-6) 

hence I XP | <y« c i c r (n-1) ! where g = 1,2, ...,n and r = 1 ,2,3,— (3-7) 

All co-ordinates of the basis points Y$ (g = 1 , 2 , r — 1,2, 3,,..) are therefore 


bounded, and so there exists an infinite sequence of indices 

r v r 2 ,r s ,..., 

and a set of n points Y lt Y 2 ,...,Y n , 

such that lim | F^-7^ | = 0, where g—l,2,...,n, (3-8) 

oo 

whence limd(^l ri ) = lim | {7f*>, 7£*>,..., 7<J*>} | = | {7 X ,7 2 , ...,7 n } |. (3-9) 

k~*-co k-^co 

Further, from 7 n d ( A r k ) > | 11 7< 2 rt) |... | 7£*> | >c£, (3-10) 

a °d diArJ^y-ic®, (3-11) 

it is deduced that | {7 X , 7 2 , ...,Y n }\> > 0, (3-12) 

and so the lattice A of basis 7 1; 7 a , ...,Y n satisfies the assertion. 


4. Distance functions and stab bodies 
Definition 3. A function 

F(X) = F(x x ,x 2 , ...,x n ) ( 4 - 1 ) 

of the point X = (x-y,x 2 , ...,x n ) in R n is called a distance function if'it satisfies the 
following conditions: 

(a) F(X) > 0 for all points, and F(X) >0 for at least one point; 

(b) F(tX) — | {| F(X) for all points X and all real numbers t; hence 

F(—X) = F(X) and F(0) = 0 ; 

(c) F(X) is a continuous function of X. 
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Definition 4. The set K of all points X satisfying F(X) ^ 1 is called the star body 
of distance function F(X); the subset C of all points of K with F(X) = 1 is called the 
boundary of K. 

It is evident that a star body K has the following properties: 

(A) If X belongs to K, then tX, where — 1 ^ t < 1 , also belongs to K. 

(B) The limit point of a convergent sequence of points of K also belongs to K. 

(C) The origin 0 is an inner point of K ; i.e. there exists a positive number p such 
that all points of the sphere | X \ < p belong to K. 

For since F(X) is continuous, it assumes on the sphere | X | = 1 a maximum value, 
say 1/p. Then F(X) | X | -1 ^ ljp for alll+O, whence F(X) ^ 1 , if X is a point of 
the sphere | X | < p. 

Theorem 3. The star body K is bounded if and only if 

F(X) > 0 for all points XA=0. 

Proof. As a continuous function, F (X ) assumes on the sphere j X | = la minimum, 
say /t. If [i = 0 , then F(X) vanishes at a point X =}= 0, and so it vanishes at all points 
of the line through 0 and X ; hence K is not bounded. If, however, p = 1 /P> 0 , 
thenP(A) | X | -1 > 1/Pfor allX + 0,hence ! X | ^Pii F(X) ^1, and so K is bounded. 

5. The two tyres oe star bodies 

Definition 5. The lattice A is called K-admissible if A — [0] contains no inner 
points of K. 

Definition 6. The star body K is called of the finite type if there exists at least one 
K-admissible lattice; it is called of the infinite type if no such lattice exists. 

Theorem 4. Every bounded star body is of the finite type. 

Proof. Let P> 0 be a number such that | X \ <P for all points of K, and denote 
by A the lattice of basis 

X x = (P, 0 , ..., 0 ), X 2 = ( 0 ,P, ..., 0 ), ..., X n = ( 0 , 0 , ...,P). .(5-1) 

Then | X \ > P for all points X + 0*of A; hence A is A-admissible. 

Theorem 5. Unbounded star bodies exist of the finite type, and also of the infinite 
type. 

Proof. ( 1 ) The star body A of distance function 

F(X) = \x 1 x 2 ...x n \V» ( 5 - 2 ). 

is not bounded. To show that K is of the finite type, denote by $ any totally real 
algebraic field of degree n, by 

(Jf\<J$\ ..., <J$>, where g= 1 , 2 , ...,n, . ■ 
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conjugate integral bases of the n fields f(P>, 
the lattice of basis 


® (n) conjugate to and by A 


= (&%>,cof, where h = 1 , 2 , 

Then, except for the sign, F(X) is the norm of an integer a + Oin® if X lies in/L- 
hence F(X) ^ 1 for all lattice points X =j= 0. 

( 2 ) The star body of distance function 


(5-3) 

m 


F(X) = \ x\x 2 ...x n | V(n+ 1 ) ( 5 . 4 ^ 

Hkemse is not bounded, but it is of the infinite type. For let A be any lattice, and 
denote bjt v t 2 , n positive numbers of product d(,l). By Minkowski’s theorem 

on hnear forms, there exists a point X = (x 1; x 2 ,..., x n ) + OofA such that 

(5-5) 


X 1 I ^ hi 


#2 I ^ t 


' 2 > 


I %r>. I ^ fci 


' (M) 

then X to an toner point of K. Thertforo A is 

JSZ W ^ e . 8t,ted ' a “ “” -d ™ 4 “ e ^ now m *° 


O. THE DETERMINANT OF A STAR BODY 

Star body ofthe finite t yp®- B y definition 6, the set A(K) 
of aU ^-admissible lattices is not empty. Hence the lower bound 

A(X) = Lb. d(A) (6 . 1} 

Fo^tfbT adel !“ ent8 c of A(n exist8; is caUed determinant of K 
• °r star bodies K ofthe infinite type, put A{K) = oo. 

Theorem 6. The determinant of a star body is positive 

(Cl 0,1 * ■*“.• 4 >- *—-*• ^ i x i * * 

max( 1 ^ 1 , \x 2 1 , \x n \) < pn~K / 6 . 2 \ 

By Minkowski’s theorem on linear forms, every lattice of determinant 

d{A)<p n n~* 1 % 

d{A)>p n n-**, . /g. 3 > 

WbenCe A{K)^pn n -\ n> 0 _ ^ 

Theorem 7. If the star body H is contained in the star body K, then 

A{H)^A{K). (6 . 6) 

Proof. Every ^-admissible lattice is also H-admissible. 
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7. The existence of a critical la ttice 

Definition 7 . The lattice A is called a critical lattice of K if it is K-admissible 
and d(A) = A(K). 

The following theorem is fundamental for the theory: 

Theorem 8 . Every star body of the finite type possesses at least one 1 critical lattice . 

Proof . From the definition of A (K), there exists an infinite sequence of inadmis¬ 
sible lattices 

-^1? ^ 3 ) * • • J 

not necessarily all different, such'that 

lim d(A r ) = A(K)\ (7*1). 

r -> qo 

it may be assumed further, without loss of generality, that 

d(Ar) < 2 zl (K), where r = 1,2,3,.... (7-2) 

Moreover, since the sphere | X | < p is contained in K, 

| X | for all points X=f= 0 of A r , where r = 1 , 2 ,3,_ (7-3) 

From (7-2) and (7-3) the sequence {/L r } is bounded, and hence; from theorem 2 , 
it contains a convergent infinite subsequence 

■'tV Av Ay * 

say of limit A. Denote by Y% 1 \ Y { £ k \..., Yffi a reduced basis of A n , byF^ F 2 , ...,Y n 
a basis of A, taken such that 

lim| F^ — Y g \ — 0, where g — 1,2,(7-4) 

k-yco 

hence 

d(A) = |.{F 1 ,F 2 ,...,FJ| =]im\{Y$*\Yp\...,Y$>}\ = limd(A*) = W (7-5) 

A;—>-oo &->co 

Let further 

F = %F^1^4=0, where u v ...,u n are integers (7-6) 

be any point of A, and put 

Y (Tk) = +...+u n Y%*>, where k = 1,2,3,...;. (7*7) 

then lim | F (rt) - F | = 0 . (7-8) 

Aj-^-00 # 

Hence F (r ^+0 for sufficiently large k, and so F( F (r *>) > 1 since A* is F’-admissible, 
whence 

• F(Y) = lim F(FW) > 1 . (7-9) 

oo 

From (7*5) and (7*9), A satisfies the assertion. , 
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8. The continuity or A{K) 

If K : F(X) < 1, is any star body, and if t is a positive number, then we denote by 
tK the star body of distance function t~ 1 F(X), i.e. the set of all points X for which 
F(X) < t. From homogeneity, it is evident that 

A{tK) = t n A(K). ( 8 - 1 ) 

The set of all points X in K for which | X [ < t is further denoted by KK 

Theorem 9. Let K, K v K z , ...bean infinity of star bodies of the finite type, satis¬ 
fying the following conditions: 

(а) To every e > 0, there is a positive integer N (e) such that K r is contained in (l + e)K 
ifr^N(e). 

( б ) To every t > 0 and every e > 0 , there is a positive integer N(t, e) such that K* is 


contained in (l+e)E r if r^N(t,e). 

Then ]imA{K r )=A(K). ( 8 - 2 ) 

r—>co 

Proof. From (a), by theorem 7, 

J(JT r )<J((l+e)Z) = (\+e)*A(K), ( 8 - 3 ) 

whence for e->0, lim sup A(K r ) < A(K). (8-4) 

r-> oo 

It will now be shown that also 

lim inf 4(24) >A(E). ( 8 - 5 ) 

r—>-oo 

* 

Let this inequality be false. Then there exists an infinite sequence of indices 
r x , r a , r 3 ,... not smaller than N(p, 1 ) such that 

A(K n )^2A(K), and lim A(K rt )<A(K). ( 8 - 6 ) 

Jc —>■ 00 

Denote by A rk a critical lattice of K rk \ therefore 

d{A rk )^2A{K). (8-7) 


Then from (6) above, on taking t = p, e = 1 , the star body 2 K rk contains Kp, i.e. the 
sphere | X | <p; hence K rk contains the sphere | X I s? \p. Since A., is inadmissible, 
this implies that 

\X\^$p for all points X + 0 of A n . 

It is clear from this aad (8-7) that the sequence of lattices {A ri } is bounded. 
Therefore, from theorem 2 , this sequence contains a convergent infinite subsequence 

' ( 8 - 8 ) 

of limit A y say. For shortness write * 


■ K< ® - X*. .... 


(8-9) 
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then, as in the proof of the last theorem, ( 

d(A) = lim d(A (t) ) = limd(Z®), (8-10) 

Z—>co Z-> oo 

and so d(A) = lim A{K n )<A{K). (8-11) 

oo 

This- means that A is not iT-admissible; hence A contains at least one point T^O 
which is an inner point of K. 

Denote now by Yf, Y$, ... r Y® a reduced basis of A®, and by Y 1} Y 2 , ...,Y n & basis 
of A taken such that 


lim I F©-FJ = 0, where g = 1,2 ,...,n; 

(8-12) 

Z—>oo 

then F can be written aa 7 — w 1 Y 1 +... + u n Y n 

with integral coefficients u v ...,u n not all zero. Now put 

(8-1S) 

F® = m 1 F© + . 

:+U n Y®, 

(8-14) 

then F® belongs to A®, 

' 


F® 4= 0, and lim 

| F®- F | = 0, 

(8*15) 

, Z—>oo 

whence, for sufficiently large indices l, 



| F® | < 21 

n . 

(8-16) 


Since Y is an inner point of K and different from 0 , there is an e > 0 such that 

EXITS’ < W7 > 

hence, if l is sufficiently large, from (8-15) it follows that 

^ (7(0)< lT2? (8 * 18) 


and so (1 + 2e) F ®+0 belongs to K. This implies, from (8-16), that (1 + 2e) F® is a 
point of K l , where t — 2(1 + 2e) | F |. Hence, from (b) above, the point (1 + 2e) F® 
belongs to (1+e)X® if l is sufficiently large. This implies that F® is a point of 


1 + e 
l + 2e 


If® and so is an inner point of K <r> . However, this is impossible since F®=f=0 


and since A® is a critical lattice of K ®. 


Theorem 10. Let K: F(X) < 1 be a star body of the finite type, 0{X) an arbitrary 
distance function, and t a positive parameter. Then the star body 

where F t (X) = max (F(X),t^G{X)), 

« * % 

is also of the finite type, and further 


lim A{E t ) = A{K). (8-19) 

t —> CO 


Proof. It is evident from definition 3 that F t (X) is a distance function. Since 
F t (X) > F(X) for all X and t, K t is contained in K and so is a star body of the finite 


Vol. 187. A. 


n 
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type. Further, since the set H : 0{X) < 1 i§ a star body, there exists a number r > 0 
such that H contains the whole sphere | X [ ^ t . The sphere | X | < Tt is then contained 
in tH, and so K H , which ‘is a subset of this sphere, is contained in K t . The hypothesis 
of theorem 9 is therefore satisfied, and so 

A(K) = lim A(KJ (8-20) 

r->oo 

for every sequence of positive numbers t v f 2 , t 3 ,... of limit infinity. This proves the 
assertion. 

The last theorem, for 0(X) — | X |, shows that 

A{K) = ]imA(K% (8‘21) 

' t —^ CO 

Originally (Mahler 1943 ), I used this formula as the definition of A (if)for unbounded 
star bodies, so reducing the problem to one for the bounded case. 

Remark, The results of this paragraph remain true when d (if) = 00 . 

9. Lattice points on the boundary op a bounded star body 

Theorem 11. If K is a bounded star body , then every critical lattice of K has n 
independent points on the boundary G of K, 

Proof. Let A be a if-admissible lattice which does not contain n independent 
points on C. Then denote by II the set of all points of A on- C, and by L the linear 
space of lowest dimension/ (0 ^f^n— 1 ) containing II, By Minkowski’s method of 
adaptation of lattices, a basis Y v -..,Y n of A can be found such that Y v ...,Y f ]ie in 
and generate L, while T f+1 ,...,Y n lie outside L. Let e> 0 be sufficiently small and 
denote by A* the lattice of basis Y t ,...,Y f , (1 — e) Y f+X ,..., ( 1 —e) Y n . This lattice is 
FT-admissible since 0 and the elements of it are its only points belonging to K. Since 
d{A*) = (1 —e) n ~f d(A) < d(A), A* is of smaller determinant than A, and so A is 
not critical. 

This theorem shows that in the case of a bounded star body K, every critical lattice 
A has at least 2 n points on its boundary C, namely, n independent points P x ,..., P n 
and their images — P x ,..., — P n in 0. If 

±P V ±P 2 , ..., ±P n 

t 

are the only points on 0 of the lattice A, then A is called a singular lattice of K; 
otherwise it is called a regular lattice. The example in the next paragraph shows that 
star bodies with singular lattices do exist. 

10. An example op a star body with a singular lattice 

Theorem 12 . There exists a bounded star body with just one critical lattice . More¬ 
over, this lattice is singular . 

Proof . Let e be so small a positive constant that 

(!-«)*> rife, (l- e )»-i#f>i, e<n-\q($)-l), 


( 10 , 1 ) 
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and let Q 4= 0 be a point in R n . The set S e (Q) of all points 

P = l)e_R, where 1 and |P|<1, (10*2) 

is a cone with vertex at Q and its open side away from 0 . For when t is fixed and R 
describes all points of the unit sphere j R | < 1, then P lies on or in a sphere centre at 
tQ and radius (t— l)e; on varying t, we obtain S e (Q) as the sum set of these spheres. 
Denote further by A 0 the lattice of all points with integral co-ordinates, i.e. of basis 


Pi = ( 1 , 0 , 0 ), P 2 = (0,1, 0 ), P n = ( 0 , 0 , 1 ), ( 10 - 3 ) 

and of determinant d(A 0 ) = 1. 

The cube W: \ x 1 1 < #f, | x z \ «£ #f, ..., [ x n | < ( 10 - 4 ). 

contains 3 n points of A 0 , namely, the origin O, the 2 n points ±P V +P 2 ,..., ±P n , 
and the m points P[, P 2 , ... , P' m , where 

P'n = ...,*»>), 4« = 0,l,or-l, ( 10 - 5 ) 

0=1 


Denote by K the set of all those points of W which are not inner points of one of the 
cones 

S e (±P g ), where g = 1,2, or $ e [(l-e)P^], where h=l, 2 ,...,m. 


Then IT is a bounded star body, and the cube 

V: ’la^l^l-e, |a; 2 |<l-e, ...,>)< 1—e, (10-6) 

obviously is a subset of K. Therefore from theorem 7 , Minkowski’s theorem on linear 
forms, and from (10-1) 

A{K)^A(V)={ l-e)»>f. ( 10 - 7 ) 

On the other hand d(P) <d(/l 0 ) = 1, (10-8) 

since, by the construction, A 0 is ^-admissible. Hence, if A is any critical lattice 
of K, then 

f<d(d)^l. (10*9) 

Each one of the n parallelepipeds 

U ff : | £c f | < 1—e for 1 = l, 2 ,...,g-l,g+l,...,n (10*10) 

from (10*1) is of volume 2 n (l—e) n-1 $f > 2 n . (10*11) 


Hence, from Minkowski’s theorem on linear forms, at least one point of A — [O] is 
an inner point,of U g , say the point P| = (£f\£$). This point lies in one of 
the two cones 8 e ( ± P g ), since the other inner points of U g are also inner points of K. 
There is no loss of generality in assuming that P* belongs to S e (P g ) and so may be 
written as 

P* ~ t g P g +{tg-l)eR g , where t g ^ 1 and [P ff j < 1. ’ (10-12) 


11-2 
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Therefore if, say, B g = (rff, rjf, then 


and 

and since P g lies in U g , 


£f = t g +(t g - l ) a fo 

nf> -i; 


(10-13) 

(10-14) 

(10-15) 

(10-16) 


n > if = t g + (t g - 1) e V f >t g -(t g - 1) e > (1 - e) t g , 
whence i^.t g <^-, where g — 1,2, 

Denote now by D the determinant 

P = {P*P 2 *,...,P*}, (10-17) 

by E the unit determinant 

E = {P 1; P 2 , ...,Pj = d(yl 0 ) = +1, (10-18) 

andby E{g x ,g 2 , ...,g r ), where l^r^n, l^g x <g 2 < ...<g r <n, 

the determinant which is obtained from E if the points P 3l , P 0a , ■■•,P Br in it are 
replaced by the points R gi , R ga , ...,R ffr of the same indices. Obviously E(g v g 2 ,..., g r ) 
is equal to its cofactor of order r belonging to the rows and columns of indices 
9v9z> ■■■>9 r - Hence 

\E(tj,9i>"' t 9r)\<rl (10-19) 

since the moduli of the co-ordinates of R gi ,R ga , .... R gr are not larger than 1 , and 
since a determinant of order r consists of r !.terms. 

IVom (10-12), D can be split into a sum of 2 n determinants, namely, 

D = t 1 t 2 ...t n (E+S*E(g 1 ,g i ,...,g r )e r hzl t J*l}.... t ±Zl), ( 10-20 


with the abbreviation 


2 * = 2 2 . 

r=l r=l 

gi<g&< ...<g r 


Now from (10-1) and (10*19) 

- >9r) I e*-<r!e-< (ref < (ney <{$($) - i)r. 


hence 


20 ) 

( 10 - 21 ) 

( 10 - 22 ) 


1 *„-l 




r=l 


“Vi 


Or 


<2*{^(H)-i} r — 


t a -1 t g -1 


r=X 


Vl 


‘'fl'r 


= fi i ( 1 +m ) - 1 }^—)-l = (M 2 -U- 1 mi+^) (« ff -l)}-l, (10-23) 

whence ' ^<n{l+m)(< ff -l)}, (10-24) 

£ 7=1 

811(1 ^^sn^-mi+w)^-!)}. (io-25) 
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From (10-1), (10-16) and (10-24.) then 

*• • (10-26) 
Further, since 2-($$)■*»> 0 for r = 1,2, n, then from (10-16) and (10-26), 

D>mii+(t a - 1 )}- n {i +m) (*,-i» 

^=1 g=l 

= l + S*{2-(tt)^}(* ft -l).-(* fr -l)>l, (10-27) 

3 *— 1 

with D — 1 if and only if t 1 = t 2 = ... =t n = 1. 

This proves that 1<D<|, (10-28) 

the lower bound being assumed if and only if t x = t % = ... = t n = 1, i.e. if 

P* _ P P* _ p p* __ p 

•*1 “ r lJ r 2 — ^25 •••? 

Since D > 0, the n points P*, Pf,..., P* are independent; therefore 

D=j&{A), (10*29) 

where j is a positive integer. From (10*9) and (10*28) it follows that 

f >j-i j<2, (10*30) 

and soj = 1, d(A) = D 5*1, with equality if and only if A = A 0 . Since A 0 is ^-admis¬ 
sible and since d(A 0 ) = 1, this completes the proof that A 0 ih the only critical lattice 
of K, and also that A 0 is singular. 

Corollary. For any given integer m^n, there exists a bounded star body K with 
a critical lattice having just 2m points on the boundary of K. 

Proof. Nearly obvious, because any star body K' has the required property if 
it satisfies the following three conditions: (a) K, as defined in the last proof, is a 
subset of K'. (6) A 0 , as defined in the last proof, is iT-admissible. (c) Just 2m points 
of A q lie on the boundary of K'. 

Remark . In an earlier paper on star domains,* I discussed a method by which 
to obtain A (K) and the critical lattices for every bounded two-dimensional star body, 
provided the boundary consists of a finite number of analytical arcs. This method 
may be extended to the ^-dimensional case, but, naturally, the calculations now 
become very complicated. 

11. The lattice function F(A) 

If il is a lattice, t a positive number, and tA denotes the lattice of all points tP 
where P runs over A, it is obvious that 

d(tA) = t n d(A). (11-1) 

* Mahler—On lattice points in two-dimensional star domains, to appear in the 
Proceedings of the London Mathematical Society . 
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Further, if K denotes the star body (not necessarily bounded) of distance function 
F(X), write 

F(A) = l.b. F{P), (11-2) 

for the lower bound of F(P) extended over all points P + 0 of A. Then the symbol 
F{A) has the following evident properties: 

A is Jl- admissible if and only if F{A) > 1. 

A is a critical lattice of K if and only if F(A) = 1, d(A) = A(K)\ 

further F(tA) = tF(A) if t> 0. (H-3) 

A star body is therefore of the finite type if F(A) > 0 for at least one lattice, and is 
of the i nfinit e type if F(A) = 0 for all lattices. 

In the special case when K is a bounded star body, it is easily seen that F(A) is 
a continuous fraction of A ; i.e. if A v A 2 . A s ,... is a convergent sequence of lattices 
of limit A, then 

limF(d r ) = F(A). (11-4) 

r-~> oo 

If, however, K is an unbounded star body, then F(A) need not be continuous, as 
the following example shows. We choose 


F(X) = \x 1 x 2 ...x n \Vn, (11-5) 

and take for A the lattice of basis 

Xh = (<$,coff,..., 0 )^), where h = 1,2,..., n, (11-6) 

as defined in the proof 6f part (1) of theorem 5; there is no restriction in assuming 
that this basis is reduced. Further, denote by 

F\\X { l\ ..., X ( £, where r = 1,2,3,..., 

an infinity of sets of n independent points with rational co-ordinates such that 

hm|X ( £-X fe |'=0, where Jl - 1,2,(H-7) 


and such that further X%\ X$, ..., Xty form a reduced basis of the lattice A 
by these n points. Then by the proof of theorem 5, 


generated 


while, on the other hand, 
and 


F(A) 2 1, 
F(A r ) = o 
lim F(A r ) = 0, 


r->oo 

since a linear form with rational Coefficients represents zero. 


( 11 - 8 ) 

(11-9) 

( 11 - 10 ) 


12. Lattice points near the boundary of an unbounded star body 

§ a ““ t “ Wa “ ° £ “V bounded star body has ,t least 2a 

■ PUD a1 ^' abounded star bodies, this, is no longer so; as will be 

suehttrtM f ari ‘ P ' apl1 ' tlleie erists “ unbounded star body of the finite type 
snob iliat at least one of its critical lattices has no point on its boundary. 
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It may then be asked, however, whether lattice points lie arbitrarily near to the 
boundary of K. The answer is given by the nearly obvious 

Theorem 13. If K: F(X) ^ 1 is a star body of the finite type and A is a critical 
lattice of K, then to every e > 0 there exists a point P of A such that 

l^F{P)<l+e. (12-1) 

Proof . If F(P) ^ 1 + e for every point P+ 0 of A, then 

F{A)> 1+e, (12-2) 

whence ( 12 - 3 ) 

Therefore is also inadmissible, but is of smaller determinant than A. and so 

A is not critical. 

This theorem leads to: 

ProblemA. LetK: F(X) ^ 1 be a star body of the finite type, A a critical lattice of K, 
and e > 0 any arbitrarily small number . Do there exist n independent points P v p*,...,p n 
of A such that 

1 < F(P g ) < 1 + e, where g=l,2,...,n? . (12-4) 

I have not been able to decide this question. The difficulty lies in the fact that 
F(A) may be discontinuous, and so the method of the proof of theorem 11 cannot 
be applied. 

Remark. From theorems 8 and 13, for any given e > 0, every lattice of determinant 
d(A) = A ( K ) contains a point P+O satisfying F(P) < 1 + e. 


\ 

13. An example op an unbounded star body with no cbitical 

LATTICE POINTS ON ITS BOUNDARY 


Theorem 14. Let F 0 (X) be the distance function 

F 0 (X) = \x 1 x 2 ...x n \ 1 ' n , (13-1) 

and let further F(X) be any distance function satisfying the conditions 

F(X)>F 0 (X) if F 0 (X)> 0, ' (13-2) 

|g^l if F o (X)>0,\X\~iF o (X)+0. (13-3) 

Denote by K 0 and K the star bodies of distance functions F 0 (X) and F(X), respectively. 
Then 


A{K) = A(X 0 ). 


(13-4) 


Proof. If is a subset of K 0 , and so from theorem 7, it follows that 

d(X)^(Z 0 ). 


(13-5) 
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Now assume that A (X) < A (X 0 ); 

this assumption leads to a contradiction, as will be proved 
The function/(X) defined by 

(TO 

/(*) = 


(13-6) 


if X 0 (X) + 0, 


(13-7) 


TO 

1 if P 0 (X) = 0, X*0,J 

and not defined if X = 0, is continuous and therefore bounded for all points of the 
unit sphere | X | = 1. Let c ^ 1 be its upper bound on this sphere: 

/(X )^c if |X| = 1. (13-8) 

Then, since /(fX) =/(X) for #4=0, (13*9) 

c is the upper bound of/(X) for all X=)= 0, therefore 

P(X)<cP 0 (X) (13-10) 

for all X, since this inequality remains true if X = 0. 

Let now A be any critical lattice of K ; then, from (13-6), 

d(A)<A(K 0 ), (13-11) 

or, say, d{A) = (1 + a)~< u+1 M(X 0 ), (13-12) 

where a is some positive number. Put 

(1 +oc)A = A', (13-13) 

so that A' is (1+a) X-admissible, and 

d(A') = (l + a)-M(X 0 )<^l(X 0 ). (13-14) 

Denote further by X the set of all points of A! which are inner points of X 0 . If P 
is any point of X, then 

F{P)> l+«, TO< 1, 

F(P) 


whence 

and further, from (13-10), 


TO 


>l + a, 


(13-15) 

(13-16) 


F 0 (P)>b(P)>l±^> 0. 

C C 


But from (13*3) there exists a positive number /? such that 

ITO 


:a if P 0 (X) + o, |X|- 1 P 0 (X)<^. 


ITO) 

Hence, by the inequalities just proved, 

|P|-ip 0 (P)>y?, 


(13-17) 


(13-18) 


(13-19) 
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Next, if P = (p v p 2 , ...,p n ), then 

\PlPi-Pn\ ) » . (13-21) 


and 

max (1^1 

> \p*\> 1j».|X|p| 

i 

V 

(13-22) 

and so, finally, 

\Pl\>\P*~ 


)V‘. 

(13-23) 


Denote by r any positive integer, and hjY = Q r X the unimodnlar linear trans¬ 
formation 

Vi = r n ^x x , y 2 = r~ x x 2 , y n = r*x n . (13 : 24) 


[Further denote by A r = Q r A' the lattice of all points Q = Q r P where P runs over 
A', and by X r = Q r X the set of all points Q — Q r P where P lies in X. Then obviously 

d{A r ) = d{A'), (13*25) 

and X r consists of all and only all those points of A r which are inner points of K 0 . 

If P = ••• >P n ) is a point of X and Q = Q r P = (q v q 2 , is the corre¬ 

sponding point of X r , then, from (13*23) 

I ?i I = r n_1 1 Pi I > (flrir*-, (13-26) 

(fir) 71 " 1 - (13*27) 

As in § 8, denote by K ( 0 , where t > 0, the set of all points X of K 0 for which | X | ^ t. 
Then the last inequality for Q shows that there exists a monotone increasing 
function R(t) of t such that 

A r is K #-admissible if r^R(t). (13*28) 

Now the sphere | X | < 1 is obviously a subset of Jf 0 , hence also of K ( 0 if 1. 
Therefore, from (13*28), 

| Q | > 1 for all points Q^O of A r if r^R(t) and t^l. 

Also since d(A r ) = d(A') for r= 1,2,3,..., (13*29) 

the sequence of lattices A l9 A 2 ,A 3 ,... is bounded. 

But then, by theorem 2, this sequence contains a convergent infinite subsequence 
of lattices 

Ar l9 A ra fAr 3 f> 9 

say of limit A*. Since, from (13*14), 

d(A*) = limd(il rjfc ) = d(A l )<A(K 0 ), 



(13*30) 
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A* cannot be ^-admissible; there is then a point P* of A* which is an inner point 
of K 0 and so also an inner point of K l 0 if t is sufficiently large. Further, as in earlier 
proofs, it ihay be shown that there are points 

P ri , P rj , P rt ,... of A ri , A h , A v ... respectively, 
such that lim \P rk — P* | = 0. (13-31) 

k-> oo 


But then P rjc is also an inner point of K[ if Tc is sufficiently large, contrary to (13*28). 
This completes the proof. 


Theorem 15. There exists an unbounded star body of the finite type with a critical 
lattice which has no points on the boundary of this body. 

Proof. The same notation is used as in theorem 14, hut it is assumed that F(X) 
satisfies, instead of (13*2), the stronger condition 


e.g. take 


F(X)>F 0 {X) if F 0 {X)>0; (13*32) 

F(X) = F 0 (X) {l + • . (13-33) 


Let A be a critical lattice of K 0 . Since Pis a subset of P 0 , A is P-admissible; further, 
since from theorem 14, 

d(A) = A(X 0 ) = A{K), (13-34) 


A is a critical lattice of K. But the boundary of K consists only of inner points of 
P 0 , and so no point of A may lie on the boundary of K, as asserted, f 

It is easily proved from § 15 that K 0 and so also K have an infinity of critical 
lattices. The question also arises: 

Problem B. Do there exist critical lattices of K 0 which are not critical lattices of K, 
and do these lattices have points on the boundary of K? 


14. Stab bodies with automorphisms 


Let X = {x x ,x z . x n ) and X' = (x x ,x' z , ...,£„) be two points in R n . The linear 

substitution 


Q: x' g = 'Za gh x h , where g = 1,2, ...,», 

k—1 


to i a gh + 


of determinant 
or shorter X’ = QX 

has an inverse X = Q- 1 X\ 

The substitution defines a one-to-one mapping of R n on itself. 

1" A much simpler proof of theorem 15 ■will be given in. Part II of t his paper. 


(14-1) 

(14-2) 

(14-3) 

(14-4) 
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If A is an arbitrary lattice, then QA denotes the lattice of all points P' = QP 
where P belongs to A; obviously 

d(QA) = \(o\d(A ). (14-5) 

Theorem 16. Let K: F{X) < 1 be a star body of the finite type, Q a substitution of 
determinant o + O, F f (X) the distance function 

F'(X) = F(QX), . (14-6) 

and K' the star bodt^F'(X) < 1. Then K' is also of the finite type, and 

A{K') = \g)\-*A(K). (14*7) 

Proof If A is any K -admissible lattice, then A! = Qr x A is evidently ^'-admissible, 
and so K' is also of the finite type. Further A (K' ) is not greater than the lower bound 
of d(Q~ 1 A) = | (o \~ 1 d{A) extended over all inadmissible lattices, i.e. 

(14-8) 

Since F(X) = F'iQ^X), conversely 

A(K)^\o)\A(K'). (14*9) 

From these two inequalities, the assertion follows at once. 

Definition 8. The linear substitution X f = QX is called an automorphism of the 
star body K : F(X) < 1 , if identically in X, 

F(X') = F(X). (14*10) 

It is obvious that such an automorphism leaves both K and its boundary G 
invariant. 

* 

Theorem 17. If the star body K is of the finite type and admits the automorphism 
X' = QX of determinant o), then « = ± 1. 

Proof. By theorem 16, A(K) = |«| _ M(Z), whence |&> | = 1 since A(K) 4= 0. 

T his theorem shows that star bodies having automorphisms of determinant 
£t)=# ± 1, are necessarily of the infinite type, e.g. the star body of distance function 
F(X) = | x\x z ... x n | 1/(n+1) with the automorphism 

x[ = x' 2 = tx 2 , ..., x' n = tx n ( t >0). (14-11) 

It is obvious that if K is of the finite type, then the set of all automorphisms of K 
forms a group. Whether this group is finite or infinite, discrete or continuous, depends 
on K itself. 

Definition 9. An unbounded star body K of the finite type is called automorphic 
if it admits a group F of automorphisms Q with the following property: * There exists 
a positive constant c depending only on K and P such that to every point X of K there 
is an element Q of T satisfying 

|DZ|<c.’ . ' (14-12) 

A few examples of automorphic star bodies are given in the next section. 
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15. Examples op automorphic stab, bodies 

(1) Let r > 0 and O 0 be integers such that r + 2s = n. and let F(X) be the distance 
function 

r s 1 In 

f(X) = n*„n (x 2 r+a +xf +s+a ) . (i5-i) 

/>-1 <r-1 

It was shown in the first part of the proof of theorem 5 that the star body 
K: F(X) 1 is of the finite type if r = n, s = 0. Just the same proof applies when s > 0, 
except that the field ® there must now be algebraic with r real and 2s complex 
conjugate fields. If the trivial cases r = 1, s = 0 and r = 0, s = 1 be excluded, then 
K is not bounded and admits a continuous group of automorphisms depending on 
n— 1 parameters, namely, the group of substitutions 

x'p - t p x p , where p = 1,2,..., r, (15-2) 

x r+<r ~ K+o- x r+<r~K+8+<r x r+s+<r’ x r+s+cr = ^r+ 3 +a ^r+cr K+<r X r+s+(Ti 

where <r = 1,2, ...,s, (15-3) 

while fj, t 2 ,,..,t n are n real numbers such that 

n^n(^cr+^ +s+ cr) = ±i. . (15-4) 

p=l <r =1 

The star body K is automorphic since obviously every point X of K can be trans¬ 
formed into a point X' of bounded distance from 0 by one of these automorphisms. 

(2) Let r be an integer such that 1 < r < n — 1, and let K be the star body of distance 
function 

F(X)= * 2 /. ■ (15-5) 

1 <r=r+l 

By the theory of quadratic forms, K admits a group of automorphisms depending 
on \n{n — 1) real parameters. It is again possible to show that every point in i£ can 
be transformed by one of these automorphisms into a point of bounded distance 
from 0. Hence K is automorphic provided it is of the finite type, and so the following 
problem arises: 

Problem C. Is the star body of distance function 

F(X)= £**- S (15-6) 

P=1 <r=r+1 * 

of the finite or of the infinite type ?f 

For 2 < n ^ 4, K is of the finite type, because there exist indefinite quadratic forms 
in n variables with integral coefficients and of given signature which do not repre¬ 
sent zero non-trivially. If, however, n^5, then, by Meyer’s theorem (Bachmann 
1898), every indefinite quadratic form with integral coefficients does represent zero; 
so the solution of problem C may be diffi cult. 

t Addition, May 1946. In a joint paper, H. Davenport and H. Heilbron have just shown 
that K is of the infinite type if n > 5. 
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(3) Let n = 2, and denote by 6 any number with 0<6< 1. The line segments 
joining the pairs of points 

(6 k , d~ k ) and (# fc+1 , (H 5 " 1 ), where h = 0, ± 1, ± 2 ,..., 

form an infinite polygon II; let C be the curve consisting of 77 and the images of 77 
in 0 and the two axes. Then G forms the complete boundary of a two-dimensional 
star body K. There is no difficulty in proving that K is of the finite type and that it 
admits the infinite group of automorphisms 

x[ “ ± 0 k x g3 x 2 = ± 6~ k x h) where h — 0, ± 1 , ± 2, ... 
and ^1,1 = 2 or j = 2,i = l. (15*7) 

It can be shown that every point of K can be transformed by one of these auto¬ 
morphisms into a point of bounded distance from 0; hence K is an automorphic 
star body. 


16. Properties oe the lattice etjhctioh F(A) 


It was seen in § 11 that F(A) need not be a continuous function of A, The next two 
theorems on sequences of lattices have therefore some interest: 


Theorem 18. Let A 1 ,A 2 , A 3 ,... be a convergent sequence of lattices , %ay of limit A . 
Then 


F(A) ^ lim inf F{A r ).. (16*1) 

r-> oo 


Proof. Choose reduced bases Y ( {\ Yff of A r , arid a basis Y 1} Y z ,Y n of 


A such that 

lim | Y$-Y g | = 0, where g = 1,2, (16-2) 

‘ r->co 

Every point P 4 =0 of A can be written as 

(16*3) 

with integral coefficients \ not all zero. Put 

p r = % r«+...+^r« (i6-4) 

then Pr^O, and P r hes in A r . . (16-5) 

Hence F(P r )^F(A r ). (16-6) 

Therefore .by the continuity of F(X), 

F(P) = lim F{P r ) > liminf F(A r ), * (16-7) 

» r-> oo r-^co 

as asserted. 


Theorem 19. Let A v A 2 , A 3} ... be a convergent sequence of lattices , say of limit A , 
and assume that <j> — limP(^l r ) exists and is positive . Let there also be a constant c> 0 

r—»-oo 

and an infinite sequence of points P l3 P 2 , P 3 ,... such that 

* P r 4=0; P r liesinA r , where 1,2,3,..., 

lim F(P r ) exists'and is equal to <p. 

r-> oo 


(16-8) 
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limP(/l r ) = F{A), 


(16-9) 


r-» oo 


and there exists a point P 4*0 of A such that 

F{P) = F(A). * (16-10) 

Proof . There is a positive number p such that the sphere | X | < p is contained 
in the star body F : F(X) < 1. Put 

c r = \p<t>. , (16-11) 

Then the sphere | X | < or is contained in the star body F(X) < c r/p, i.e.inP(X) < F(A r ), 
for all sufficiently large r, say for r > r 0 . Therefore for every point Q 4= 0 of A r , since 
F(Q)>F(A r ), 

\Q\><r if r>r 0 . (16-12) 

Let, in particular, Tjft Y ( £\ ..., 7£> be a reduced basis of A r and 7 1} 7 2 , ...,7 n a basis 
of A taken such that 


lim| Yff-Ygl = 0, where g = 1,2,...,». 

r-^-oo 

Then for r>r 0 , g = 1,2, 

On the other hand, from theorem 1, 

m>||7r|...|7«|<ynW 

Also, from the hypothesis, Ymd{A r ) = d{A), 


r-> oo 


hence 
and so 


\d{A) ^ d{A r ) <2cZ(/L) for r>r v say, 


(16-13) 

(16-14) 

(16-15) 

(16-16) 

(16-17) 


I 7«| 4;2cr<n-i)y n d(A) for r>max(?- 0 ,r 1 ), where g = 1,2,(16-18) 
. Since P r is a point of A r different from 0, 

P T = 4>7£>+... +4>7« (16-19) 

with integral coefficients ...,u ( £ not all zero. On solving this vector equation 
for 

d(A r ) | *»1 = | {7f, Yt \.... 7«} \\u?\ = | {Y$\ ..., 7« x , P, Tfti..... 7*?} |. 

(16-20) 

Hence the lower bound for d(A r ) and the upper bounds for Y*p and P r imply that 

K>l<c', . (16-21) 

where c! is a positive number independent of r and g. 

There exists then an infinite sequence of indices 

r — r x ,r 2 ,r 3 ,.... where lim r k = oo, (16-22) 

k-> oo 

such that the coefficients 

«^ = M ff say, where k = 1,2,3,...; g = 1,2,...,», 


(16-23) 
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assume integral values independent of Jc, and such that at least one of these integers 
u v ...,u n is different from zero. Further 


P n = u 1 7^ + ... +u n Y^\ where 

Jc — 1) 2,3,..., 

(16-24) 

and so the points P rk tend to the limit point 



P — • 4* ^ ^ 

(16-25) 

which is a point of A: From the hypothesis 



F(P) = lim F{P rk ) = lim F(P r ) = 

fc->oo r —>qo 

lim F(A r ), 

r-> oo 

(16-26) 

whence F(/L) < lim F(A r ). 

, r—>oo 


(16-27) 

Moreover, from the last theorem, 



F{A)^]im F{A r ), 


(16-28) 


r—>oo 


and so the assertion follows at once. 

17. Lattice points on the boundary of an atjtomorphic star body 

Theorem 20. Let K : F(X) < 1 be an automorphic star body , and let A be any lattice 
such that F(A) > 0. Then there exists a lattice A* and a point P* of A* such that 


F(P*) = F(A*) = F(A), d(A*) = d(A). (17*1) 

( Remark . A* need not be different from A. The theorem remains valid if F(A) = 0, 
but then is nearly trivial.) 

Proof . Assume that A contains no point P such that 

F(P) = F(A); (17*2) 

otherwise the assertion is certainly true. There exists then an infinite sequence of 
points P l5 ^ 3 - of A such that _ ' 

lim F(P r ) = F(A) > 0; (17-3) 

r->oo 

assume that all these points are different from 0. 

For each point P r select an automorphism Q r of K such that 

| Q r P r | < c. (17*4) 

Put Q r Pr=Qr, O r A = A r , (17-5) 

so that Q r belongs to A r , is different from 0, and satisfies the inequality 

\Q r \<C- (17*6) 

By the invariance of K, F(Q r ) = F(Q r P r ) — F{P r ), (17-7) 

hence from the hypothesis lim F(Q r ) — F(A) > 0. (17-8) 

r-Voo 
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Further, from theorem 17, Q r is of determinant + 1 , and so 

d(A r ) == d(A). (17-9) 

Next, it is shown that F(A r ) = F(A). (17-10) 

For if P runs over all points of /l —[0], then Q = Q r P runs over all points of A r —\0], 
and vice versa. But by the invariance assumption, 

F(Q) = F{P), (17-11) 

and by definition, 

F(A) = Lb. F(P), F(A r ) = l.b. F(Q), (17-12) 

P In A—10] Q in A r —[0] 

whence (17-10) follows at once. 

Finally', the sequence of lattices 

. A 1 ,A 2 ,A 3 , ... 

is bounded. For from (17-9), the determinants d[A r ) are bounded, and from (17-10), 

F(Q)^ F(A) for all points Q^O of A r . (17-13) 

Hence, if p is any number such that K contains the sphere j X | i.e. F(A) K 
contains the sphere | X \ < pF(A), then 

\Q\> F(A)p for all points <24=0 of A r . (17-14) 

From theorem 2 , there exists then an infinite subsequence of lattices 


A Tl , A rz , A ri , ... 

which tends to a limit, say the lattice A* ; from (17-9) 

d(A*) = limd(d r .) = d(A). (17-15) 

Hence the supposition of theorem 19 is satisfied if one substitutes therein for the 
sequence of lattices {A r }, the lattice A, and the sequence of points {P r } respectively, 
the sequence of lattices {A n }, the lattice A*, and the sequence of points {Q rj J of the 
present proof. The assertion follows therefore at once from theorem 19. 

Remark. Theorem 20 does not assert that every lattice A* satisfying 

F(A*) = F(A), d(A*) = d{A) (17-16) 

contains apoint P* such that F(P*) = F(A*). Thus take n = 2 and F(X) = | x x cc 2 1*. 
Then, as follows from results in the theory of indefinite binary quadratic forms 
(Koksma 1936 ), there exists an infinity of lattices A* such that 

F(A*) = 1, d(A*) = 3 , (17-17) 

and some, but not all, of these lattices contain points P* such that 

F(P*) = 1. 

The following particular case of the last theorem is of special interest. 


(17-18) 
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Theorem 21. Every automorphic star body K has a critical lattice with at least one 
point on the boundary of K. 

Proof . A lattice A is a critical lattice of A” if and only if 

F(A) = 1 , d{A) = A{K). (17*19) 

Now, from theorem 8 , critical lattices of K do exist; the assertion follows therefore 
at once from theorem 20 . 

Problem D. Does every critical lattice of an automorphic star body K have at least 
one point on the boundary of K? 

The example in theorem 20 does not answer this question, but makes it probable 
that the answer is in the negative. 

Theorem 20 further suggests the following: 

Problem E. To study the set d F of the values of d(A) where A runs over all lattices 
A satisfying F(A) = 1. 

The set d F has a smallest element which is, of course, A (K) ; this number and the 
other elements of the set may be considered as the successive minima of the lattice 
point problem for the body K: F(X) < 1 . Even in the case F(X) = | x x x 2 1*, d F is a 
very complicated set (Koksma 1936 ), and the same is to be expected for other un¬ 
bounded star bodies. It is then rather surprising that in the case of automorphic 
star bodies, all these minima are actually attained in the sense that to every element 
8 of d F there exists a lattice A * and a point P* of A* such that 

P(P*) = F(A*) - 1, d{A*) - 8. (17*20) 


18. The invariant subset of an automorphic star body 

Let K: F(X)< 1 be an automorphic star body, and let P be a group of auto¬ 
morphisms Q of K. We denote by E r the set of the points X in R n which have the 
following property: 

‘There exists a positive number a(X) depending .only on X such that 

| QX 1 <a(X) for all£ in J7 (18*1) 

This set E r is called the invariant manifold of K . It may contain only the origin, and 
it has the following properties: 

(a) If X lies in X r , and Q is an element of P, then Y = QX also lies in E r > and we 
may take 

a(7) = a(X). (18*2) 

For let be an arbitrary element of P Then Q % = Q t Q also belongs to P, and so 
by the definition of a(X), 

[i3 x F}=|i? 2 Xl<a(X). (m) 

12 
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(6) If X lt X 2 , ...,X m is any number of points of 2 r , and if t v t 2 , are real 
numbers, then t 1 X 1 + t 2 X 2 +... + t m X m also lies in X r . and we may take 

a(t 1 X 1 +t 2 X 2 +... + t m X m ) = | h | ®(^i) + |^| u(X) +... +1 t m | a(X m ). (18’4) 
Tor if Q is any element of r, then 

\Q(t 1 X 1 +... + t m X m )\ = \t 1 QX 1 + ...+t m QX m \ 

^ | |1 QX ±| +... +1 t m | \ QX m | ^ 1 1 \| ci'iX-j) +... +1 | a(X m ). (18‘5) 

Prom (6), S r is a li near manifold. Let it be of dimension 8 where and let 

"P lt :..,P S be a set of 8 independent points of 2 r . Then the points X of X r may be 
written as 

X = £ 1 P 1 +...+£ s P s (18-6) 

with real coefficients £ x , ...,£$; conversely, every such point X belongs to 2$. On 
considering this vector equation as a system of n equations for the n co-ordinates, 
we find on solving for £ x , ...,£ s that 

max (| |. |&|)<y|X|. ( 18 ' 7 ) 

where y is a positive number depending only on the choice of P x ,..., P$. 

(c) There exists a positive constant b such that if X is any point of 2 r , Q any 
element of P, and Y = QX, then 

6 _1 | X | ^ | P | <6jX |. (18-8) 

For let X = ^ 1 P 1 +... + £ S P S . Then 

| Y | = | £ x flP x + ... + | s QP g | <max (| £ x |,..., | £, |) (|flP x | +... + |fiP, |) 

<y| X | {a(P x ) + ... +a(P*)} = b\X\, (18-9) 

where b = y{a(P l ) +... + a(P s )}. 

Further if X is in S r and Y = QX, then Y is also in Z r and X = Hence by 

the same proof | X | < b\ Y |, whence the assertion. 

0 

Let now J r = KxZ r be the set of all points of Z r which’belong to K; we call 
J r the invariant'subset ofK. 

(d) The invariant subset J r is a bounded set. For let X be any point of J r . By 
definition 9, there exists a positive ; constant c and an element Q of F such that 

|flX|«c. (18*10) 

Hence from (c), | X | <6ji3X | ^bc, (18*11) 

as asserted. 

This result shows that the dimension 8 of U r and J r is at most n— 1. For let this 
assertion be false so that 8 = n. Then X r coincides with the whole space R n , and 
therefore J r is identical with K. Hence, from (d) 3 K is a bounded set, contrary to the 
definition of an automorphic star body. 
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Probably 8 satisfies the stronger inequality 8^n — 2. The following example 
shows, however, that 8 can be any integer iq. the interval 

0^8^n-2. 

Take for K the star body of distance function \ 

F(X) = max {{x\ +... + 2 $}*, | x M ... x n ’ (18-12) 

and for jTthe group of automorphisms 

*^1 ^ *^l? • • *3 ~ *^$9 %8 +1 = ^i+X^S+l9 ~ t> n X n , (18*13) 

where are real numbers of product t M ... = 1; then 2^ is the ^dimen¬ 

sional linear manifold 

= • •• = ^ = 0. (18*14) 

The automorphic star bodies with £ — 0 are of particular interest; then both E r 
and J r reduce to the single point 0. To this type belong, for instance, all the star 
bodies considered in § 15. In § 20, a general property of star bodies with 8 = 0 will 
be proved. 


19 . An improvement on theorem 13 

Theorem 22. Let K: F(X) ^ 1 be any star body of the finite type. Then there exists 
to every number e > 0 a positive number t = t(e) Such that every critical lattice A of K 
contains at least one point P satisfying the inequalities 

l^F{P)<l+e, \P\<L ( 19 * 1 ) 

Proof. By the remark to theorem 10, there is a positive number t* = £*(e) such 


that the star body 

K* = K '«*>: |X[ 


is of determinant 

A(K*)^{l+^j~ n A(K). 

(19-2) 

Put 

f = (i+£)«*, x** = (i+f)x*. 

(19-3) 

so that K** consists of the points satisfying 



F(X)< 1+|, = 

(19-4) 

then 

A(K**) =(l+ € ^ A{K*)>A{K). 

(19*5) 

Hence every lattice of determinant A (K) contains a point P 4= 0 for which 



F(P)^ l + ^<l + e, |Pj<£; 

(19-6) 


1 9r2 
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if the lattice is critical with respect to K, then moreover 

F(P) > 1, (19-7) 

whence the assertion. 

20. Automorphic star bodies with S r — J r = {0} 

Theorem 23. Let K : F{X) < 1 be an automorphic star body for which I r and so 
also J r consist of the single point 0. Further let A be any critical lattice of K, and e any 
positive number. Then there exists an infinite sequence of different points P l5 P z , P$,... 
of A such that 

1 < F{Pf) < 1 + e, where p= 1,2,3,— (20-1) 

Proof. Assume the assertion is false. There is then a positive number e and a 
critical lattice A of K such that the. inequality 

1 < F(Pf) < 1 + e (20-2) 

is satisfied by only a finite number of points of A, say by only the m points 

P P P • 

by the last theorem, m is not zero. It may be assumed, without loss of generality, 
that e and A have been chosen so as to make m a minimum, that is, 

There does not exist any positive number e* and any critical lattice A * 


of K such that the inequality 

1 < F(P*) < 1 + e* (20-3) 

is satisfied by less than m points P* of A*. 

This minimum assumption implies, in particular, that 

F{Pf} = 1, where p = 1,2, (20-4) 

for if, for instance, F(P m ) = 1 + 6 > 1, then, on putting e* = 8, A* = A, there are less 
than m points P* of A* such that 

l<F{P*)<l + e*. (20-5) 

Let now Q be any automorphism in P. Then from (20-2), (20*4) and theorem 22, 
the lattice QA has the following properties: 

There are just m points P* of QA for which 

1 < F{P*) < 1 + e, (20-6) 

viz. the points P* = QP 1; QP Z , ..., QP m \ (20-7) 

and, in fact, F{QPf) — 1, where ju,= 1,2, ...,m. (20-8) 

There is, moreover, a positive number t independent of Q and fi such that 

| QPp | ^ £ for at least one index p with 1 < p < m. (20-8|) 
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From (20-4), P m is different from O, and so does not belong to Z r . Hence there 
exists an infinite sequence 

{Of*} = {Q!f ,£%»,&*>, ...} (20-9) 

of automorphisms i2£ m) of K such that 

lim|4 m) P ro | =oo. (20-10) 

7*—>CO 

Now construct m— 1 infinite subsequences 

...} (20-11) 

of {Df^} according to the following rule: 

Suppose the sequence has been defined. If now 

lim | CffWP | = oo, (20-12) 

T —>- cO 

then let {&/>} be identical with 

Off) = Qf*+\ where r= 1,2,3,_ (20-13) 

If, however, liminf \Qff +v >P | (20-14) 

r-> oo 

is finite, then choose for an infinite subsequence 

Oft 1 = D^ +1) , Off' 1 = ... (20-15) 

of {Qff +X >} such that the point sequence 

^Pp -} ( 20 - 16 ) 

tends to a hmit, say the point P*. 

This means that the last sequence {12®} has the following properties: 

lim | £XpP m | = oo. (20-17) 

r->oo 

If p is one of the indices 1 , 2 ,..., to— 1, then either 

lim [ 12® | = co, -(20-18) 

r-> oo 


or there exists a finite point P* such that 

lim | QfpPp - P* j = 0. (20-19) 

r-> oo 

Denote then by p lt p 2 ,..., p g those different indices p with 1 < p ^ m for which 

lim | Q^Pp | = oo, (20-20) 

r-> oo 

by p%,p*,---,pt those for which 

lim | GfpPp -P* | = 0; (20-21) 

r-> oo 

hence g+h = t m. From (20-11) and (20-17), then 

g> 1, A>1- ( 20 - 22 ) 
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Since 12® is an automorphism of K, it is evident that 

dip? A) = d(A) = A{K), F{Q®A) = F{A) = 1 , where r = 1 , 2,3,... (20-23) 

(for the second equation, compare the proof of theorem 20), and so the lattices 


(20-24) 

form a bounded sequence. Prom theorem 2, one can therefore choose an infinite 
subsequence {Q r } of automorphisms 

Q 1 = i2®, Q z = 12®, 12 S = 12^ ... (20-25) 

in {12®} such that the corresponding sequence of lattices 

A x = fljyl, yl 2 = Q Z A, A 3 = 12 s yl, ... (20-26) 

tends to a limit, the lattice A*, say. 

Then from (20-23) it follows that 

' lim d(A r ) = A (K),. lim F{A r ) = 1. (20-27) 

r-»-oo r-> oo 

Further, from (208-J-), and the construction of {12^} and {A^j. each lattice 

A r = Q r A, where r = 1,2,3,..., (20-28) 

contains a point P< r) = Q r P^ r) with l</((r)<m—1, (20-29) 

such that P< r >+0,. | | < t, F(P < - r) ) — 1. (20-30) 

An application of theorem 19 therefore gives 

d(A*) = lim d(A r ) = A(K), F{A*) = hm F{A r ) = 1, (20-31) 

r->co r->oo 


which means that yl* is a critical lattice. Now a consideration analogous to that in 
earlier proofs makes it evident that the points 

p* p* p* 

z H*’ H * 9 ^ V 

as defined in (20*21), are the only points P* of /l* such that 


1^P(P*)<1+|; 


(20*32) 


moreover P(P*,0 = P(P* 2 *) = *•• = F ( p * h *) = 1- (20*33) 

Hence A * is a lattice of the same type as A } except that m is replaced by the smaller 
number h. This contradicts the minimum assumption (20*3); the hypothesis is 
therefore false and the assertion is true. 

Problem F. Does the assertion 'of theorem 23 remain true if E r is of positive 
dimension 8? 

Closely related to problem F is the following question which I also have not been 
able to solve: 
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Problem G. To decide whether there exists an automorphic star body K: F(X) < 1 
with thefollowing two properties: (a) The invariant manifold Z r is of positive dimension . 
* (6) There exists a critical lattice A of K and a positive number a such that 

F(P)^l+cc (20*34) 

for all points P of A which do not belong to Z r . 

21. Star bodies oe rastk 8 

The considerations in § 18 can be generalized and lead to the following definition: 

Deetnitiok 10. Let K: F(X) < 1 be a star body of the finite type with a group P 
of automorphisms Q, and let 8 be an integer such that 1^8^n—l. Then K is said to be 
of rank 8 with respect to T if 8 is the largest integer such that to every positive number t* 
and to every 8-dimensional linear manifold M containing 0 there is an element 
Q — Q(t*, M) of P satisfying 

| QX | ^ t*F(X) for all points X of M . (21*1) 

An example on this definition is given by 

Theorem 24. Let K be the star body of distance function 

r s 1 In 

F(X) = n Xp n (4+'r+Zr+e+o) > where r+2s = n, (21-2) 

p=l cr—1 ■ 

and let r be the group of all automorphisms Q of K defined by 

( x p = tp x P > where p = 1,2,...,r, (21*3) 

where <“•*) 

^r-fs+cr “ tr+s+cr x r+cr “b L+o-^r+s+crj (21-5) 

where t l7 1 2 , ...,t n are real numbers satisfying 

ILtpU (t 2 r + <r + t 2 r +S+ *) = 1- (21*6) 

p=l cr=l 

Further let r^ 0 , s^O, r+$> 1 . 

Then K is of rank r+s— 1 with respect to T 7 . 

Proof . An arbitrary linear manifold M through 0 of dimension r+s— 1 can be 
defined by 7i-(r-bs—l) = $ + 1 independent homogeneous linear equations 

a hl x 1 +a M x 2 + ...+a hn x n = 0, where h = 1,2, ...,5+1, (21-7) 

and where the a ?s are real numbers. Two cases may now be distinguished: 

(a) First assume that r > 0, and that at least one coefficient 

a hk .with 1<&<$+1, l^fc<r 

is different from zero, say the coefficient a n . 
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Then, on solving the equation, 

= ® ( 21 ‘ 8 ) 
for*!, x x — b 2 x z + ... + b n x n , (21-9) 

where b Zl ...,b n are real numbers; hence there is a positive constant y such that 


i a: i|<7{ a! l+"*+ a 4} 4 (21-10) 

for all points X of M. Put now t = y^H*, and apply the automorphism X' = QX 
defined by 

x — t~^ n x 2 — tx 2 , ..., x n = (21*11) 

that is x t = t n ~ 1 x , 1 , x z = t~ x x' z , ..., x n = (21-12) 

Then F(X) = F(X% (21-13) 

and from (21-10) it follows that 


whence 

t n F(X') n ^y{x ’ z ‘+... +<}* 

Hence 


l^|,r{(f + -. + (f }‘, ■ 


(21-14) 


n x' P n «+„+<+*+,) <rK+...+<}«^-w 

/> = 2 <T“1 

(21-15) 


t*F(Xr = ^Z(X') n ^ r| X' |* \QX\ = \X'\> y~ 1 HF(X) = **X(X), ( 21 - 16 ) 
as asserted. 

(6) Secondly, let either r = 0 , or assume that r > 0 , but that all coefficients 
a hk with 1 < ft < s -f 1, 1 < ft < r 

vanish. 

Then the equations defining M are of the form 

■ ®^m*r+i+%»r+ 2 »V+ 2 ++<»<&» = 0, where A = 1,2, ...,s+l. (21-17) 

Arrange the 2s co-ordinates x r+1) x r+2> ...,x n as s pairs 

(x r+<r , x r+8+(r ), vhere cr = 1,2,$. (21-18) 

Since the $ -f 1 equations defining M are independent, and since there are only s such 
pairs of co-ordinates, it must be possible to express at least one such pair of these 
coordinates in terms of the others. Now assume this is the pair {x r+1 , x r+s+1 ), and 
that on solving for x r+1 , x r+s+1 , the following equations are obtained: 

s s 

X r+1 = 2 (& £r # r _|_ cr + & cr £ r _|_ s _ { _ cr ), ^r-fs+1 = 2 (^cr^r+cr ^cr X r+s+cr)> (21*19) 

<r=2 <7=2 

where the coefficients b a , b^, c^, are real numbers. Hence there is a positive con¬ 
stant y such that 

x r+l + X r+S+1 ^ y 2 i x r+<r + ^r+s+o)’ 

cr— 2 


( 21 - 20 ) 
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for all points X of M. Put now t = yVp>t* nlZs > and apply the automorphism X' — QX 
defined by . 

x? p = x p> where p=l,2, (21-21) 

x r +1 = ^ 8- ® a: r+l> x r+s+l ~ ^ S_1 ^ c r+s+l> (21-22) 

= tx r+<r , x' r+s+<r = tx r+s+ff , where <r = 2,3,...,s, (21-23) 

or conversely, x p = x' p , where p—1,2, r (21-24) 

x r+l = t S ~ lx r-X> x r+s+ 1 = ^ la V+s-l-l> (21*25) 

x r+<r = t~ lx 'r+<T, x r+s+a = t^K+s+v’ wllere <* = 2 ,3, S. (21-26) 

Then again F(X) = F(X'), (21-27) 

and from (21-20) 

t^\x’ r ' +1 + < +s+ i) < yt- 2 S «+,+< +3+(r ) ^ yt- % [ X’ | 2 , (21-28) 

(T— 2 

whence 

t*°F(X'F<Y I X' I 2 n X ' P II (<+<,+<+»+,) <y| Z'| 2 +^-«=y|Z' I* (21-29) 

/ 3=1 < 7=2 

Hence | 42Z | = | Z' | > y-^ n t^ n F(X) = J*P(Z), (21-30) 

as asserted. 

Up to now it has only been proved that the rank 8 of Z with respect to Pis at least 
r-M— 1; one now proves that 8<r + s. This is trivial from definition 10 if s = 0. 
‘Let therefore s>0. Consider the special (r + <$)-dimensional linear manifold M 0 


defined by the equations 

* * z r+8 +<r = 0, where cr = 1,2, ... 9 s. (21-31) 

It suffices to prove that, however Q is chosen in P, there is at least one point X of 
M 0 such that 

\QX\<<J(n+l)F(X). (21-32) 

There is no loss of generality in assuming that the point ^Z is such that 

F(X) - 1; ■ (21-33) 

hence the point Z = (x v x r+1 ,x r+s , 0,0) of M 0 satisfies the equation 

n^n 4+<r = (2i*34) 

/?=1 cr=l 

but is otherwise arbitrary. 

Let nowi3 be any element of r, and X the point above of il/ 0 . Then the co-ordinates 
of X‘ = QX take the form 

X ' P = t p x p , where p = 1,2, (21-35) 

x r+t t ~ %+<T X r+<n x r+s+<r ~ tr+s+cr x r+<r> where <X — 1, 2,. S, (2J.-36) 

and where fl ^ II i^+tf+a+o) = 1. (21-37) 

P = 1 (T— 1 



K. Mahler 


186 

Choose now X in M 0 such that 



x p = t~\ where p = 1,2, 

(21-38) 


x r+tr ~ (^r-Hr'^r+s-Hr) - ^>1 

> where cr = 1,2,...,s; 

(21-39) 


x r+s+<r — 0, i 

(21-40) 

then evidently F(X) = 1, as assumed. This choice of X implies that 



x' p — 1, where p — 1,2, ...,r. 

(21-41) 


x' r ‘+r+x? +s+0 . = 1, where tr = 1,2, ...,s, 

(21-42) 

and so 

|X' | 2 = r+$<n + l, 

(21-43) 

whence 

\QX | = \X'\<J(n + l) = J(n+l)F(X), 

- (21*44) 

as asserted. This completes the proof. 



Theobem 25. Let K : F(X) ^lbea star body of rank 8 with respect to F, A a critical 
lattice of K, and e an arbitrary positive number. Then there exist £+1 independent 
points P 1? P 2 , ...,P 5+1 of A such that 


l^P(P /4 )< 1 + e, where p = 1, 2 ,..., 8+ 1. (21-45) 

Proof. Let the assertion be false, i.e. assume that there is a critical lattice yl 0 
of K and a positive number e such that all lattice points P 0 of A 0 satisfying 

l^P(P 0 )<l+e (21-46) 

lie in a certain ^-dimensional linear manifold M containing 0. 

Prom theorem 22, there is a positive number t such that every critical lattice A 
of K contains at least one point P such that 

* l«F(P)<l + e, \P\^t. (21-47) 

Further, by the last definition applied with t* = t+ 1, there exists an automorphism 
Q in P such that 

|i2X (V (t + 1) F(X) for all points X in M. (21-48) 

Denote now by P l9 P 2 , P 3 , ... 

* 

tiie points of A 0 for which 

l<.F(P r )<l + e, where r = 1,2,3,...; (21-49) 

by hypothesis, these points belong to M. Then the only points Q r of the lattice 
A = QAq satisfying 

1 ^ F(Q r ) < 1 + 6 

are those given by Q r = QP r , where r = 1,2,3,..., 
and for these points | Q r | = | QP r | > (£+1) F(P r ) **t+l, 
contrary to the existence result (21-47). Hence the assertion is true. 


(21-50) 

(21-51) 

(21-52) 
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From theorems 24 and 25, it is deduced that if K is the star body of distance 
function 

F(X) = ) x x x 2 ... x n \^ n , - (21*53) 

and A is any critical lattice of K, then there exist n independent points P l3 P Z ,.~,Zn 
of A such that 

F(P g )< l+e, where gr = 1,2,(21*54) 

however small e is chosen. Hence problem A can be solved in this special case, and 
the answer is in the affirmative. 

I am greatly indebted to Professor Mordell for his help with the manuscript. 
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The Raman spectrum of rock-salt 

By; R. S. Krishnan 

From the Department of Physics , Indian Institute of Science , Bangalore 
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[Plate 5] 

Using a non-luminescent crystal of rock-salt, a quartz spectrograph with a fine slit, and the 
2536*5 A res onan ce radiations of mercury arc as exciter, the Raman effect in rock-salt has been 
studied. The spectrum exhibits nine distinct Raman lines with frequency shifts 135, 184, 
202, 235, 258, 278, 314, 323 and 350 cm.- 1 . The frequency shifts 235 and 184 cm.- 1 repre¬ 
senting conspicuous lines in the Raman spectrum agree as nearly as could be expected with 
the position of the two subsidiary infra-red absorption maxima observed by Barnes & 
Czerny with thin films of rock-salt. The principal infra-red absorption frequency of 163 cm." 1 
is inactive in the Raman effect, but its octave is represented. 

The nature of the Raman spectrum to be expected is deduced on the basis of a theory due 
to Tamm, as also on the basis of another due to Fermi, the vibration spectrum of the rock- 
salt lattice being taken to be that worked out by Kellermann on the basis of the Bom lattice 
dynamics. The results are altogether of a different nature from those actually observed 
experimentally in the present investigation. The conclusion is thus reached that the Bom 
lattice dynamics does not correctly picture the vibration spectrum of the rock-salt lattice. 
On the other hand the observed facts, both in respect of Raman effect and infra-red absorp¬ 
tion, fit into the theoretical picture provided by the dynamics of crystal lattices recently 
worked out by Sir C. V. Raman. 


1. Introduction 

Rock-salt is the typical ionic crystal, and specimens of it are readily available. It 
was naturally, therefore, one of the solids with which the earliest attempts to record 
a Raman spectrum were made. The failure to obtain any results was explained by 
Schaefer (1929) as due to the fundamental vibration of the rock-salt lattice being 
inactive in the Raman effect. A little later, however, the employment of a more 
powerful technique enabled Rasetti (1931) to achieve better success. The spectrum 
obtained by him was reproduced, together with a microphotometric record, in a 
paper written jointly with Fermi (Fermi & Rasetti 1931), the latter author contri¬ 
buting some remarks on the theoretical aspects of the case. The spectrum as seen 
in the reproductions shows some noteworthy features, but no detailed descriptions 
or measurements were given in the paper. In view of this lack of detail in the 
published account of Rasetti’s experimental work and the fundamental importance 
of the case, it appeared desirable that the matter should be thoroughly reinvestigated. 
This has been done and the results are here reported. The facts disclosed by the present 
investigation are also fully discussed in the paper in the light of the current theories 
of crystal dynamics and of the Raman effect in solids. 

2. Experimental technique 

Following Rasetti, the present author has made use of the 2537 A radiation of the 
mercury arc for exciting the Raman spectrum. The arrangement, however, differed 
in some details from Rasettfs. In order to excite the 2537 A radiation with great 
intensity and without self-reversal, the procedure described by Wood (1912), was 

C 188 ] 



189 


The Raman spectrum of rock-salt 

followed, A vertical type quartz mercury arc was constructed in the laboratory with 
mercury cathode and an anode of tungsten. The arc was kept continuously evacuated 
by an efficient pumping system and was operated on 220 V with sufficient resistance 
to keep the current well below 2 amp. To secure continuity in the operation of the 
lamp, a considerable self-inductance was also included in the circuit. The cathode 
bulb of the arc was kept immersed in running water. The discharge inside the quartz 
tube was pressed against its wall with the aid of a powerful electromagnet. 

The specimen of rock-salt to be investigated was cut in the form of a rectangular 
block and its faces were well polished. The block was mounted with its longer axis 
parallel to the arc and facing the most intense portion of the discharge inside it. 
The light scattered transversely within the crystal was focused on the slit of a 
Hilger (E 3) quartz spectrograph by means of a condensing lens. The 2537 A radia¬ 
tion in the scattered light was effectively suppressed before its entry into the 
spectrograph by absorption in a column of mercury vapour. In order to prevent 
the rock-salt from getting unduly heated, a current of air was directed towards it. 
Under these conditions the temperature of the crystal was maintained below 40° C. 
In some of the earlier experiments, a 45° quartz prism was employed to enable the 
light scattered by the rock-salt along its longer axis to be utilized and focused on the 
slit of the spectrograph. With this arrangement, however, the strongest Raman lineof 
quartz (466 cm.” 1 ) came out feebly in the spectrogram (see figures 1 c and e, plate 5). 
In the later experiments, any possible complications of this nature were avoided 
by dispensing with the quartz prism and utilizing the light scattered by the rock-salt 
along the shorter axis of the blodk, though this was a less efficient arrangement. In 
order to get,a satisfactory resolution of the details of the spectrum, the slit of the 
instrument was kept narrow, the width employed being between 0-02 and 0*03 mm. 
Ilford special rapid plates were used. Exposures of the order of two to three days 
were usually given to get a reasonably intense spectrogram. 

3. Luminescence of rock-salt 

$ 

In the first instance, several specimens of rock-salt from the Punjab mines were 
tried out. It was noticed that they acquired a fugitive yellow coloration during the 
exposure to the intense source of ultra-violet radiation. To start with, the specimens 
were clear and colourless, but after a few hours of exposure the coloration began to 
develop, the intensity varying from specimen to specimen. The spectrograms 
obtained with the crystals exhibiting this effect show two prominent luminescent 
bands. The first of these extends from 2400 A up to 2600 A (see figure 1&, plate 5). 
The second band extends from 2800 A to the visible region. Figures 1 b 7 c,d and e 
represent spectrograms taken with four different specimens of rock-salt in which 
the coloration for the same duration of exposure was in decreasing order of mag¬ 
nitude. The intensity of the first luminescent band varies also in the same order. It 
is rather unfortunate that the intense portion of this band falls precisely in the same 
region where the Raman spectrum of rock-salt is recorded. It will be noticed that in 
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figures 1 b and c the Raman spectrum is masked by the luminescent band with the 
result that one can see scarcely any detail in it. In figures 1 d and e, where the band 
is comparatively of feebler intensity, one can see the Raman spectrum standing 
out of the background, but not with all its detail. The last two photographs, namely, 
figures 1 / and g, represent printings of different density of the same spectrogram 
taken with a crystal of rock-salt from Baluchistan. With this specimen the Raman 
spectrum came out clearly without being masked by luminescence, 

4. The Ramah spectrum 

Using the non-luminescent crystal, three different spectrograms were recorded. 
A microphotometric record of the best of the three is reproduced together with the 
spectrum itself as figures 2 a and b, plate 5. The spectrum of the mercury arc is 
also included as figure 2 c for purposes of comparison. The region between the 
exciting 2536-5 A and the faint mercury line 2561*2 A where the Raman spectrum 
falls, is fortunately quite clear of any mercury lines except an extremely faint one 
at 2548-2 A, which can with difficulty be seen in the spectrogram and reveals itself 
by a kink in the microphotometric record. Adjacent to the exciting 2536-5 A line, 
there is a band extending towards the longer wave-lengths with a clearly masked 
maximum of intensity displaced from it by about 60 cm. -1 . Rasetti thought that 
this was a Raman band. This view, however, does not appear to be correct, as a band 
with a maximum of intensity in the same position is also seen in the spectrum of, 
the mercury arc though with less intensity. It appears not improbable that this band 
is of instrumental origin. * * 

The Raman spectra recorded in the present investigation represent a considerable 
improvement on the work of Rasetti, a fact which may be ascribed to the use in the 
present work of the smallest practicable slit-width combined with an exposure 
sufficiently prolonged to record the fainter features properly. As is evident from 
figures 2 and 3, plate 5, the spectrum consists of a series of distinct Raman lines, 
of which at least six can be distinguished without difficulty. Their positions artf 
marked in figure 3, their frequency shifts from the exciting line as measured being 
respectively 135, 184, 235, 278, 314 and 350 cm. - " 1 . The line at 235 cm.” -1 is both 
sharp and intense and hence is the most prominent feature of the spectr um The 
oorresponding anti-Stokes line is also clearly visible in the .spectrogram. The lines 
with frequency shifts 184 and 135 cm. --1 , though weaker, are also sharp. Besides the 
six lines listed above, the presence of two other feeble lines with frequency shifts 
202 and 258 cm. --1 clearly resolved from their near neighbours on either side, has 
been established by a careful scrutiny of the spectrograms and the microphotometric 
records. The lines with frequency shifts 278, 314,and 350 cm. - " 1 appear rather broad. 
The microphotometric records suggest that this is due to the presence in them of 
imperfectly resolved component lines. Between the lines with frequency shifts 314 
and 350 cm." -1 , an inflexion at about 323 cm. - " 1 is seen in the microphotometric 
records, indicating the presence of still another Raman line with this frequency shift. 
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5 . The inera-red absorption spectrum 

In view of this wealth of detail in the Raman spectrum, it is of interest to recall 
the investigations of Barnes ( 1932 ) and Barnes & Czerny ( 1931 ) on the behaviour of 
rock-salt in infra-red absorption. By using thin sputtered films, they succeeded in 
obtaining more detail in the absorption spectrum and also greater accuracy of 
measurement. The principal absorption peak for rock-salt was located at 61-1 ± 0-3/^ 
(163 wave numbers), and besides this, the existence of two other subsidiary absorp¬ 
tion maxima was also established. These were located at 40-5 and 51 respectively, 
the former being the more prominent. 

We may here remark that there is no Raman line with a frequency shift 163 cm.- 1 , 
but this is not surprising, since according to the well-known selection rules, for a 
crystal with full cubic symmetry (Placzek 1934 ), the fundamental frequencies active 
in infra-red absorption would be inactive in light-scattering. We might, however, 
expect the octave of this frequency as a Raman shift. It is doubtful if either of two 
Raman lines, having frequency shifts 314 and 350 cm .” 1 respectively, can be ex¬ 
plained in this way, in view of the accuracy with which Barnes & Czerny claim to 
have determined the infra-red active frequency. As remarked earlier, however, the 
microphotometric records indicate the presence of a Raman line with a frequency 
shift of 323 cm.” 1 . This agrees nearly enough with the octave of the principal infra¬ 
red active vibration frequency. As the subsidiary infra-red absorption maxima are 
rather weak and appear on the slope of a steeply falling absorption curve, their 
frequencies (247 and 196 cm.” 1 ), as given by Barnes & Czerny, are probably uncertain 
to some extent. Indeed, it appears likely that they are the same as the frequency 
shifts (235 and 184 cm .” 1 respectively) of the two most conspicuous lines in the 
Raman spectrum. 

6. The vibrations oe the rock-salt lattice 

We shall now consider the significance of the facts ascertained by the present 
investigation in relation to the theories of the Raman effect in crystals which have 
been proposed by Mandelstam, Landsberg & Leontowitsch ( 1930 ) and by Tamm 
( 1930 ). As these authors take the Bom lattice dynamics as their starting-point, the 
task of comparing the consequences of their theories with the experimental facts 
is made much easier by the recent work of Kellermann ( 1940 , 1941 ) who has cal¬ 
culated the vibration spectrum of the rock-salt lattice on the same basis. Kellermann 
analyses the frequency distribution of the lattice vibrations by drawing separate 
curves for the £ acoustic 5 and c optical 5 waves in the crystal, these being subdivided 
into the * longitudinal J and c transverse ’ sets of waves. Each of the four distribution 
curves is a continuous one stretching between wide limits of frequency and ex¬ 
hibiting a single broad hump between these limits. The frequency spectrum obtained 
by summation of the four separate distributions is likewise a continuous one an# 
stretches from zero frequency upwards to about 320 cm.” 1 , exhibiting three humps 
in its course between these limits. The limiting frequency for acoustic waves of great 
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length is naturally zero; while for the transverse optical waves, Kellermann finds it 
to be 151 cm.- 1 , and this he identifies with the frequency of the ‘residual rays’ of 
rock-salt. This calculated frequency, it may be remarked, is not very wide of the 
observed infra-red absorption peak at 163 wave numbers. Kellermann offers no 
interpretation of the subsidiary infra-red absorption maxima observed by Barnes 
and Czemy at 247 and 196 cm. -1 . 


7. Theory or the first-order Raman effect 

Following Bom, Tamm ( 1930 ) assumes that the vibrations of the crystal lattice; 
in the acoustic as well as in the infra-red regions of frequency may be analysed into 
sets of plane waves extending through the crystal, each of a definite waffe-length. 
The application of the energy and momentum theorems to a collision between a 
photon and the vibration quantum leads to the formulae 

V m ^V l ±V <r , ( 1 ), 

■ (2)'i; 

where the v is a frequency and K a reciprocal wave vector; the suffixes l, m and <r 
refer respectively tp the incident light, the scattered light and the vibrational 
;%ayes. Since the difference between K m and K, is never great, it follows from equa¬ 
tion ( 2 ) that whenever there is an observable scattering, the wave-length of the 
lattice vibrations giving rise to it is comparable with the wave-length of the incident 
light and hence large compared with the lattice spaoings in the crystal. Henoe, the 
only vibrations which can manifest themselves in the Raman effect are those having 
such large phase wave-lengths. 

f The physical meaning of the relations stated in ( 1 ) and ( 2 ) becomes dearer when 
we consider the origin of the scattered radiations. Each volume element in the 
crystal is optically polarized under the influence of the electric field of the light 
waves traversing it, and this polarization is varied periodically by the vibrations 
. of the lattice. Hence arises an optical stratification of the medium having the same 
spacing as the phase waves of the mechanical vibrations. According to equation ( 2 ), 
the scattering of light with altered frequency may be interpreted as a kind of 
reflexion of the incident light waves by these optical stratifications. Alternatively, 
we may regard eadh volume element in the crystal pulsating with frequency v„ as 
a source of secondary light waves of altered frequency v m as indicated by ( 1 ). The 
optical pulsations in individual volume elements located everywhere in the crystal 
have coherent phase relationships and therefore also the scattered radiations 
originating from them. Accordingly, these cancel out by mutual interference except 
th the special circumstance indicated by equation ( 2 ); this equation is the condition 
for the agreement in phase of the secondary radiations from the different volume 
elements and their mutual reinforcement in the direction of observation. 
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8. Theory of the second-order Raman effect 

Coming now to the case of rock-salt, the changes of frequency due to the reflexion 
of the light waves by the acoustic waves of appropriate length would be too small to 
be recorded by a prismatic spectrograph. On the other hand, the limiting frequency 
for the optical waves corresponds to a vibration active in the infra-red but inactive 
in light-scattering. Hence, on the basis of the Tamm theory, rock-salt can give no 
observable Raman effect so long as the oscillations of the lattice and the resulting 
optical stratifications are assumed to be strictly of a harmonic type. Thus, to find 
an explanation for the Raman spectrum which is actually recorded with rock-salt, 
it become^necessary to consider the second-order effects which arise when the lattice 
oscillations are anharmonic and/or when the variations of optical polarizability are 
not exactly proportional to the atomic displacements. The optical stratifications 
would then not be of the simple harmonic type, either in respect of time variation, 
or in respect of space distribution. Considering a single set of plane waves of specified 
frequency and wave-length, a Fourier analysis of the optical stratifications arising 
from it in respect of time would yield additional terms (a constant term, octave, etc.), 
while a Fourier analysis in respect of the space distribution would similarly give a 
constant term, stratifications of half wave-length, etc. When two or more vibrations 
of different frequencies are superposed, apart from the overtones of the individual 
vibrations, combinational frequencies would also be present in the variations of 
optical polarizability. Corresponding complications would also arise in respect of 
the space variations. 

The general features of the Raman effect to be expected when the second-order 
terms are taken into account can readily be inferred on the basis of the ideas under¬ 
lying Tamm’s treatment of the first-order phenomena. An observable scattering of 
light with altered frequency can only arise when an optical stratification of corre¬ 
sponding frequency and of appropriate spacing exists, thereby enabling the photon 
and the crystal to exchange energy and momentum. It is evident that on this basis, 
the constant terms in the Fourier expansion of the space distribution can give no 
observable effect and may be ignored. Further, it follows that a second-order Raman 
spectrum exhibiting overtones and combinations of the lattice frequencies would 
be observed only in respect of the lattice vibrations which satisfy equations of the 
same general type as (1) and (2) but suitably modified. We may, for instance, expect 
the octaves of lattice frequencies to appear as Raman shifts when 

v m = Vj ± 2v v , (3) 

l m = K l± 2K„ (4) 

the factor 2 in equation (4) indicating that the optical stratifications of double 
frequency have half the phase wave-length of the mechanical vibrations as their 
spacing. 

The theoretical position may thus be summarized by the statement that the only 
lattice vibrations which can give rise to observable Raman shifts of frequency, 
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either of the first order (fundamentals) or of the second order (overtones and com¬ 
binations) are the so-called limiting vibrations which have phase wave-lengths 
large compared with the lattice spacings of the crystal. Since, according to Keller- 
mariTi rock-salt has onl^one limiting optical frequency, it follows that the second- 
order Raman spectrum should consist exclusively of a single sharp line with a 
frequency shift of double that frequency. As we have seen, however, the experi¬ 
mental facts are totally different. We are thus compelled to recognize that the theory 
of Tamm is incompetent to explain the observed behaviour of rock-salt in the 
Raman effect. 


9. An alternative theory 

Tp Ms paper written jointly with Rasetti, Fermi ( 193 1 ) ^- as sought to approach 
the theory of the Raman effect in crystals from a standpoint which is somewhat 
different from that of Tamm. He considers the crystal to be made up of numerous 
volume elements each of which includes a great many lattice cells but is, neverthe¬ 
less, of dimens ions small enough to justify neglect of the variations in phase of the 
incident and scattered light beams inside it. Fermi then proceeds to consider the 
phases of the lattice vibrations and the resulting variations of optical polarizability 
within a volume element. It is obvious that if such variations have a constant sign 
within a volume element, the scattered radiations from the individual lattice cells 
contained in it would reinforce each other and give an observable effect. Per contra , 
when the phase varies from cell to cell within the element of volume, the scattered 
radiations from the individual cells would cancel out each other’s effect, and thus 
give a negligible resultant effect. 

The approach suggested by Fermi would obviously be justified only if each volume 
element could be regarded as functioning independently of the others, in other words, 
if the vibrations of infra-red frequency in adj acent volume elements have no coherent 
relations of phase. This, it should be remarked, is a fundamental departure from the 
basic ideas of the Bom lattice dynamics. Nevertheless, it is not without interest to 
follow up the line of thought suggested by Fermi and to investigate what the 
Raman spectrum of rock-salt would be if the vibrations of its lattice were assumed 
to be those described in Kellermann’s paper. It is readily shown that the position 
is the same as on Tamm’s theory in respect of the first-order effects. The second-order 
phenomena, however, would be totally different. We are no longer concerned with 
the optical stratifications which figure so prominently in the Tamm theory. On the 
other hand, the space-constant but time-variable effects arising from second-order 
terms, which were previously insignificant, would now play the leading role. As a 
consequence, it follows that every mode of vibration of the lattice and not merely 
the vibration of limiting frequency would contribute its quota to the second-order 
Raman spectrum exhibiting the octaves and combinations of the lattice frequencies. 

According to KeUermann, the frequency of the transverse optical waves ranges 
from 119 to 194 cm.”" 1 . Hence, the octaves would appear in the second-order Raman 
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spectrum as a continuous band covering the range of frequency shifts from 238 to 
388 cm. -1 . The longitudinal optical waves should similarly give a continuous band 
covering the frequency range from 366 to 640 cm. -1 . If the acoustical waves could 
make any sensible contribution to the second-order Raman spectrum, this would 
similarly be in the nature of a continuous band covering the region of frequency 
shifts from 0 to 362 cm. -1 , which would partly overlap and intensify the band due 
to the transverse optical waves. Combinational frequencies would also manifest 
themselves, but they need not be discussed in detail, since the result of their super¬ 
position would not alter the general nature of the spectrum to be expected, namely 
a continuous band covering the region of frequency shifts from 238 to 640 cm . -1 and 
possibly extending towards lower frequencies, but not exhibiting any fine structure 
of the kind actually observed. 

10. General conclusions 

From the preceding discussion, it is clear that neither on the basis of the Tamm 
theory nor according to the modified approach suggested by Fermi, is it possible to 
reconcile the consequences of the Born lattice dynamics with the experimental facts 
of the Raman effect as observed with rock-salt. The discrepancies observed between 
fact and theory are of a far-reaching character, and extend to every aspect of the 
observed spectrum. Hence we are left in no doubt about the conclusion to be 
drawn, namely, that the vibration spectrum of the rock-salt lattice in the infra-red 
region of frequency, as deduced from the lattice dynamics of Bom, bears no resem¬ 
blance to the actual vibration spectrum. 

The normal modes and frequencies of vibration of the atoms in the space-lattice 
of a crystal have been investigated in a general manner by Sir C. V. Raman ( 1943 ) 
in a recent memoir. The conclusions reached therein regarding the nature of the 
vibration spectrum are altogether different from those envisaged in the well-known 
theories of Debye and of Max Born. It is sufficient here to quote the results of the 
memoir as applied to the particular case of rock-salt, viz. that the lattice structure 
of this crystal has nine characteristic modes of vibration in the region of infra-red 
'frequencies. These have been described fully (Chelam 1943 ) and the nature of the 
inodes is such that none of them can manifest itself as a frequency shift in the Raman 
spectrum of the first order. All the nine modes, however, are allowed as octaves in 
the second-order Raman spectrum. Only one of the nine modes is active in infra-red 
absorption. The eight other modes can only appear as octaves and*combinations in 
the infra-red absorption spectrum. 

That the Raman spectrum of rock-salt as actually observed is a second-order 
effect is clear from the fact that it is only recorded under the most intense excitation. 
Further, as we have,seen, the spectrum exhibits nine distinct Raman lines. The 
frequency shifts of the two most conspicuous of these agree as closely as could be 
expected with the frequencies of certain infra-red absorption bands. The latter, it 
may be inferred from their extreme weakness, are octaves and not actual lattice 
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frequencies. Thus, in all its details, the spectroscopic behaviour of rock-salt fits 
into the theoretical picture provided by the new approach to crystal dynamics. 
Further investigations would be required to determine with complete certainty the 
assignment of the frequencies observed spectroscopically to the particular modes 
of vibration possible. 

In conclusion, the author wishes to express his indebtedness to Professor Sir 
0. V. Raman, F.R.S., for kind encouragement and useful discussions. 
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Description of Plate 

Figure 1 . Spectrograms, two-fold enlarged: a, mercury arc and wave-length scale; 5, c, d, e, 
scattering and luminescence in four different specimens of rock-salt; / and g, Raman spectra 
of non-luminescent crystal. 

Figure 2. Spectrograms, six-fold enlarged: b, Raman spectrum; a, its microphotometric 
record; c, mercury afc comparison. Note. The diffuse band adjoining the exciting line to its 
right is seen both in b and c and is thus not a Raman band. 

Figure 3. Raman spectrum nine-fold enlarged and with frequency shifts marked. 
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The paper considers the interaction of an electron with a radiation field in the higher approxi¬ 
mations. Denoting by r/r n that part of the wave function which involves the nth power of the 
charge e and by i{r n , m that part of \jr n which refers to m photons, it is found that for a general 
solution are all finite and has finite parts i/r iA and but divergent yr iA . For 

the particular solution which corresponds to outgoing waves of the electron, all divergent 
integrals disappear. is zero for all m different from n, and the value of ir n , n can be 

written down easily. The solution makes it now possible to consider exactly processes 
involving any number of photons, whereas previously exact calculations had to be confined 
to-at most two photons. 


Introduction 

It is well known that the occurrence of divergent integrals in the quantum electro¬ 
dynamics of Heisenberg & Pauli (1929 a, b) imposes severe restrictions on the range 
pf application of their theory. These divergent integrals appear when we solve the 
wave equation. Thus, for the motion of an electron in an electromagnetic field, if 
we try for the wave function a solution of the form 

fr = ^o + #x + eVa + — > 

a series in ascending powers of the charge e of the electron, then it is found that 
and fr 1 are finite, but that xjr^ contains divergent integrals. In two recent papers, 
Dirac ( 1939 , 1942 ) has given a method of eliminating the divergent integrals occur¬ 
ring in fr 2 . Dirac’s form of quantum electrodynamics differs from that of Heisenberg 
and Pauli in two respects. It involves a certain A limiting process corresponding to an 
analogous limiting process necessary in classical electrodynamics to express the 
equations of motion in Hamiltonian form. Further, the representation used is 
different in that the wave function involves certain field functions as co-ordinates. 
This new representation requires for its interpretation both positive-energy photons 
and negative-energy photons, whereas in the representation of Heisenberg and Pauli 
positive-energy photons alone suffice. 

It is the object of this paper to continue with the solution of the wave equation 
of Dirac’s quantum electrodynamics to higher approximations in the perturbation 
theory, and so examine the higher approximation terms in the interaction of an 
electron with a radiation field. These solutions are important in that they will enable 
us to consider many physical processes to a higher degree of approximation than 
has been possible so far. In particular, the effect of radiation damping on the cross- 
section for scattering in the Compton effect can be calculated. 

[ 197 ] 
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The wave equation and its solution. First and second order terms 

Let us consider the motion of an electron in an electromagnetic field. Suppose 
that initially the electron is at rest. The problem, in which the electron is initially 
not at rest, can be reduced to this case by means of an appropriate Lorentz trans¬ 
formation. The wave equation is 

[^>o—«. (p — eA)—= 0 , (1) 

where m is the mass and e the charge of the electron, the four-vector x gives the time 
co-ordinate x 0 and the space co-ordinates x of the electron; p 0 , p are the energy and 
momentum operators given by 

Pq = i#3/3a; 0 , p = — ifodjdx; 

a and J3 are the usual Dirac matrices. The wave function \Jr is taken as a matrix with 
four rows and four columns, and not as a column matrix, because this representation 
is more convenient for averaging over the initial states. The units are so chosen that 
the velocity of light is unity. Using the notation*)* 

{tty bj = ^ a 0 6 0 — cL T b^ ~ UQ6Q--5i.fo 

for the scalar product, the four-vector potential A^(x) is given by the Fourier 
expansion 

A n {x) = (P)» k^dk {p = 0 , 1 ,2,3), ( 2 ) 

where (i) and are respectively the operators of emission and of absorp¬ 
tion of a photon with energy and momentum given by the four-vector HJc, these 
operators being defined only for k s = 0 ; (ii) Z means a summation over both values 
± ^(kl+kl+kl) for Jc 0 ; (iii) the potentials satisfy the commutation relations 

[A^x), A v {x'j\ = - Ig^A (x - %' + X) + A (x - x' - A)}, 

where A is the Jordan-Pauli A funotion. This leads to the following commutation 
relations for £ and £*: 

Htfv&kn ~ — Sk’vtkn = 0 > \ /n\ 

= -ig^ko+K) d(k—k') e-w>»j 

where d(k-k') stands for dfa- ) S(k 2 -&') S(k 3 - jfej) and A is a small time like 
four-vector so that 

A 2 = A 2 -A 2 > 0 . (4) 

The commutation relations (3) are different from those in the theory which uses 
on ty positive energy photons, in which case instead of the factor exp {— i(k, A)} 
there is a factor cos (Jc, A) in the right-hand side of (3). The relations ( 3 ) are more 
symmetrical, but the right-hand side has an imaginary part, showing that these 

t Summation from 1 to 3 is implied when Latin suffixes are repeated and from 0 to 3 when 
Greek suffixes are repeated. 
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operators are not self-adjoint. This, however, is not a serious limitation since the 
Hamiltonian is self-adjoint in the limit A-*-0. (iv) A 0 is zero here as we are con¬ 
sidering a single electron problem. 

The motion of the electron is described by the solution of the wave equation in 
the limit A-*0. 

To solve the equation (1) we try a solution of the form 

if = fa + efa + C 2 fa+..., (5) 

a series in the ascending powers of e, assuming that e is small. Then the successive 
coefficients fa, fa ,... are connected by the equation 

= — (a.A)^V-,. (6) 

When n = 0 this gives (p 0 —a.p—m/3)fa = 0. 

Hence - i^ 0 = ue~ ima 'J K , (7) 

where u is a matrix with four rows and four columns and satisfying the equation 

(1-J$)u = 0. (8) 

Denoting m/% by ju, fa is given by 

(p 0 —a.p—mj3) , i/r 1 = —(a.A).w~ 4flX o. 

Substituting for A from (2), we have 

(Po - a .p —mfi) fa = - {2n)~ x uk^ 1 dk. 

Hence 

fa = - (|A)i (27T)- 1 i: J(m - i 0 ft + . k - m^)- 1 a r ^ e**> ***** uk z 1 dk 

= - (P)i (27T)- 1 r|{(m - k 0 h) 2 - m* - m 2 }- 1 

x (m—k z fi—ha.k+mj3)a r ^] a .e^ k >*>~ i * x *ulc^ 1 dk, 

= — (£%)* (477-m) -1 Z J( 1 + Z 8 a s ) a r ^ e i(k ’ x ** ai * uk z x dk, (9) 

where (Z x , Z 2 , l z ) are the direction cosines of the vector k. 

fa is given by (p 0 -a.p-mfi) fa = - (a.A) fa. 

The right-hand side, when simplified by the application of the commutation rules 
(3), will give two terms—one of second degree and the other of zero degree in the |’s. 
We denote by fa >m that part of fa which is of the mth degree in the g’s, that is, the 
part that refers to m photons. When n is even m is even; and when n is odd m also 
is odd. . 



200 


C. Jayaratnam Eliezer 


i/r^ 0 satisfies 

[p 0 — a.p— mfi)ijr 2t0 = — +l a a s )a r g rt 8(k — k') 

x e i( - k ~ k '’ k ) uJcq 1 dk dk f 

= (1677V)- 1 2'Ja r (l + l a a s ) ct.e-^-^uk^dk. (10) 

In evaluating an integral of the form Ijjf(k 0 , k) dk we take 

J{/(A 0 ,k)+/(-& 0 , -k)}dk 

and integrate over the k space by using polar co-ordinates so that 
dk = k\dk 0 dQ = k\ sm&dk a d&d<f>. 

The right-hand side of ( 10 ) is then 

ct r e~ i/iX odQj & 0 sin fc 0 ( A 0 —1. X) dk 0 , 

& 0 cos& 0 (A 0 -l,X) sinJk 0 (A 0 —l.X)~l°° 

A^LX + (A 0 -1.X ) 2 , 

which can be taken as zero. Hence 

f 2 ,o = 0 . ( 11 ) 

^ 2,2 is given by 

(Po-a-p-m^)^ = (32/iTT- 2 )- 1 2727 JJ{a,( 1 + Z 8 oc s ) tx r +a r ( 1 + l' s ct a ) a,} 

x e i(k+Kx)-i/tx o uk^k'^dkdk', ( 12 ) 

where the right-hand side has been made symmetrical. Operating on ( 12 ) by 
p Q + a .p + my?, we obtain 

(pg-p 2 -TO 2 )^ 2>2 = (3^^2xJJ{»(l +/3)-K(Jc 0 +k' 0 )-fa.(k+k')} 

x {aj(l+ 1 ! s a s ) a r +cc T (l + l' s cc a ) <x t } £, k , t E, kr e i ( k+k ’- x '>- i t lx o uk^k'^dkdk'. (13) 

In solving an equation of the form 

(j»g-p z —m z )ifr = Fe i( - a o x o~* •*)!*■ (14) 

we note that apart from the solution (ug— a 2 —to 2 ) -1 Fe}( a o x o~* •there also exist 
solutions of the form 5(ag—a 2 —to 2 ) Fe i ( a ° x »-*•*>/» because 

(®o - a 2 - to 2 ) £(ag - a 2 - to 2 ) = 0. 

Hence the complete solution of (14) is 

f = {K ~ a 2 - m 2 )- 1 + <f>8(a\ - a 2 - to 2 )} <*r* • x)/ft , (15) 

where <j> is an arbitrary function of integration, which must be chosen to suit the 
special physical conditions of each problem under consideration. 


—2i(16n- 2 £()- 1 ja r (l + 4 a s) 
and J* fc 0 sinfc 0 (A 0 —l.X)d& 0 = j^- 
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Equation (13) is of the form. (14) with a 0 = #(&„+&£-/{), a = #(k+k'). Hence 
{al-tf-m*)*? = — 2y(k 0 + Aq) +‘2k 0 kp(l —1.1') 

= - 2 {y-k 0 (l - cos %)}(*; + J , 


^ ov ^- j r o >-*»(i-cos X )/’ 

where x is the angle between the directions of 1 and 1', so that 1.1' = cos%. Thus 
■ AXtn% _c.2_w»2\-_ zfj,' _M0_\ , 1 


<j>8{a% - a 2 - m 2 ) = 5 k' 0 H-- -\ , (16) 

| 2/4 — 2 i 0 (l — cos%) | (° ^-Ai 0 ( 1 -cosa:)J 

the result being expressed in this form because we are going to integrate first with 
respect to k' 0 . 

The simplest possible choice of <j> would be to take it as zero. Then the solution will 
describe an incoming plane wave and a spherical standing wave. It is found, as will 
be shown later, that these solutions lead to divergences in the higher approximations. 

The next simple choice of <j> would be to take it equal to a constant. But in the 
subsequent work, when we evaluate xjr%, i> this form of <f> is found to lead to divergent 

integrals of form Jj v; | _1 e ~ a « w-1 dw, where the range of integration includes w = , 0 . 

This integral does not tend to a finite value as A 0 -> 0. If, however, we take <j> = ±0 
according as [i — k 0 (l — cos x) < 0 , then the integrals in 1 have the form 

Jw ; -1 e iX o w ~ 1 dw, 

which does tend to a finite value as A 0 -> 0 . This choice has the physical interpretation 
that <j> ■— + C for positive energies of the electron and <j> = — O for negative energies 
of the electron, because the electron’s energy ju,-k 0 —k' 0 has the same sign as 
/* —& 0 (1 -cosy) when k 0 , k' 0 are such that the 8 function in (16) does not vanish, 
that is, when 

+ k 0 ) = kk’ 0 (l - cosy). 

When O is taken to be +in it is found that the solution corresponds to outgoing 
waves of the electron. For this case it will be seen that all the difficulties of divergent 
integrals disappear. 

It is convenient to employ the following notation: If b denotes a four-vector 
( 6 0 ,b)let b 2 and R b =M l+/})-b 0 -*.b. (17) 

Further let w =cosy = ?.!', w 0 —1—/i/k 0 , cr = £/iA 0 . (18) 

Thus the solution of equation (13) is taken to be 

^ 2,2 = (32m77- 2 )- 1 El JJfyjfc+fc' ± C8{y k+k ,)} R k+k {ct t {l + l s cc s )a r + a r ( 1 + l' s a 8 ) a,} 

x E, k , t ^ e i(k+!c '’ uk^ 1 dk.dk!, (19) 

where the sign in ± is determined by 

i I*/-. \ ^_J_MO 1 /OA\ 


± ^(‘Yk+k’) ~ 


$ K+- 


2/t — 2k 0 (l —cosy) \° {i — k 0 (l —coax))' 
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The higher approximations 

fra consists of two terms: fr ZiZ and fr s>1 . fr z z can be readily evaluated. We obtain 

fra,z =r — (P)* (64m%7r 3 )- 1 2ZZ JJJ{7*+*'+** ± C8(yk+k’+k’)} {y£+*' ± G${y k+lt ,)} 

x -^k+k'—k" a fl-®fc+fc'{ a i( 1 + h a s) a r + a r( 1 + a s) #<} St's £*'< ikr 

x ^(fe+fc'+i',®)-^ uik^k^dkdk'dk". ( 21 ) 

fra,i is given by 
(p 0 -<x,.p-mfi)fr 31 

~ (P)* (32mv 3 ) — C8{yj c +k')} tx ’q^k+k‘{ cc t( i + *,«*) a r 

+a r (l+Z'a s ) ajgr 8 ^(k"-k') i kr e *<fc+*'-&', A) jfc'-i ^ ^k' ^ 

where the right-hand side has been reduced by the use of the commutation rela¬ 
tions (3). Integrating with respect to k" we obtain 

( ft -«. r -«fl^ 1 _-(P)»(3w^*irJJ{ yr * t . ± o J(n+l , ))a , Sj+ ^ ffil(l+Iia _ )c(r 

+Ct r (l + l' a a a ) u t } £ kr e^*)-^o-WA) uk^-Hkdk!. 

Hence |fr M = - iW ( 8 ^)-J^ 7 t )-i W ^)^ uk^dk, ( 22 ) 

where v 

7 =irj{y^Jj.-+ OS(y k+k ,)} oc t R k+k ^a t (l + l s a s ) cc r +afrl + l' a ix, a ) a t } k'^dk'. (23) 

We have taken X as zero, which is permissible from the inequalities (4). To evaluate 
I we note that i£f(k' 0 ) is any polynomial and a is independent of k' 0 then 


-a E+S“* 




= — 2mf(a) e -t ’ aA o. 


We have used here the result f x n e ixc dx = 0 , 

J —oo 

for any positive integer n. Again 

jf(^o) $(K — a) e~ xk a\ dk' 0 = 2f(a) e -i °Ao. 
Hence 2 1 J {( K ' 0 -a)~ 1 +CS(k' 0 - o)}/(k') e-^o dic' 0 = 2(C- %n)f(a) 


(24) 
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Thus 

.as^{* 1+ 0-^ 1+ w + ^< 1+ ^ 

x{a i {l + l s oc s )a T +x r (l + V a a s ) aj exp ) sin d'dd'thp'. 

\w — WqJ 

When integrating with respect to <j> ( it is convenient to take the direction of 1 for 
the polar axis and then to express the result in tensor form. Thus 

I ltd<f>' = 2nwl t , 

2ir 

lg l' t d<f>' = n( 1 — w 2 ) Sgt+n(Zw 2 — 1 )L L. 


Substituting and reducing to a simpler form we obtain 




fir /* 2 t t 

= (C in) 

Jd'~oJp= 


= J 1 [ 4 i“ a r - K{ 2a r( 1 + h a») + Zl s otgCc r -a r +wl p a t cc p a r a t +wl 8 l p a t a 8 a r a p a t 

+ ~ - ~ - (2a r +Zl s a s a r +wl p a, a r a p a t +2wl a cc r cc s - wcc r +w 2 cc r ) J exp {-^^jdw 

x a r exp ( *^° \ dw 
r \w-wJ 

= ( C-i7T)7r/l f r(#-l-U) ~7 ^(ir - 1a~^~ ^“s)? \2 

J-iLUo 8 s /w-w 0 \k 0 kg 8 j(w-w 0 f 

+ Fi 2 -C + 5 + F. ! *“‘ +a '“‘)]“' eJtI '(«J‘ i “’' (26) 

where we have omitted certain terms in l r and (1— JS) owing to the relations 


h£hr ~ ®> (1 — fi)u — 0. 

We can perform the integration with respect to w, substitute the value of 7 in 
(22) and show that fa, 1 tends to a finite value as A* tends to zero. But for our purposes 
here, which is to use this value of f 8il to evaluate ^ 4>2 and fa >0) “we should retain 
A 0 to the end of the computations. The important result is that fa x is free from 
divergent integrals. 

To proceed to terms of the fourth order, we note that consists of fa 4 , fa t 
and fa, 0 . 

can be written down easily, the expression for it being similar to that 
of ^ 3>3 in (21). • 

is given by 

(p 0 -a-P-^)^4,2 = - (P)* (2 n)- 1 joc P {i k - p «***• x) fa, i + i%> p fa^ k^dk!". 
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The part arising from y 3>1 is free from further integration. The part from oan 
be reduced by applying the commutation relations (3) and integrating -with respect 
to k'". We then integrate with respect to kg and then when we integrate with respect 
to the angle variables we obtain integrals of the form 


= limPp 
A 0 ->o J —i 


(w—w 0 )~ n 
^j{(w + a) 2 + b 2 } eX ^ 



(n = 0,1,2,3), 


(27) 


where P denotes the Cauchy principal value. These integrals are examined in 
Appendix I and shown to be all convergent and finite as A 0 ->0. Thus the theory 
does provide a finite solution 
^ 4 ,o is given by 


(4> 0 -a.p-m/?)^ 0 = - (P)i (2 tt)-i zjcc p £*% e~^> 

= — pJ(2 8 to^tt 4 )- 1 a r {/4( 1 +/?) - /c 0 (l + l 3 ot s )} Iue-^o-^o k^dk. 


where we have used the commutation relations (3) and integrated over k' space. 
Operating on this equation by j3 0 + a.p+ m/?, we have 


(i>o-P 2 - w 2 ) = (1 +J3) (2 8 /i7r 4 )- 1 2’J a r ( 1 + l s <x„) Ivie-^ h^dk. (28) 

Substituting for I from (26), using the commutation relations satisfied by a and /?, 
and the relation /3u = u, we obtain 


(pg-p 2 -m 2 )^ 40 = (2V)-i(C-^) 3iJ + + 

JJiw-Wo k 0 (w~w 0 ) z kl{w-w 0 )*\ 

xwexp j^-i/{a; 0 -i* 0 A 0 + dwdQdk 0 . 

Integrating with respect to Q, and using the substitutions 
*, * 
w 0 = l—filk 0l w—w 0 = 2t, k 0 = l/ix and cr = A 0 , 

we obtain (p^P 2 -m 2 )f 4>0 = 3 ( 2 « 77 2 )- 1 (( 7 -i 7 r) ^ue^Q, 

L — a: 2 — 3aj 4- m 2 


wta, ■ rf + ** + w) H -*)] ■**• 

This integral is evaluated in Appendix II, and it is found that 


(29) 


(30) 


Q = (I j_J X + J ~ 4d<r) J 0 (2or) + 2(i - 1) Jtfcr)}, (31) 

where J 0 and are Bessel’s functions. We thus see that except for C*=in we are led 
to divergent integrals for f it0 . For G = in, equation (24) shows that 


frn.m ~ 0 for all TO + «. 


(32) 
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The physical interpretation of taking C as in is that we are taking only those 
solutions which correspond to outgoing waves of the electron. To show this we 
follow a method given by Dirac (1935) for the treatment of collision problems, where 
he shows that for outward moving particles, the solution has a factor 

(W-WfL-itnUW'-W). ( 33 ) 

In the case considered by Dirac (1935), it applied only to positive energies and we 
must verify that it also applies to negative energies. For negative W or W', some 
alterations in the equations of (Dirac 1935, p. 198 ), will have to be made. Thus on 
the right-hand side of equation ( 27 ) (Dirac 1935), instead of W we would have 
— W' = \W'\, while in equation ( 28 ) there would still be W'. Then the condition 
( 33 ) above means that the coefficient of exp (iP'rjfo) vanishes and the term with 
exp (— iP’rjh) remains, P' being positive. The phase factor thus will be 

exp i( — P'r — W't)lh which is exp i( — P'r + | W' | £)/&, 

and hence the solution corresponds to outgoing waves of the electron, for both 
positive and negative W. It remains to show that the condition ( 33 ) leads to the 
value in for C. Now 

W'=y-k 0 -k’ 0 , |F|=V{(k+k ') 2 +4 

The sign of /i—& 0 (1 — 1.1') is opposite to that of W' (or W) for both positive and 
negative W. Hence 

_ l _ + 1 Mq. 1 

(/* — /c 0 — «r^) 2 —— (k -h k') 2 2/i — 2* 0 ( 1 — 1.1") \ 0 A — * 0 ( 1—1.1')J 

• = W+W [w'-w~ m8{ ' W ~ ■ 

For values of C other than in we see that ^ 4 0 contains divergent integrals. When 
0 is zero the solution corresponds to an incoming plane wave and a spherical 
standing wave. That this solution which involves only rational functions as integrand 
should lead to divergent integrals is unexpected in view of a statement made by 
Dirac, as quoted by Pauli (1943) that 'every (single or multiple) integral with a 
rational function as integrand is made convergent for large k’s by the simultaneous 
application of the A limiting process and the negative energy photons’. We now see 
that this result is not necessarily true for all integrals with rational integrands, for 
it is not correct to say that every integration will always lead to rational functions. 
Integrals with respect to Jc 0 will be of the form 

pj f(k 0 ) (k 0 - a )- 1 e-*Vo dk 0 , 

where a is independent of k$ but is a function of 6 , <j>, k', k", .... This integral has the 
value —2 inf{a)e~ iaX <> which when integrated over the directions of k may lead to 
non-rational functions of k', k",.... We see that this does happen when we evaluate 
the integral I in ( 23 ). 
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Discussion 

We thus see that in the general solution with the constant C arbitrary, i/r 0 , 
ijr z are all finite, and ijr l contains finite parts and but divergent ^ 4 > o- The 
particular solution with C equal to in, that is the solution corresponding to outgoing 
waves of the electron, is free from divergent integrals to any order of approximation 
in the perturbation theory. \]s ni n is zero for all m different from n. The value of ^ n>n 
can be written down easily for any n, the expression for it being similar to that of 
^8,3 in (21). 

The solutions here obtained are important in that they can be used to consider 
various processes involving any number of photons, whereas previously all accurate 
determinations had to be restricted to processes involving two photons at most. 
For example one can now calculate rigorously the probability of one photon splitting 
into two or more photons in the presence of an electron, or the probability of annihi¬ 
lation of an electron and a positron with the emission of a number of photons. Again, 
one can now include exactly the effect of radiation damping on the cross-section for 
scattering in the Compton effect. The principally important term that is likely to 
lead to alterations in the Klein-Nishina formula for the scattering cross-section is 
the term e 4 ^r 4>2 and this is found to be zero. Bhabha ( 1942 ) has from general con¬ 
siderations given reasons why there should be modifications in the Klein-Nishina 
formula. It is just possible that the term e 4 ^ 4> 4 may give rise to certain contributions 
towards the scattering cross-section, since two of the four photons, to’ which this 
part of the wave function refers, may be such that they have the same frequency, 
and one is absorbed and the other is emitted in the same direction, thus giving a 
process which is indistinguishable from one in which two photons take part. In this 
way it may be possible to reconcile Bhabha’s conclusions with the results of this 
theory. The examination of this question and the calculations of the modification 
of the Klein-Nishina formula is now in progress and will be dealt with in a further 
communication. 

This work was begun at Cambridge under the supervision of Professor P. A. M. 
Dirac.and was completed under the supervision of Professor H. J. Bhabha at Ban¬ 
galore. To them both I express my deepest gratitude. I also thank Professor Pauli 
whose helpful suggestions by correspondence I greatly appreciate and also the 
University of Cambridge for the award of the Isaac Newton Studentship. 


Appendix I 

We discuss here the convergence of the integrals (27) and examine their value 
as Aq tends to zero. 

If! w 0 1 > 1, that is if < \ji, then clearly the integrand is finite everywhere in the 
range of integration and there is no difficulty about convergence. 
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If | w 0 1 < 1, that is if k 0 >\fi, then the integrand becomes infinite at the point 
w = w 0 . The discussion becomes simpler if we transform the integral by putting 
w—w 0 = — vr x for w < w 0 , and w—w 0 = tr 1 for w > w 0 . Then 

AI n = lim I (— 1 ) n I u n ~\v? — 2Bu + C') _i e -4 ”** du+\ v n ~\v z + 2Bv +C) -i e ivX *dv\, 
a 0 ~>o [ J p J a j 

where A , B and 0 are certain constants involving a, b and w 0 , p = (1 and 

q = (1 — Wq)" 1 - jp and q are both positive. We have to take the limit A 0 tends to zero 
after and not before integration. It is convenient, for the purpose of evaluating this 
limit, to expand the integrand as a power series thus, 


Then 


(1 - 2jRr + <7a 2 )~* = £ a r x r , (1 + 2Bx + Cx*)~* ** 2 b r x r . 

r- 0 r=0 


f u n ~ 1 (u 2 —2Bu+ Cy*e~ iuX odu = f (t 2 —2BX 0 +OXl)~ i t^~ 1 e~ it dt 

J P Jp^o 

= K 1 f 00 (*/Ao) n - 2 ( 2 a r {X 0 lty\ e^dt. 

J jjAo b=0 / • . 

The validity of integrating the function as a series can be justified.. For m > 1, 
j t~ m e~ 4t dt = f(l— m)~ 1 t 1 ~ m e^ tt + |*i(l— m)~ 1 t 1 ~ m e~ 4t dt 1 1 . 

JpK L J JpAo 

By successive reduction the last term will be f t^e^dt, which for small A 0 is of the 

J pA„ i 

order of log A 0 . Therefore 


ir x f° 

j p 


A»i-i t~ m e~ ii dt-^{m — l)~' l p l ~ <n as A o -»-0. 

! pK 


Hence 


I 0 = — A- 1 2 (r+l)- 1 (a r p- Jr - 1 +b r q~ r ~ 1 ) = f * A- 1 (l — 2Bx+Cx*)- i dx 
r=* 0 J P~ l 

-J 1 {.(w+a)*+b*}->dw = log) [(a+l)+{(a+l) 2 +6 2 } i ]/[a-l+{(u-l) 2 +6 2 P] |, 

(34) 


f* oo r oo 

AI 1 = ^\ t- 1 e- ii dt +1 i 
J P%b v (JfAo 


t~ 1 e~ ii dt+ t-H-^dt— S r -1 (a J .p -r — b r q-^) 


r-1 


= wr+log (p/q) — f {(w 2 —+ (7)“* — it -1 } cZm + f {(v 2 4- 2Bv + (7)-*—® -1 } dv 
Jp J a 

= i7r+log\{p-B+(p*-2Bp + C)l}l{q+B+(q* + 2Bq+C)% (35) 
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= -p-q+cti f" fV«4 + 6 , f" t- 1 e~ ii dt+ £ (r-l)^(a^+&rS^ f ), 
JpA 0 J «A 0 r« 2 

=* iuB—p — q+B log ( qfp) -f f {w^ 2 — 2i?u + (7)“* ~ 1 — Bu~~ x } du 

Jp 

+ f {v(t? 2 + 2ifo + (7)“* — 1 + Bv ~ 1 } dv 

Jq 

= i7ri? - {(^> 2 — 2 jSj? 4- (7)* + (? 2 + 2 jB# + (7)*} 

-51og|{j3-5 + (p 2 -2^+ C)i}/fe + -B+(tf 2 + 2£? + C) 4 } I. 


(36) 


2AI a = p 2 - q* + 2a 1 (p + q) + 2a 2 {in +log (q/p)} +2S(r-l)‘ 1 {6 r 9 ' 1_r - o,2> 1-r } 

r=2 

’ = in{C +15 2 ) + (jp + 35) (p* - 2Bp + Cf - {q - ZB) (< q 2 + 2Bg + (7)* 

+ (3.B 2 -C , )log|{^-B + (39 2 - 2Bp + G)i}l{q+B+(q*+2Bq + (7)*} |. (37) 
Thus the integrals (27) are all finite and convergent as A 0 tends to zero. 


Appendix II 


To determine Q of (24) we can take the principal value of the integral, that is, we 
take the range of integration with respect to x to be (— H, H) and then we make H 
tend to infinity. The contribution from the second and third terms in the curly 
bracket in (24) is seen to be, by direct integration with respect to t, 


f H "|i(l — 5x + Zx 2 —x 3 ) 

J-B Ll <rx(l-x) 



■a*;- 


l+* 2 “ 

~o*ap m _ 


dx. 


(38) 


We have taken as zero the value of certain terms which oscillate at infinity about 
the mean value zero. 

To evaluate the first term in Q we note that if we directly integrate with respeot 
to t the result will involve the logarithmic integral, and its subsequent integration 
with respect to x will prove difficult. To avoid this difficulty we invert the order of 
integration. It is simpler to first transform to a new variable y = t _1 and to cut off 
those points liable to lead to difficulties of divergence. The integral is thus taken as 


lim 

jE —>00 
£->0 


Of'-CE-D} 


X_ cc 

—— eWv-^dydx. 


(39) 


Inverting the order of integration, which process is seen to be justifiable for the area 
under consideration, and then taking the limit A -> oc and e -> 0 , and omitting 
certain terms which vanish as if-*oo, we obtain 

y~ x&i,rv d v - j) sr 1 ^ <%, 

/(*) = f(l—«) er iax dx = {i£r- 1 (l -x) - <r~ 2 } e~ i,TX . 


where 
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Thus (39) gives 

J _ a {* flr-1 ( 1 -y)~ «rV dy ~j {icr-y-% +1 ) -1 - o- 2 y -1 } exp | ~ur(y - J d V 

?= — ia~ x J dx+j {i(r~ 1 ar 1 ( 1 —a:) -1 — cr -2 # -1 } exp £icr^ — * j J dx. 

Hence from (38) and (39) 

«-j: 


This integral is convergent at the origin, and by integrating by parts the terms 
containing a: 2 in the denominator we obtain 


-S-ilOC 


i (2 — 5x + 7# 2 — 4# 3 + # 4 ) + x — 1 


<rx(l— x)* 


<T*X 


(40) 


The second integral, in spite of its complex appearance, can be evaluated easily as* 
follows. We first change the variable from a: to t where x — 1 — t and then to <j>, where 
t = pP. It is thus found to be 


2<r _2 e~ 2 * r J [{i 2 — icr(t 2 + 1~ 2 )} cos cr(t + i _1 ) + {1 — <£<r(l + $ 2 )}(sin<r(J+i~ 1 )] (f 2 — l)~ x dt 

r oo 

= 2<r- 2 e~ 2i<r J {2 cosh^J cos (2cr cosh^) + (1 - 4wr cosh 2 ^) sin (2<r cosh^)} d<j> 


n „ „ r dP n . d 2 P ~I 

2 0 -ae-tor|^__ + p_ Mr __J j 


where 


nr 

P = sin (2cr cosh <f>)d$ = ~/ 0 (2cr), 
Jo , * 


J 0 being the Bessel’s function of zero order. Hence 
dP d*P 

fo = ~ nJ i( 2 <r), jgs - - 27r{J 0 (2cr) - (2c-)- 1 J x (2<r)}, 


where is the Bessel’s function of the first order. 

We finally obtain 

Q - (*-^) J%fc+^e-*^(l-4«r),/ 0 (2<r) + 2(i-l) Ji(2er)}, 

which is the result quoted in the text, and which shows that Q contains divergent 
integrals. 
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The application of quantum electrodynamics 
to multiple processes 

By 0. Jayaratnam Eliezer, University of Ceylon 
{Communicated by P. A. M. Dirac , F.R.S.—Received 12 September 1945) 

The higher approximation terms of the interaction of an electron and a radiation field, 
which were obtained by the author in the previous paper, are applied here to investigate the 
probability of multiple scattering processes. It is shown that the probability of certain of 
these processes could be large. In particular it is shown that the probability of a photon 
dividing into a number of photons in the presence of an electron is appreciable under 
certain circumstances. This result shows that quantum electrodynamics does not disallow, 
as was believed earlier, the existence of photon showers in which the quanta are emitted 
simultaneously. 

Introduction 

1 . The well-known difficulty of occurrence of infinite integrals in the higher 
approximation terms of the interaction of an electron and a radiation field has made 
it so far not possible to consider exactly various multiple scattering processes. 
Recently, the author (Eliezer 1946)* has investigated the interaction of an electron 
and a radiation field, on the basis of Dirac’s formulation of quantum electrodynamics 
.(Dirac 1939, 1942), and shown that the higher approximations of this interaction 
are free from the usual infinite integrals. The three features ,of this theory which 
bring about the elimination of these divergent integrals are: 

(i) the A-limiting process, which is used to express the equations of motion in 
Hamiltonian form, and which introduces a convergence factor of the form 
exp {— i(k , A)} in the commutation relations; 

(ii) the use of negative-energy photons as well as positive-energy photons in the 
process of second quantization; 

(iii) the use of only those solutions of the wave equation which correspond to 
outgoing waves of the electron. 


* Referred to here as I. 
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The usual difficulties in quantum electrodynamics being thus removed, it becomes 
now possible to investigate exactly various multiple processes involving any number 
of photons, whereas previously all exact calculations had to be restricted to pro¬ 
cesses in which at most two photons take part. These multiple processes are important 
for the following reasons. These are typical quantum effects, and their probability 
cannot be estimated from the classical theory by using the correspondence principle. 
Also, the existence of showers in cosmic radiation makes it desirable to know if in 
photon showers the quanta are emitted simultaneously or one after another in a 
short range. By calculating the order of magnitude of the transition probabilities 
for these multiple processes we shall be able to see whether these probabilities as 
given by the present theory of quantum electrodynamics are large enough to explain 
the phenomenon of photon showers. 

In this paper we consider scattering processes in which an electron and three 
photons are involved. The calculations can then be extended in a straightforward 
way to processes involving a larger number of photons. We follow here a method 
which was used by Dirac ( 1930 ) to calculate the scattering probability in the 
Compton effect. It will be shown that the theory does not disallow the possibility 
of photon showers in which the quanta are emitted simultaneously in a single 
process. This conclusion is contrary to that of Heitler ( 1936 ), who has also considered 
this problem but who arrives at the result that the theory does not explain the 
production of showers. We believe that this discrepancy is due to the fact that 
Heitler restricts all the frequency of all the emitted photons to be of the^ame order 
of magnitude. If, instead, we permit at least one photon to have a low frequency 
while the frequencies of the rest can be of any order, then it will be seen that the 
probability of the multiple processes may become considerable. We shall show that 
the probability of a multiple process varies as &JT 1 , where Jc 0 corresponds to an 
emitted photon of low frequency. In this way we see that quantum electrodynamics 
does support a theory of showers which supposes that all the light quanta are 
emitted simultaneously. 


The wave equation and its solution 

2. Following the notation employed in I, the wave equation for the motion of 
an electron in an electromagnetic field is 

[p 0 —eA 0 —a.(p—eA.)—mft]i/r=Q, (1) 

where A fl is the four-vector potential of the electromagnetic field. For the present 
problem A 0 may be taken to be zero. It is convenient to take units in which c, the 
velocity of light, is unity, and hj2n, where h is Planck’s constant, is also unity, ijr is 
taken as a matrix with four rows and four columns, instead of the usual column 
matrix, since this representation is more convenient for averaging over the initial 
states, which averaging becomes necessary later. 

14-2 
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The equation ( 1 ) is solved by a perturbation method by expressing the wave 
function as a series in ascending powers of the charge e of the electron, thus 

f = ^ 0 + e^ x + e 2 ^ 2 +..... (2) 

It is assumed that e is small enough for such an expansion to be valid. The successive 
terms ifr l9 ... are connected by equations of the form 

(Po - ol .p — m/3) f n = - ( a • A) f n - 1* ( 3 ) 

The solution has been investigated in detail in I. It has been shown that if we 
take only those solutions which correspond to outgoing waves of the electron then 
all the divergent parts, up to any order n in the approximations, become eliminated. 
We shall therefore assume that tlje solution is free from divergences, and consider 
only that part of the wave function which is appropriate for transition processes in 
which three photons take part. 

In general, the wave function i/r n will consist of a sum of terms of the type 
fn,n- 2 r> where denotes that part of which refers to m 
photons. Hence, the wave function ft that should be taken to deal with transition 
processes in which three photons take part is 

f = «¥ 3 ,3+«¥ 5l3 + ... + e 2 ra +¥Wi,3+-.- • (4) 

It was shown in I that if we take only those solutions which correspond to out¬ 
going waves of the electron, then 

x l r n,m = 0 forallm+n. , (5) 

Hence, for the transition process under consideration, we take 

t = eVs,s-' '(«) 

To obtain ^3 3 we may take the vector potential A of the electromagnetic field 
expressed in its Fourier components, thus, 

A = (7) 

where the scalar product notation 

(a,b) = = a 0 6 0 —a.b 

is employed, and k 0 /2n gives the frequency and k/2n the momentum and a the direc¬ 
tion of polarization of the photon, and k* = k\- k 2 = 0 . 

Suppose that initially the electron is at rest. The problem in which the electron is 
initially not at rest can he considered by an appropriate Lorentz transformation. 
The initial wave function is then 

^• 0 = uer imx <>, (8) 

where it is a matrix of four rows and four columns, which satisfies the equation 

(!—/?)« = 0. (9) 
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The wave equations that have to be solved are all of the form 

(p 0 — a.p —= e it - b > a '>~ imx o ) (10) 

where b = ( b 0 , b) is a four-vector. It is easily seen that the solution of (10) is 

^ = (Po~P 2 —m 2 )~ 1 (p 0 +a.p+inj3)e' i(!> ’ :xi) - imas o 

= {(m-6 0 ) 2 —b 2 —m 2 }- 1 (m-6 0 -a.b + mfi) e« 6 > *>-*n*o, . (11) 

provided (m—6 0 ) 2 —b 2 —m 2 is not zero. 

It is convenient to employ the following notation: 

R b =m — b 0 — a.h+m/}, y b = (m—b 0 ) z — b 2 —m 2 . (12) 

By solving the equations (3) successively we readily obtain 
^i,i = (13) 

f2,2 = 7ifc+fc'rjfe 1 ^fc+^(a-a , )i?fc(a.a)Me^+ fc '’^”“o ) (14) 


^ 8,3 = - yk+k-+r7k+k'yk x R k +k'+A tt - ■ a ") ht k+k -{ct. a') R k {a. a) U eV k+k '+ k '’ z) - imx °. (15) 


The transition probability 

3. In general ^ 3 3 is periodic in the time. Exceptions arise, however, when any 
of the terms of the denominator of (15) vanish, that is, when any of y k , y fc+fc » and 
Jk+k'+K' vanish. When this happens the solution must be modified. 

When y k is zero, k 0 is zero; and this case is not of interest for our problem here. 
The vanishing of y k+k . is the condition of conservation of energy and momentum 
for a transition process in which the two photons k and k' are emitted or absorbed, 
according to the sign of k 0 and k' 0 . This process is also not of interest to us here, since 
we are concerned with a process in which three photons take part. The vanishing of 
Jk+k'+r is the condition of conservation .of energy and momentum for a process in 
which three photons k, k', k" are emitted or absorbed. It is easily seen that y k+k - 
and y k+k ’ +k r cannot both vanish simultaneously for non-zero k 0 , k' 0 and k’ b . 

To determine the solution when any of the y’s vanish we see from the work in 
paper I that the solution of the equation (10) which is valid for a range in which 
y b is zero is 

* = ^hr{-w^r- inS (p (i6) 

Po+Po\Po~Po ) 

where p' 0 = m-b 0} pi = m 2 +b 2 , and the term in ind(p' 0 -pv) is introduced to make 
the solution correspond to outgoing waves of the electron. 

Suppose the three photons concerned with in the problem are such that 1c 0 , Jc' Q , 
K, yv+v> 7r+k and Vk+k ' are al l non-zero, but y k+k ' +k * is zero. In this case we shall 
see that ^ 3>3 increases with the time, which shows that transition processes are 
taking place with the continual appearance of electrons of energy p' 0 and momentum 
p', where 

p'o = m-(Jco+k'o + k;), p'--(k+k'+fc'). (17) 
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Since y k+w+k - = Po 2 -p' 2 - m2 tlie vanishing of y k+k > + r is equivalent to 

^ 2 -p' 2 -m 2 = 0, (18) 

which may also be written as 

m(k 0 +k' 0 + K) = (KK-V-k") + (Kk 0 -k\k) + (k 0 k' 0 -k.k'). (19) 

Probabilities with a physical significance are obtained by supposing that the 
photons are such that (18) does not hold exactly and that a small correction Sp' 0 is 
made in p' 0 for (18) to be satisfied. Then 

<^; = -w 2 -p' 2 -^w- ( 2 °) 

As in Dirac’s paper ( 1930 , p. 370) we obtain as a solution which remains finite as 
Sp' a tends to zero and which is appropriate to consider these transition processes, 

1*8,3 = • a ")«■*')£*(«-a)U- e^^)l2p’Sp f 0 . (21) 

The term, which gives rise to the transition process under consideration, is obtained 
by summing ( 21 ) for all possible interchanges of k, k’ and k". Let (1,1', 1") represent 
unit vectors along the direction of motion and (m, m', m") unit vectors along the 
direction of polarization of the three photons. Let (a, a', a") = (/cm, /c'm', /c"m"). 
We also define the vectors (n, n',n") where n = 1 x m, with similar expressions for 
n' and n". The appropriate wave function is then 

f = e z KK'K"R k+k , +k . Uue%P’’ x \ 1 - e- iS Po x «)l2p' 0 Sp' 0 , (22) 

where U = Zy^-y^i <* • m') R k+k '(a.. m') R k ( a. m), (23) 

Z denoting summation of all terms obtained by interchanging k, k' and k". 

The density of electrons represented by ( 22 ) is the diagonal sum of the matrix 
ijrtj), where <j> is the Hermitian conjugate of ijr. Hence the density of electrons is 

Je 6 (^ 0 -W/c") 2 r(l - cos Sp' 0 x 0 )ISp' 0 2 , (24) 

where F is the diagonal sum of 

R>k+k'+k" U uu UR k+k , +k «. ^ (25) 

For further computations it is convenient to express the matrix u in terms of' 
a and /?. If we take an initial distribution of electrons with no preferential direction 
of spin, then u must involve /? only, and hence we take, consistent with ( 9 ) and 
without loss of generality, 

u=l+0. (26) 

The initial density of electrons is given by the diagonal sum of which is easily 
seen to be 8 . The probability of transition is given by the ratio of the final and initial 
densities. We may express the probability in terms of the intensities 1, 1 1 and I" 
of the three photon beams by substituting /c 2 = ( 27 r) 2 ITcq 2 and gi-milar expressions. 
We thus obtain for the probability * 


*#**{p'oKKKr 2 irri\i - cos 


( 27 ) 



The application*of quantum electrodynamics to multiple processes 215 


To obtain a transition probability with a physical meaning we suppose one of the 
beam of photons, the &"-pftoton say, to be not sharply monochromatic, but to have 
intensity per unit frequency range about the appropriate frequency for . transi¬ 
tions. The total transition probability is thus 

4 e*n*(p' 0 k 0 Jc' 0 K)-* irr K rj 1 ~ g. * (28) 

To evaluate this integral we express the variation of Jc'q in terms of the variations of 
Sp'o by using (20). Then the integral in (28) has the value 

Pok 0 f 1 — cos Sp' 0 x 0 1 Pok a x 0 

2 *Yk + J Wo 2 % '2Tw’ 

where we have made use of the condition (19). 

Substituting for I'L = k"^\2n we get as the probability per unit time of a process 
in which the &"-photon is spontaneously emitted and the k- and ^'-photons stimulated 

e*7T% i irri(4p' 0 k* 0 F 0 *y k+ v)- ( 29 ) 

The above calculations will also apply to processes in which any of these photons 
may be absorbed, provided we change the sign of the frequency corresponding to 
each photon that is absorbed. Thus from (29) we may deduce the probability of 
annihilation of an electron and a positron by the emission of three photons, or of the 
splitting of one photon into two photons, or of the combination of two photons into 
one photon. 

For further discussion we need to know the value of r. Its evaluation involves 
rather long calculation and is done in the Appendix. When we substitute the value 
of r and sum the resulting expression for all directions of polarization of the three 
photons, (29) takes the form 


wmr vf Px , t! _ ~| ■ (30) 

™ 2 Wy k+k , [_yl-+ k - y k+k 'y k+K -s 

where the /t’s are homogeneous expressions of the third degree in m, k 0 , k' 0 and Fq. 

If we substitute I — k%/2n, and similarly for I', we obtain as the probability of a 
triple spontaneous emission 


77 s g Pi _j_ Pi 

4 m2 7k+k' -Yk+k' Yk+k'Yk+k"- ’ 


(31) 


per unit solid angle of direction of emission of the ft-photon about 1, k' -photon about 
T, and fc"-photon about 1", and also per unit frequency ranges of the k- and -photons. 

By expressing (31) as a probability per unit energy range for the final electron, 
and then integrating over all directions of emission, we obtain the total probability 
of the electron making a transition with emission of three photons. By assuming 
now that all the negative energy states are occupied except one, and that the un¬ 
occupied one corresponds to a positron, we obtain the probability of annihilation of 
an electron and a positron by the emission of three photons. 
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Suppose we now consider the probability of the double Compton scattering, that 
is, the probability of one photon, say the A-photon, splitting into two photons k' 
and k". We must then change the sign of k 0 in all the above expressions. The prob¬ 
ability is then seen to be 


2 k l7k+k- Lrl'+jr Jk'-kyr-A ’ 


(32) 


per unit solid angle of direction of emission of -photon about V and fc"-photon 
about 1", and per unit frequency range of the fc'-photon. The A’s are obtained by 
changing the sign of k 0 in the corresponding /t’s. 

In estimating the order of magnitude of the probability there are two cases of 
interest to be considered separately. One is when the frequencies of the emitted 
photons are of the same order of magnitude. This case has been considered by 
Heitler, who has shown that the probability of the double scattering is smaller than 
that of the single process by at least 1/137. 

The other case of interest to be considered is when there is no restriction imposed 
on the smallness of the frequencies of the emitted photons. Suppose the emitted 
photons are such that the frequency of one of them can be as small as we please 
while the other frequencies can be of any order consistent with the condition of 
conservation of energy and momentum. If k$ is small, then from the conservation 
of energy and momentum 

Yv + v-k = Yv-k ~ 2 *o{m +k 0 ( 1 -1.1") - k' 0 (l - V . 1")} - 0 , 
and therefore is also small. The expression (32) is then approximately 

k'? IKH{2mYk'-k), (33) 


AJ = 32j W {^+^2_i 0 ^(i_U'2j}( 1 _ Lr) _ 16( ^_ A . o) 

x {2m 2 ( 1+1. T 2 ) — —& 0 ) (1—1.1')®+ 2(&§+ k' 0 3 ) (1 -1. T)+& 0 &£( 1 — 1.1') (1 +1, l' 2 )} 

+ 32{(*' - k 0 ) (1 -1.1') - m(l +1.1'*)} {1 ,(k' - k)} 2 , (34) 

where we have omitted certain terms which vanish in the limit jfcJJ tends to zero. 

Since is small, the Expression (33) is rather large, since kl occurs as k" n ~ x . The 
order of k 0 is obtained from the condition that is small. If the incident photon 
is such that k 0 is much smaller than the rest mass of the electron then k' 0 is of the 
same order as k 0 . But if k 0 is much larger than the rest mass of the electron, and if 
the angle between k and k' is large then k' 0 is of the same order as the rest mass, and 
if the angle is small then k' 0 is of the same order as k 0 . 

Hence the probability of a high-energy photon dividing into photons is large, if 
one of the emitted photons is of low frequency. The other emitted photon is then at 
least of moderately large frequency. 

In the same way if we calculate the probability of a high-energy photon dividing 
into three or more photons, we see that this probability could be large provided one 
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* 

at least of the emitted photons is of low frequency. The other emitted photons could 
be of moderately large frequencies. We see thus that the present quantum electro¬ 
dynamics does give large probability values for certain multiple processes. In 
particular, we see that the theory does not disallow, as has been believed earlier, the 
possibility of photon showers in which a large number of photons are emitted simul¬ 
taneously. 

The author wishes to express his sincere thanks to Professor P. A. M. Dirac, who 
suggested this problem, for his guidance and supervision. 


Appendix 

To evaluate F we need to know the value of VuuXJ. From (23) 

Uu = x (a .m") R k+kf {a .m') R k (a .m) (1+/?) 

. = -EVJ-M - 2m& 0 )-i (a .m") R k+K { a.m') {m( 1 +p) - & 0 (1 + a. 1)} (a .m) (1 +p) 

= (2m)- 1 . m") R k+k .{ a. m') (1 + a. 1) (a. m) (1 +/?). (35) 

For further simplifications it is convenient if we express the matrices a and /? in 
terms of the Dirac matrices p and Pauli matrices o, where a = ppa, )3 = p 3 , and where 
the p’s commute with the o’s, and both sets satisfy the same commutation relations 
as the a’s. Also, the following notation is helpful: 

6 1 = 2(m'.m"), & 2 = m'.n"-|-m".n', bsm'xn'tm'xn’, (36) 

with similar expressions for (b' v b' 2 , b') and (b{, b\, b"), obtained by cyclic interchange. 
Then 

(a . m') (1+a . 1) (a . m) + (a . m) (1 + a . T) (a . m') = b{ + ipxK—p^a .b", 
where we have made use of the formula (o. a) (a . b) = a . b +ia . (a x b). Hence 
Uu= (2m) _1 Zy k lh'Pi{a . m") R k ^ k .(b" l +ip 1 b” 2 —/^cr .b") (1 +p 3 ). 

Therefore UuuU = \rn- i Z(P l y k ,\ r +P 3 y k l k .y k ll,) > (37) 

where 

-Pi — Pi( a • na )-®fc'+fc'(^i+ iP\ b z~ Pi a -b) (-*■ +Ps) i b i~iPi b z —p x a .\>)R w+]l >(p .m)p x , 

(38) 

P 2 = p 1 (cr. rxx") Rjc+tftp'i+ipfb'z—p^ .b") (1 + p 3 ) (&i — ipib' 3 —p x o .b')R kJrK (a. xa')p 1 

+Pi(® • + ipxK~Px a •b')(l + Pa) ( b i ~ ipx b l ~Px a ^R^a .m')/^, 

(39) 


with similar expressions for P[, P 3 , P'( and. P 3 . 
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For our purpose in this paper it is sufficient to know the value of the P^s. P 2 ’s 
have the same order of magnitude as the P x ’s, 

Pi = Pi(a. m) Pfc- +ft "{h|( 1 + /> 3 ) + (&|+b 2 ) (1 - p 3 ) + 2&J & 2 p 2 - %> x P\ a • Rw+rP\( a • m ) 
= J.(l+p 3 ) + P(l—p 3 ) + C7p 2 4-PiO.D, (40) 

Tyhere 

A = 2(lc't+k’'*) (1 -1'. 1") + 2kX{b{i' ■ 1" + +b 2 - b x b . (1' +1")} 

= 2{& 3 2 + Icq 2 +2k' Q kl( 1 — 2m'. m" 2 )} (1—1'. 1"), 

B = 4m 2 6f- 4m&'6 1 (6 1 -b . 1')-4mfc"6 1 (& 1 -b. 1") + 2(fc' 2 + K*) (1 -1'. 1") 

+ 2 Jc’ 0 K{bl + ( 61 +b 2 ) ( 1 '. 1 ") - bib . ( 1 ' + r)} 

= 16m 2 (m'. m") 2 - 8m{k' 0 +'&J) (m'. m") (m'. m" - n'. n") + 2(^ 2 + k'p) (1 - V. I") 

- 4&q& 3 (1 - V. F) {(m'. m") (n'. n") + (m'. n") (m". n')}, 

G = 46 1 6 2 {m(&o + K)~ k' 0 1 -1'. 1")} = - 4(m'. m") (m' .n" + m".n') y k , +r , 

D = 2{2(1'. . 1") - 2mk' 0 6f +k' 0 fc'o(6f+61+b 2 - 26 x b. 1")} 

+ 2{2(1": m) m-r}{2fc" 2 (l -1'. 1") -2m^6 2 + ^ifcJ(6 2 + 61+b 2 - 26 x b. 1')} 

- 26 x {2(b. m) m - b} y k . +kr 

= ±{(K+ i{) (1 - 1M") - 4m(m'. m") 2 } [^{2(6'. m) m -1'} + *;{2(1". m) m -1"}] 

- 4(m'. m") {2(b. m) m—b} y k - +k -. * (41) 

The diagonal sum of 

■^Jc+fc'+fc*{^(l +Pz) + P(1 ~Ps) + @P&+Pi a ■ D} 
is the diagonal sum of 

Rk+h'+tfRk+k'+k*{A (1 +Pz) + -B(l — p s ) + Cp 2 + p 1 G . D}, 

that is, of 

[2(«i -k 0 -k^~ k" 0 ) {m{ 1 +p 3 ) - p x a . (k+k' + k")} + (k 0 + k’ 0 + *J) 2 + (k+k'+k") 2 ] 
•X{^(1 +Pz) + P(1 -Ps) + Cp 2 + Pl a. D}, 

which is 

8 (m-k 0 -k' 0 -kl) {2 mA - (k+k'+k"). D}+4{(& 0 + k’ 0 + Q 2 + (k+k'+k") 2 } (A + B) . 

= 8(m-4 0 -^-^){2m^L-(i 0 + l;'+^)(^ + £)_(k+k'+k' , ).D}, (42) 
where we have made use of the condition y k+k - +k . = 0. Hence P is of the form 

4:m ~ 2 Po^lQi7k'+k'+Q27k+k'7k+h']> (43) 

where the Q’s are homogeneous expressions of the third degree in m, k 0 , k' 0 and k" 0 , 
e i = 2Mi J 4-(^ 0 + ^ + ^)(^ + B)_(k +k ' +k ») >D> (44) 



The application of quantum electrodynamics to multiple processes 219 

After substituting for A, B and D we obtain the total transition probability with 
either state of polarization for each of the three photons, by adding together the 
expressions obtained by replacing m by n and n by — m, and so on for the other 
two photons. The following formulae are helpful: If S denotes the summation over 
all directions of polarization of the -photon, with s imil ar meaning for S' and S", then 

S( a.m)(b.m) - S( a.n)(b.n) = a.b-(1.a)(1 .b), 

S[sl . m) (b. n) = (1, a x b). 

Hence it is seen that 

li y = SS'S"Q 1 = 32m{&' 2 + A" 2 + k’ 0 k" 0 (l -V. I" 2 )} (1 — 1'. 1") 

-16(4,+ K + K) {2m 2 (l + V. I" 2 ) - m% + K) (1 - V. F) 2 
+ 2(&; 2 + k" Q *) (1 - V. F) -k' 0 k" Q (l -1'. 1") (1 + 1'. F 2 )} 

+ 32{(k' 0 + K) (1 - V . 1")-m(l+l'. I" 2 )} {1. (k+k')} {1. (k+k' +k")} 

- 8y ftW (l + V. 1") {1. (1' +1")}{1. (k+k'+k")}. 

By changing k 0 to — k 0 , we see that 

AJ = 32m{fc 2 + k? - k 0 k’ 0 (1 -1.1' 2 )} (1 -1.1') 

-16(&; - k 0 ) {2m 2 (l +1.1' 2 ) -m(k' 0 -k 0 ){ 1 -1.1')* 

+ 2(& 2 + &o 2 ) (1 — 1 • l') + k 0 k' 0 (1 — 1.1') (1 + 1 .l' 2 )} 

+ 32{(k' 0 -k 0 ) (1 -1. V) -m(l+1 .l' 2 )} {1. (k' -k)} 2 , 

where certain terms which vanish with &JJ have been omitted. This is the result 
quoted in the text. 
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Krypton vacuum wave-length measurements 
By T. A. Littlefield, King’s College , Newcastlerupon-Tyne 
[Communicated by W. E. Curtis , F.R.S.—Received ,28 July 1945) 

The vacuum wave-lengths of thirty-one lines in the arc spectrum of krypton have been com¬ 
pared directly with the red cadmium standard using a reflecting echelon in vacuum. Un¬ 
certainties connected with the dispersion of normal air and the specification of the laboratory 
air used have thereby been eliminated. Estimates of uncertainty suggest that there is 
justification in expressing the values to eight significant figures. 


Introduction 

The most precise wave-length measurements require direct comparison with the 
cadmium red line, the spectroscopic standard of wave-length. It is not always con¬ 
venient to refer directly to the primary standard, and the Committee of the Inter¬ 
national Astronomical Union has therefore specified certain secondary standards 
based upon the work ofa number of independent investigators. These wave-lengths 
are distributed throughout the spectrum and are required to the highest possible 
precision. The Fabry-Perot interferometer has been most widely used for this work, 
but it is generally accepted that the uncertainty in vacuum wave-lengths is greater 
than that associated with corresponding air wave-lengths. Since such determinations 
are made with air between the Fabry-Perot plates, the additional uncertainty can 
be attributed partly to difficulties in the specification of laboratory air (temperature, 
humidity, carbon dioxide concentration, etc.) and to errors in the generally accepted 
dispersion values for 'normal air\ These are most evident when comparison is 
extended over a large wave-length interval, such as would prevail if violet and ultra¬ 
violet lines were being compared with the cadmium red standard. 

The development of the reflecting echelon grating by Williams ( 1933 ) provided an 
alternative method of precision measurement, and since it is quite easy to work 
with the grating enclosed in an evacuated chamber, direct comparisons of vacuum 
wave-lengths became possible, thus eliminating the two uncertainties relating to 
the condition and dispersion values of laboratory air. The method has already been 
used by Williams & Middleton ( 1939 ) to determine vacuum wave-lengths of some 
47 lines in the iron spectrum, and by Drinkwater, Richardson & Williams ( 1940 ) to 
determine the wave numbers of the main lines of H a and D a and thereby obtain 
values for the Rydberg constant. Like these, the present work was undertaken to 
test the suitability of the reflecting echelon for such work and at the same time 
determine some new values for vacuum wave-lengths in the krypton arc spectr um 

The work of Meggers, Bruin & Humphreys ( 1929 ) showed that many of the lines 
in the krypton arc spectrum might provide satisfactory secondary standards. The 
first interferometer work is due to Buisson & Fabry ( 1913 ) who used a Fabry-Perot 

[ 220 ] 



221 


Krypton vacuum-wave-length measurements 

interferometer to determine AA 5570 and 6871 A. Since then several other investiga¬ 
tions have been made all using Fabry-Perot interferometers with gaps as large as 
10 cm. and for some of which uncertainties of only 0*0001 A are claimed. 


Apparatus 

Full details of the general optical arrangements have been given (Williams 1933 ). 
Briefly the echelon mounting (carrying slit, lens, and echelon enclosed in its pressure 
chamber) is capable of being coupled to a spectrograph so that the axes of the two 
units are at right angles. Light from the echelon slit S 1 (figure 1 ) is reflected by the 
prism P and, since S x lies in the focal plane of the echelon lens L, a parallel beam of 
light passes through the quartz window W of the echelon chamber and falls upon 
the echelon E and the reference mirrors M v M % . A frontal view (figure 1 ) looking 
into the quartz window shows the echelon steps and the two reference mirrors 
M 2 . The reflected beam returns through the echelon lens L } and passing just 
above the prism P, is focused upon the spectrograph slit S 2 . Two images of the slit 
8 X are formed by reflexion from the mirrors M v M 2 together with a diffraction pattern 
depending upon the structure of the light used. 




Figure 1 


The echelon used in the present work differed from that used by Williams ( 1939 , 
1940 ) in that it consisted of 35 instead of 40 steps each approximately 5*999 mm. 
instead of 6*87 mm: thick. The fringes were focused by a special objective of focal 
length 164 cm. upon the slit of a Hilger E 1 quartz spectrograph. The echelon slit 
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and steps were used in the horizontal position throughout, so that the dispersions 
of the echelon and spectrograph were crossed. Thus, on being dispersed by the 
spectrograph, two mirror images and two diffraction fringes corresponding to 
consecutive orders appear for each wave-length (figure 2). In special cases only one 
order appears, and F z of A 3 is an example of the single order position. The lengths 
of the fringes were governed by the width of the spectrograph slit and the choice was 
dictated by measuring requirements (0*5 mm. was found to be convenient). The 
choice of echelon slit width, on the other hand, was governed by considerations of 
lens and echelon resolution and exposure times. The optimum value was determined 
experimentally by comparing photographs of a water-cooled mercury arc for a series 
of slit widths—0*025 mm. was found to be a convenient value and has been used in 


most of the work. 



X4 ^3 ^-2 
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Figure 2 


With the above arrangement the echelon slit cannot lie on the echelon axis and 
the echelon lens was therefore adjusted so that its axis bisected the angle between 
the echelon axis and the echelon slit-lens axis. This adjustment implies that, when the 
echelon slit is used in either of the other two positions with the dispersion horizontal 
(Le. steps vertical), readjustment of the lens axis is desirable. 

The Hilger $1 spectrograph uses a single lens objective and therefore the light 
falling upon the prism is only strictly parallel for one wave-length. Moreover, the 
design of the instrument involves working off the axis of the lens and such conditions 
lead to astigmatism. Normally this does not affect the working of the spectrograph, 
since it is adjusted and always used with a vertical slit. When, however, it was used 
in conjunction with the echelon, whose slit was horizontal, it was found necessary 
to focus the image in a plane 2 mm. in front of the slit for the region AA 8000-4000 A. 
This difficulty does not arise when the fringes are vertical and the dispersions of the 
echelon and spectrograph are parallel. 

The order separation for the cadmium red standard was determined directly, but, 
since it was near the single order position, an indirect determination was preferred. 
The mercury line A 5461A was photographed using a water-cooled mercury arc, 
and as this line has a number of very narrow satellites, the envelope effect is likely to 
be negligibly small. Moreover, the absence of envelope effect was confirmed by 
measuring the order separations at a number of different air pressures in the echelon 



Krypton vacuum wave-length measurements 223 

chamber, so that their positions changed from double order to almost single order. 
The value obtained for the cadmium red standard was 0*1062 cm. 

A consideration of temperature and pressure tolerances indicates that these should 
not vary by more than 0* 1 ° 0 and 0 * 1 mm. of mercury. It will be seen later how the 
procedure adopted provided a further check on these. 

The cadmium red line was excited in a hot Schuler tube at 100-125 mA with helium 
at a pressure of 1 mm. of mercury. Such conditions enabled the red cadmium stan¬ 
dard to be photographed in 10-20 min. on an Ilford rapid process panchromatic 
plate with a slit width of 0*025 mm. An Osram cadmium lamp was also available, 
but satisfactory exposures required 1 J -2 hr. and therefore the Schuler tube was 
preferred throughout. 

Results are based upon photographs from three krypton discharge tubes. One, 
used in the ‘side-on’ position, had krypton at a pressure of 1*8 mm. of mercury and 
was excited by a 3000 V transformer at about 20 mA. The other two tubes were used 
‘end-on’, one small one at 3000 V a.c. and 5 mA, and the other at 2000 V d.c. and 
15 mA. Exposures varied from as little as 1 min. with the large tube used e end-on 5 
to 4 hr. with the first tube used‘ side-on ’ on Ilford rapid process panchromatic plates. 

In making a wave-length comparison two photographs of the cadmium standard 
were taken, followed by a suitable range of krypton exposures, and finally two 
further exposures with the cadmium standard. During the whole of this period the 
temperature and pressure were maintained constant within 0 * 1 ° C and 0*1 mm. of 
mercury. Measurement of the cadmium fringe system before and after the krypton 
exposure provided an optical check on these and upon the stability of the two 
reference mirrors. 

Basic considerations 


In the present work a vacuum wave-length standard A vac> = 6440*2491 A is 
used which has been obtained from the spectroscopic standard A air = 6438*4696 A 
and the refractive index of 'normal air’ 1*000,276,38 at this wave-length, resulting 
from the work of Barrell & Sears ( 1939 ). The dispersion formula given in the latter 
work for pure air at 15° 0 and 760 mm. of mercury reduces to 


, 1*5434 0*0129 

(%5>76o~“ 10 — 272*539 + —p p * 

/ '-yac. 'Vac. 


‘Normal air’, however, contains 0-03 % carbon dioxide and correction for this has 
been applied along the lines indicated by Perard ( 1934 ) using Perreau’s dispersion 
formula for carbon dioxide: 

0-9997(n 157eo — 1 ) 10 ® = 272-457 + + 9 9129 (Barrell & Sears), 

'lyac. ''■vac. 


0*0003(w 157eo — 1 ) 10 6 s= 0*126 + —— (Perreau). 

'W 

Addition gives the combined formula 

(% 5 , 7 «o-l) 10* = 272-583 + ^y 370 ' 0 / 29 ■ 

^vac. 'Vac. 
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The carbon dioxide correction is sufficiently small to render the use of a combined 
formula permissible, although it uses vacuum wave-lengths while Perreau’s refers to 
air wave-lengths. 

It has already been described how the two fringes and two mirror images appear 
for each wave-length upon the photographic plate. Before dispersion, the mirror 
image R on the spectrograph slit is identical for all wave-lengths, and together with 
the centre of the echelon lens specifies a direction parallel to which light diffracted 
by the echelon has a constant path difference 2t. In general the order of interference 
for R is an integer m plus a fraction / such that 

(m 1 +/ x ) A x = (m 2 +f 2 ) A 2 = +/$) A 3 = 2 1. 

The positions F, F' of fringes on the spectrograph slit correspond to directions for 
which the orders of interference are successive integers m 9 m — 1 . The fringes are 
more widely separated for greater wave-lengths so that on dispersion by the spectro¬ 
graph F 1 F[ >F 2 F 2 > F± jF£, since A x > A 2 > A 4 (figure 2) . The integer m is already known 
approximately from micrometer measurements of plate thickness t, and the approxi¬ 
mate wave-length, while the fractional parts / lt / 2 / 3 , are known accurately from 
measurements of photographs since f x — R 1 F 1 IF 1 F' 1) / 2 = R 2 F 2 [F 2 F 2 . For wave¬ 
lengths (A 3 ) near the single order position, in which only one fringe appears, it is 
first necessary to calculate the order separation by the equation 

^ 3^3 = F 1 F , l .X z .R s R r z IX 1 .R 1 R' v 

In such cases a second mirror image R' is required and, together with R, measures 
the spectrograph magnification. In the present work this procedure is preferred 
for all lines irrespective of whether or not they are near the single order position. 
The order separation for the primary standard is used since it is known with least 
uncertainty. The exact orders of interference for A 2 , A 3 are calculated for a range of 
integers about m v and a value for m 1 is finally chosen which for A 2 , A 3 gives fractional 
parts most nearly equal to f 2 , / 3 respectively. Thus 2t is known accurately and other 
wave-lengths A 4 are calculated from A 4 = 2tj(m i +f 4i ) provided A 4 is already known 
with sufficient accuracy to enable m 4 to be calculated without ambiguity. 

The above method of calculating results assumes that the dispersion of the 
reflecting echelon is linear, but this is only strictly true when consideration is 
restricted to first order terms. Investigation shows that when second order terms are 
taken into account, the departure from linearity is unlikely to affect results by more 
than OOOOl A for the echelon used in the present work. 

Williams & Middleton ( 1939 ) have shown that the resolving power of a reflecting 
echelon expressed in wave-numbers is independent of wave-length and equal to 
1/2Nt cm. -1 , where t is the thickness of the plate in cm. and N is the number of plates. 
For the present instrument this gives 0*0238 cm . -1 representing 0*0060 A at A 5000 A. 
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Results 

Results given in table 1 are classified in three groups A, B and C. A are based upon 
six independent comparisons using each of the three available krypton tubes; B are 
obtained from three comparisons using a single tube; while C are taken from only 
two comparisons and tend to be under-exposed. Columns 2 and 3 give vacuum 
wave-lengths and wave-numbers referred to a cadmium vacuum standard 
6440-2491A without reference to the dispersion formula for air. In column 4 the 
corresponding wave-lengths in 'normal air ’ have been calculated by a dispersion 
formula obtained by combining the Barrell and Sears formula for pure air with 
Perreau’s formula for carbon dioxide. The wave-lengths recommended by the 
International Astronomical Union are recorded in polumn 5 and differences are 
given in the next column. Where I.A.U. values are not available, Jackson’s ( 1936 ) 
have been used and are marked (J) accordingly. 

The values obtained are generally higher than those recommended by the I.A.U., 
particularly in the violet, the mean difference for all the wave-lengths being 0-0014 A. 


Table 1 


1 

2 

3 

4 

5 

6 

classi¬ 

vacuum 

wave 

calculated 

decimal parts 


fication 

wave-length 

number 

normal air 

of I.A.U. values 

I.A.U. 

A 

4275-1731 

23390-865 

4273-9718 

*9700 

+ 0-0018 

B 

4284-1733 

23341-723 

4282-9696 

*9683 

+ 0*0013 

B 

4287-6930 

23322-565 

4286-4884 

-4873 

+ 0-0011 

C 

4301-6959 

23246-645 

,4300-4876 

•4877 

-0-0001 

A 

4319-7674 

23149-394 

4318-5543 

•5525 

+ 0*0018 

A 

4320-7953 

23143-887 

4319-5819 

•5797 

+ 0-0022 

C 

4352-5855 

22974-850 

4351-3637 

•3607 

+ 0-0030 

A 

4363-8683 

22915-448 

4362-6435 

•6423 

+ 0-0012 

A 

4377-3524 

22844-859 

4376-1241 

•1220 

+ 0-0021 

B 

4401-2034 

22721-058 

4399-9688 

•9670 

+ 0-0018 

C 

4426-4331 

22591-553 

4425-1918 

•1906 (J) 

+ 0-0012 

A 

4455*1686 

22445-839 

4453*9197 

*9179 

+ 0*0018 

A 

4464-9435 

22396-699 

4463-6920 

-6902 

+ 0*0018 

A 

4503-6180 

22204-369 

4502-3563 

*3547 

+ 0*0016 

B 

5563-7726 

17973-416 

5562-2286 

*2257 

+ 0-0029 

’ ■ A 

5571-8371 

17947-401 

5570-2909 

*2895 

+ 0*0014 

B 

5581-9385 

17914-923 

5580-3896 

-388 (J) 

— 

B 

5651*1308 

17695-573 

5649-5634 

*5628 

+ 0*0006 

C 

5674-0255 

17624*171 

5672-4520 

•4519 (J) 

+ 0-0001 

C 

5709-0963 

17515-907 

5707-5134 

•512 (J) 

— 

fi 

5834-4770 

17139*496 

5832-8605 

•859 (J) 

— 

B 

5868-3775 ^ 

17040-485 

5866-7519 

— 

■ — 

A 

5872-5441 

17028-394 

5870-9174 

•9158 

+ 0-0016 

B 

5881-5300 

17002*378 

5879-9009 

*9000 (J) 

+ 0-0009 

B 

5995-5115 

16679-144 

5993-8518 

•8503 

+ 0-0015 

B 

6013-8221 

16628-360 . 

6012-1575 

*1570 (J) 

+ 0*0005 

B 

6057-8043 f 

16507-631 

6056*1279 

*1280 (J) 

-0*0001 

C 

6084-5470 

16435*077 

6082-8635 

— 

>F- 

C 

6238-0772 . 

16030*580 

6236-3524 

•354 (J) 

" - . 

C 

6*422-8033 

15569-525 

6421-0289 

•029 


C 

6458-0753 

15484*489 

6456^914 

•291 
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This difference, however, almost disappears when the dispersion formulae due to 
Kosters & Lampe ( 1934 ) or Perard ( 1934 ) are employed, the mean difference being 
only 0-00016 A in the former case. Presumably one of these formulae was used in 
calculating the I.A.U. wave-lengths. 

An assessment of the accuracy of the work has been attempted by three methods, 
but only one of these is applicable to B and C class values. It will be appreciated, 
however, that the performance of the reflecting echelon should be judged on the 
basis of A class results, for which all three methods are available. 

Each plate, having a separate cadmium standard, can be regarded as an indepen¬ 
dent comparison, and the standard deviation of all lines from their respective 
means provides an indication of the uncertainty. For ten lines, each appearing 
on six different plates, the standard deviation is ± 0*0005 A. 

Of the lines measured, seven terminate at the level and eight at the IS 5 level, 
and six estimates of the separation of the I$ 4 and IS 5 levels are possible. Assuming 
rigid accuracy of the Ritz combination principle, this provides a useful check on the 
uncertainty of the wave-lengths involved. The mean inter-level difference is 
945-025 cm,"" 1 and the standard deviation of the meanisrather less than ± 0-002 cm.” 1 , 
which at A 5000 A corresponds to ± 0*0005 A. Moreover, the above estimate is based 
upon four B and one C class results; even better agreement is obtained when only 
A class results are used. The two differences, based entirely upon A class results, 
differ by 0-001 cm.” 1 corresponding to only 0*0002 A for the particular wave-lengths 
concerned (AA 4275-4503 A). 

Table 2 

(4319-4503) = 23149-394-22204-369 = 945-025 
(4284-4464) = 23341-726-22396-699 = 945-027 
(4275-4455) = 23390*865-22445-839 = 945*026 
(5571-5881) = 17947-401— 1*7002-378 = 945*023 
(5563-5872) = 17973-416 - 17028-394 = 945-022 
(5674-5995) = 17624-171-16679-144 = 945-027 

The third estimate was obtained by making all measurements in duplicate on 
separate occasions and the mean difference between the settings is 0*0002 cm. For 
the primary standard, measurements are made on at least two sets of fringes, so that 
this uncertainty is taken as ±0*00005 cm. Analysis using the above results, and 
based on the constants and dimensions of the echelon used, lead to a final uncertainty 
in a single wave-length comparison of ± 0*0005 A. 

Estimates of uncertainty by the above three methods are thus in close agreement 
and the standard deviation may be set at ± 0*0005 A. As A class results are the mean 
of six comparisons the standard error is only + 0*0002 A, which implies that, if a 
number of further comparisons were made, 95 % of the values obtained would fall 
in the range ± 0*0004 A about the mean values given. For B and C class results the 
standard error is placed at ± 0*0003 and ± 0*0005 A respectively, but for these only 
the first method of assessment is available. 
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Hyperfine structure 

Although krypton is a mixture of three isotopes, only one of these, with a relative 
abundance of 11*79 %, has odd mass number. As no splitting occurs due to nuclear 
spin with isotopes of even mass number, the total intensity of the components 
cannot exceed 12 % of the total intensity of the line. Of the krypton lines examined 
only A 5571A showed structure and this appeared as faint satellites on either side 
of the main component. As considerable over-exposure of the main component is 
necessary before the satellites appear, structure was only observed in the three 
photographs with the large tube used 'end-on 5 and comparable exposures with the 
other tubes would have been inconveniently long. In measuring it was found most 
convenient to obtain the wave-length of each satellite by direct comparison with 
the cadmium standard, while the wave-length of the main component was deter¬ 
mined from a more suitable exposure on the same plate. The structure in wave 
numbers is +0*104, 0, —0*109 for which the standard deviation is + 0*002 cmr 1 . 
It will be seen in table 3 that these values compare favourably with those of other 
workers, notably Jackson ( 1936 ), Kopfermann & Wieth Knudsen ( 1933 ) and 


Humphreys (1931). 

1 

Table 3 

2 3 

4 

Jackson 

Kopfermann & 
Wieth Knudsen 

Humphreys 

Littlefield 

+ 0-11 

+ 0*111 

+ 0*1073 

+ 0*104 

-0*10 

-0*120 

— 

-0*109 


Discussion 

The present work indicates that a standard deviation of + 0*0005 A is attainable 
with a reflecting echelon used in the manner recommended by Williams. Thus 
twenty-six independent comparisons would enable the standard error to be set at 
+ 0*0001 A, the implication of which has already been described. This is perhaps 
not as good as that usually attributed to the most reliable work with a Fabry- 
Perot interferometer, although, of course, uncertainties connected with the dis¬ 
persion of air are eliminated. It is therefore desirable to examine the possibility of 
increasing the reliability of comparisons with a reflecting echelon, and the experience 
gained suggests the lines along which such improvement might reasonably be 
achieved. 

Since temperature and pressure affect successive orders equally, the order 
separation is substantially independent of temperature and pressure variations. 
It is, therefore, suggested that the order separation for the cadmium red standard 
might well be regarded as an instrumental constant from which all other order 
separations should be calculated as required—this procedure has been preferred in 
the present work. 


15-2 
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Calculation of order separation involves a knowledge of the spectrograph magni¬ 
fication and at present the two mirror images provide a convenient means of 
obtaining it. An uncertainty of + 0*0002 cm. represents 0*1 % of the mirror image 
separation (^ 0*2 cm.). By making a separate magnification estimate (which need 
only be done in the first instance), using 2 cm. of the spectrograph slit, the un¬ 
certainty could be reduced to only 0*01 %, and therefore ignored by comparison 
with other measuring errors. Analysis shows that the uncertainty could then be 
reduced by 30%, so that, taken in conjunction with the increased number of 
comparisons, the standard error becomes ± 0*00007 A, thereby enabling the fourth 
decimal place to be given with some confidence. 

The above modification still requires a fixed reference line upon the spectrograph 
slit. This might conveniently be produced by partial reflexion from the quartz 
window attached to the front of the echelon mount, or illuminating a polished 
horizontal wire in the plane of the spectrograph slit, so that the reference line and 
echelon fringe have comparable intensity. Thus fractional parts are still obtained 
by measuring the distance of a fringe from an image of a fixed point upon the 
spectrograph slit but, compared with the present method, only two-thirds of the 
number of settings would be required—an important consideration when extensive 
work is on hand. 

The proposed method avoids a difficulty inherent to the echelon optical system, 
whereby different parts of the echelon lens are used by the echelon and the reference 
mirrors. Further, when rays are traced after the formation of the image upon the 
spectrograph slit, it is found that rays from the echelon and reference mirrors use 
different parts of the spectrograph lens and prism. Thus the three sets of rays pursue 
rather different optical paths, although it is most desirable that they should receive 
exactly similar treatment. 

This work was carried out in the Physics Department of King’s College, New¬ 
castle-upon-Tyne, under the direction of Professor W. E. Curtis, F.E.S., to whom 
I wish to express my grateful appreciation of his encouragement and help. The 
reflecting echelon was purchased with the assistance of a grant from the Rockefeller 
Foundation. 
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The distribution of stress in the neighbourhood of 
a crack in an elastic solid 

By I. N. Sneddon, Bryce Fellow of the University of Glasgow 
(i Communicated by N. F. Mott, F.R.S.—Received 23 October 1945 ) 

The distribution of stress produced in the interior of an elastic solid by the opening of an 
internal crack under the action of pressure applied to its surface is considered. The analysis is 
given for ‘Griffith’ cracks (§2) and for circular cracks (§3), it being assumed in the 
latter case that the applied pressure varies over the surface of the crack. For both types of 
crack the case in which the pressure is constant over the entire crack surface is considered in 
some detail, the stress components being tabulated and the distribution of stress shown 
graphically. The effect of a crack (of either type) on the stress produced in an elastic body by 
a uniform tensile stress is considered and the conditions for rupture deduced, 


1. Introduction 

1-1. A theory of rupture of non-ductile materials such as glass has been put for¬ 
ward by A. A. Griffith (1920,1924) on the basis of the existence of a large number of 
cracks in the interior of the solid body. The fundamental concept of the Griffith 
theory is that the bounding surfaces of a solid possess a surface tension, just as those 
of a liquid do, and that when a crack spreads the decrease in the strain energy is 
balanced by an increase in the potential energy due to this surface tension. The 
calculation of the effect of the presence of a crack on the energy of an elastic body 
is based on Inglis’s solution (Inglis 1913 a, b) of the two-dimensional equations of 
elastic equifibrium in the space bounded by two concentric ellipses, the crack being 
then taken to be an ellipse of zero eccentricity. Denoting the surface tension of the 
material of the solid body by T, the width of the crack by 2c, and the Young’s 
modulus of the material of the body by E, Griffith showed that, in the case of plane 
stress, the crack will spread when the stress P, applied normally to the direc¬ 
tion of the crack, exceeds the critical value 



The use of the equations of elastic equilibrium restricts the analysis to materials 
which obey Hooke’s law fairly closely. This will not be true in general, as the high 
concentration of stress at the edges of the crack will induce a certain amount of 
plastic flow. Because of the smallness of the region to which the plastic flow is 
confined the distribution of stress at points remote from the edges of the crack will 
not be affected and the strain energy will not differ appreciably from that derived 

[ 229 ] 
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from the solution of the elastic equations. A formula differing from (1*1*1) by a 
factor 0*8 has been derived by Orowan (1934) from rather similar assumptions. In 
the case of plane strain the formula (1*1*1) is replaced by* 


'/J 7TC(1—cr 2 )’ 


( 1 * 1 * 2 ) 


1*2. Griffith’s theory of rupture has recently been extended to three dimensions 
by Sack (1946). Observing that the length of internal cracks does not greatly exceed 
their width. Sack calculates the conditions of rupture for a solid containing a plane 
crack bounded by a circle—a ‘penny-shaped’ crack—when one of the principal 
stresses is acting normally to the plane of the crack. By treating the crack as an 
oblate spheroid whose elliptic section has zero eccentricity Sack establishes that 
rupture will occur when the tensile stress P normal to the crack exceeds the critical 
value 


I ttET 
2e(l-cr 2 )’ 


( 1 - 2 - 1 ) 


where c is the radius of the crack, and, as before, T denotes the surface tension of 
the material of the body, and E its Young’s modulus. 

The three-dimensional model introduced by Sack thus gives a critical tensile 
stress differing from the Griffith value ( 1 *M) by a factor tt/{2(1 — <r 2 )*}, and from 
(1*1*2) by a factor 

1 * 3 . In the present paper main consideration will be given to the distribution of 
stress in the neighbourhood of a circular crack of the type considered by Sack. As 
is usual it is assumed that the crack is of such dimensions that its depth exceeds 
the radius of molecular action at all points not very near its edges. The mathematical 
theory of elasticity then gives the components of stress accurately at all points of 
the elastic body other than those in the immediate vicinity of the edges of the crack. 
If the crack is sufficiently large, the error incurred in the calculation of the strain 
energy is then negligible, for the stress near the edge of the crack is proportional to 
so that the strain energy in any small sphere whose centre coincides with the 
edge is finite and negligible in comparison with the strain energy in the rest of the 
solid. The elastic body is assumed to consist of homogeneous isotropic material and 
to be so large that its dimensions are very much greater than the radius of the 
crack; the crack may then be considered to be situated in the interior of an infinite 
elastic medium. In the first instance the elastic body is considered to be deformed by 
an internal pressure acting across the surfaces of the crack, the effect of tensile 
stresses applied to a body with an internal crack free from stress being deduced 
later. 


* This is given incorrectly in Griffith (1924) as 



( 1 - 0 * 2 ) 
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To afford a comparison with the three-dimensional ease the distribution of stress 
in the neighbourhood of a crack in two dimensions (plane strain) is first considered 
(§ 2); this corresponds to the two-dimensional Griffith model. The elastic body is 
supposed to be deformed by the opening of the crack under the action of a uniform 
hydrostatic pressure acting over its surface. The calculations are based on a solution 
of the elastic equations given by Westergaard (1939); analytical expressions for 
the components of striss and for the principal shearing stress are derived from 
Westergaard’s stress function. The advantage of the analysis given here is not only 
that it is simpler than Inglis’s but that Cartesian co-ordinates are employed through¬ 
out, thus facilitating the interpretation of the results. To give some idea of the 
distribution of stress in the body the intensity of the principal shearing stress is 
computed at a network of points in the two-dimensional co-ordinate plane and the 
system of ‘isochrctonatic’ lines (contours of equal principal shearing stress) plotted 
in the neighbourhood of the crack. The solution corresponding to the opening of an 
internal crack under the influence of a tensile stress applied to the surface of the body 
is then indicated and the Griffith criterion (1-1*2) derived. 

In the case of a circular crack (§ 3 ) it is first of all assumed that the internal 
pressure is a function of the distance from the centre of the crack. Sack’s calculations 
are based on Neuber’s solution (Neuber 1934) of the equations of elastic equilibrium 
in oblate spheroidal co-ordinates. This method could no doubt be adapted to the 
case of a variable internal pressure but would probably be rather laborious. Even in 
the case of constant applied pressure considered by Sack the expressions for the 
components of stress do not lend themselves readily to computation; and, as in 
the case of Inglis’s analysis, the choice of co-ordinate system makes the interpreta¬ 
tion of the results somewhat difficult. In the analysis given below cylindrical polar 
co-ordinates are used. The solution of the equations of elastic equilibrium in these 
co-ordinates by the method of Hankel transforms, developed recently by Harding 
& Sneddon (1945), is employed to reduce the problem to that of the solution of a 
pair of dual integral equations. A relation giving the shape of the crack in terms of 
the pressure applied to its surface is derived from the known solution of this pair of 
equations. The converse problem, that of determining the distribution of internal 
pressure necessary to preserve a given shape of crack, is also considered. 

The distribution of stress in the case in which the applied internal pressure remains 
constant over the entire surface of the crack is considered in some detail. It is first 
shown that in this instance the crack, assumed to be originally an infinitely thin 
crevice, has, after the application of the pressure, the shape of a very flat ellipsoid 
of revolution. The components of stress are calculated at various points in the 
interior of the elastic body, and the results given in a set of tables which enable the 
stress components at any point to be obtained by interpolation; the variation of the 
various stress components in certain planes parallel to the crack is also illustrated 
graphically. The principal shearing stress is tabulated in a similar fashion and the 
contours of equal principal shearing stress plotted to show the distribution of stress 
in the neighbourhood of the crack. • ; 
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Finally, the effect of a circular crack, free from stress, on the distribution of stress 
in an elastic body subjected to a uniform tensile stress is considered, and Sack’s 
criterion ( 1 * 2 * 1 ) derived on energy considerations, 

1 * 4 , Since an exact analysis of the stresses near the base of a crack using a model 
of the kind introduced by Griffith and Sack would be a necessary preliminary to the 
consideration of such theoretical problems as the determination of the velocity of 
propagation of cracks, it is perhaps of some interest to quote here expressions for 
the components of stress in the vicinity of the edge of the crack. In the case of a 
two-dimensional crack, if the origin of co-ordinates is chosen to be at the edge of 
the crack and take axes of co-ordinates (£,?}) along the axis of the crack and per¬ 
pendicular to that direction, then the shape of the crack is given approximately by 
the formula 

= (1*4*1) 

Taking polar co-ordinates defined by the relations 

£ = $cos^, 7/= S&mft, 


then in the immediate vicinity of the crack the components of stress are given by 
the expressions 


<Tx = (1 cos £f+J cos \f), 

(1*4*1) 

<r v = Po(0 $ 008 W 008 )> 

(1-4-2) 

Txy = Po{^f sin f 008 If- 

(1-4-3) 


It follows immediately from these formulae that the principal shearing stress is 
given by the equation 





si nijr. 


(1*4*4) 


The most striking feature of the analysis in the three-dimensioikl case is that the 
expressions for the components of stress in the neighbourhood of the crack differ 
from those of the two-dimensional case by a numerical factor only. The stresses are 
derived from (1*4* 1-3) byreplacing <r X} <r y , r xy on the left-hand sides by ^( 7 rcr r ), £(t rcr 2 ), 
where S and ^ have a similar interpretation in three dimensions. The hoop 
stress cr & has no analogue in two dimensions; it is given by the relation 




4<rp 0 


7 T 



cos 


(1*4*5), 
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2. The two-dimensional model 


2 - 1 . It has been shown by Westergaard ( 1939 )* that the stress function 

Z = p o( ^^ )~ 1 ) > (> = x+iy), ( 2 - 1 - 1 ) 

describes the distribution of stress in the interior of an infinite ‘ two-dimensional ’ 
elastic medium produced by the opening of an internal crack from z = —c to z ~ c 
(c being real) under the action of a uniform liquid pressure p 0 in the crack as the only 
load. If the value of the normal component of the displacement, u y , be denoted by 
w when y = 0 , then it can readily be shown that for | x | < c, 



where the value of the semi-minor axis e is given by the relation 


( 2 - 1 - 2 ) 


e = 2 (l -a 2 )p 0 clE. ( 2 - 1 - 3 ) 

Equation ( 2 - 1 - 2 ) shows that as a result of the elastic strain the shape of the internal 
crack is elliptic. Furthermore, equation ( 2 - 1 - 1 ) shows that w is zero for | x | > c. 

If one adopts the notation 


z = re id , z — c = r t z -f o = r 2 e id * 3 
then the components of stress are given by the equations 

iK+ Cy) = hteZ = cos 

_ r sin 61 c 2 \* 


(2-1-4) 


i(cr v -cr x ) = ylmZ' = p 0 


t xv = - yBeZ' = Po—^ (~-J cos |(^+0 2 ). 


(2-1-5) 


By means of these expressions the components of stress at any point in the medium 
can be calculated; the maximum shearing stress across any plane through the point 
(x, y) can then be obtained from the relation 

7-2 = (^y-l^xY+rly. ( 2 - 1 - 6 ) 

Substituting from (2-1-5) into ( 2 - 1 - 6 ) then, for the maximum shearing stress, 

rsin# / c 2 


Po~ 


?/c 2 y 

Iw “ 


(2*1-7) 


* Note added in proof . The solution of the elastic equations due to Westergaard, and used 
in §2 of this paper, corresponds to a uniform distribution of pressure along the surfaces of 
the crack. By using a method similar to that of § 3, but involving Fourier cosine transforms 
instead of Hankel transforms, it is possible to extend the analysis to cases in which the 
pressure along the crack is variable. This has been done and will be published shortly in 
The Quarterly of Applied Mathematics by Sneddon, 1. 1ST. & Elliott, H. A. under the title: 
‘The opening of a Griffith crack under internal pressure.’ 
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It is easily verified from the equations (2-1*5) that when y = 0 and —c<x<c 

<?x = = Po> Txy = 

and that when | x | > c 

<r * = <T v = Po (j( c *-x 2 )~ 1 )’ Txv = °' 

Thus if as—c is small and positive the normal component of stress [cr y ] yss0 is given 
approximately by the expression 

[oVUo ±PoJ]2{x — c) • ^ 2 ' 1 ' 8 ^ 

To determine the distribution of stress in the immediate vicinity of the crack r x is 
taken to be a small quantity, 8 say; to conform with the notation of § 1-4 take 0 X to 
be ifr, but it should be noted that there are no restrictions on the magnitude of ijr. 
Since 8jc is assumed small then, from (2-1-4), , 

r = c + Soosr/r, r 2 = 2c + £cosyS r ,| 
d = 8amijrlc, = £sin^/2c, J ' 

to the first order of small quantities. Substituting from (2-1-9) into equations (2-1-5) 
then the expressions 

¥?*+**) =i 3 o[(^) i oos^[l-^+0(<y 2 /c 2 )}-l] J (2-1-10) 

Wv-Vx) = sin ^Jsin ^ sin \tJt + 0(£ 2 /c 2 )J, (2-1-11) 

7 xy — sin ^ jcosf^—^ cos \\jr + 0(£ 2 /c 2 ) j, (2-1-12) 


are obtained for the determination of the components of stress near the edge of the 
crack. Similarly, one obtains from equation (2*1*7)—or directly from equations 
(2*1*11) and (2*1*12)—the expression 

t = p 0 (^) i sin^| 1 -^c°s^+O((J 2 /c 2 )J (2-1-13) 

for the principal shearing stress. If terms in 8\c of order greater than — £ are neg¬ 
lected in these expressions then one obtains the approximate formulae (1-4-1-3). 
Again, putting x = c+£, w = y, b = 2e 2 /c in equation (2-1-2) then the approximate 
relation 

■J? 2 = -6£ (2-1-14) 

is obtained on neglecting terms of the second order in £. 

2-2. To give some idea of the distribution of stress in the neighbourhood of the 
crack, the maximum sheading stress r was calculated for several values of x and y 
by means of equation (2-1-7). The results are embodied in table 1 and the variation 
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of r with x and y shown graphically in figure 1 . In the case of plane strain (which is 
the case considered here) the condition of constant energy of distortion states 
(Nadai 1931 , p. 184) that plastic flow is initiated wheirr reaches the value k, where 
the constant k is related to s Q , the yield point in tension of the material, by the 

6qUa,i0n W-4 (2-2-1) 

The maximum shear theory gives precisely the same condition except that now 

2 Tc = Sq. ( 2 - 2 - 2 ) 

Thus in both cases the inception of plastic flow can be predicted from the behaviour 
of the function r defined by equation (2-1-7). 

Table 1. Variation op rjp 0 with x and y in the two-dimensional problem 


X 

\ 

y 

0*2 

0-4 

0*6 

0-8 

1*0 

1*2 

1*4 

1*6 

1*8 

2*0 

3*0 


0*0 0*2 0*4 0*6 


0*189 

0*320 

0*378 

0*381 

0*354 

0*315 

0*275 

0*238 

0*206 

0*179 

0*095 


0*199 

0*332 

0*386 

0*384 

0*354 

0*313 

0*273 

0*236 

0*205 

0*178 

0*094 


0*236 

0*372 

0*408 

0*390 

0*352 

0*308 

0*267 

0*231 

0*200 

0*174 

0*093 


0*327 
0*444 
0*439 
0*395 
0*345 
0*298 
0*257 
0*222 
0*192 
. 0*168 
0*091 


0*8 

0*546 

0*534 

0*456 

0*386 

0*329 

0*281 

0*242 

0*209 

0*182 

0*159 

0*088 


1*0 

0*785 

0*543 

0*428 

0*354 

0*299 

0*256 

0*222 

0*193 

0*169 

0*149 

0*084 


1*2 

0*405 

0*400 

0*346 

0*298 

0*262 

0*225 

0*198 

0*174 

0*154 

0*137 

0*080 


1*4 

0*179 

0*248 

0*252 

0*235 

0*210 

0*192 

0*172 

0*154 

0*138 

0*124 

0*076 


1*6 

0*094 

0*153 

0*176 

0*178 

0*171 

0*159 

0*147 

0*134 

0*123 

0*112 

0*071 


1*8 

0*058 

0*099 

0*124 

0*134 

0*135 

0*130 

0*124 

0*115 

0*107 

0*099 

0*066 


2*0 3*0 


0*037 

0*068 

0*089 

0*101 

0*106 

0*106 

0*103 

0*099 

0*093 

0*087 

0*061 


0*009 

0*017 

0*024 

0*031 

0*036 

0*039 

0*042 

0-044 

0*044 

0*044 

0*039 



Figure 1. The variation of the principal shearing stress, r, with x and y* 
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A convenient method of showing the variation of this function and of visualizing 
the distribution of stress in the interior of the medium' consists of plotting the 
contours of equal principal shearing stress, i.e. constructing the family of curves 
r = or 

c 2 y l = a{{% — c) 2 +y 2 } 1 {(x + c) 2 4* 2/ 2 } 1 , (2*2*3) 

where a is a parameter. These curves are the isochromatic lines 5 of photoelasticity. 
The family of curves was constructed by determining from table 1 and figure 1 the 
points in the vicinity of the crack at which the parameter oc has the values 0*7, 0*5, 
0*4,0*3 and 0*2. The result is shown in figure 2. The shape of the isochromatic lines 
in the neighbourhood of the edge of the crack can readily be deduced from equation 
(2*1*13); in polar co-ordinates 8 and ijr with origin at x = c the equation of an iso¬ 
chromatic curve reduces to the simple form 

<£ = /? sin 2 ^, (2*2*4) 

where /? = c/8a 2 . Thus near the edge of the crack the isochromatics are curves of 
two loops situated symmetrically with regard to the axis of the crack. 



Fioubb 2 . The isochromatic lines in the vicinity of a Griffith crack. 


The fact that all the isochromatic lines pass through the points (± c, 0) shows that 
at both of these points the principal shearing stress is infinite; thus even for small 
internal pressures p Q plastic flow occurs at the comers of the crack to remove t hi s 
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infinite stress. There is, in fact, no purely elastic solution of the problem; if, however, 
the internal pressure is not too large the region of plastic flow will be small and will 
Hot appreciably affect the distribution of stress at points in the solid at a distance 
from the corners of the crack. 

Although there seems to be no photoelectric determinations of the stress dis- . 
tribution in the vicinity of a crack there is a certain degree of similarity between the 
theoretical isochromatic lines of figure 2 . and those in the vicinity of a tunnel as 
determined experimentally by Farquharson (Frocht 1941 , p. 347). The shape of the 
tunnel differs appreciably from that of a crack of small transverse thickness, but the 
resemblance of the shape of the isochromatic lines in the neighbourhood of the lower 
straight edge of the tunnel to that of the lines of figure 2 is striking. 

2*3. Now consider the energy of the crack. When the semi-minor axis of the 
crack is e the internal pressure has the value 

_ B M 
^ 2 ( 1 —cr 2 ) \c/ 


Considering an element of length of the crack it is found that the work done in 
increasing the semi-minor axis to e + de is 


2pdxdw = ^ *»' 


so that the energy of the crack is 

2 E 


W = 


(1 —(T 2 )C 

nEe 2 
4(1 —cr 2 ) 


7r(l — cr 2 ) p§c 2 


E 


(2-3-1) 


where p 0 refers to the final pressure. 

The theory, of the Griffith crack, considers the distribution of stress in the vicinity 
of a crack when the craek is opened under the influence of an average tension p 0 
' applied to the surface of the body; the surface of the crack is assumed to be free from 
Stress. The solution of this problem is obtained by superposing on the solution 
( 2 - 1 - 1 ) a second solution 

Z = +p 0 . (2-3-2) 

This ensures that cr x = a y — p 0 for large values of x and y, and that cr x = = 0 

across the surface of the crack. Equation (2-3-1) then shows that the presence of a 
crack of length 2 c lowers the potential energy of the solid by an amount W . On the 
other hand, the crack has a surface energy 

U = 4cT, (2-3-3) 

where T is the surface tension of the material. Thus the total diminution erf the poten¬ 
tial energy due to the presence of the crack is 

W—U = 7r{l—cr 2 )plc 2 /E—4eT. 
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The condition 


0C 


(W-U) = 0 


that the crack may extend then leads to the equation 

2 ET 


c = ■ 


nplil-a 2 )' 

If c is less than this value or if p 0 exceeds the critical value p c given by the relation 

WkS' (2 ' 3 ' 4) 


the’ crack "will become unstable and spread. Equation (2-3-4) is the (corrected) 
Griffith criterion for rupture in the case of plane strain, equation (1-1*2) above. 


3. The thbee-dimehsiohal model 

3T. In the three-dimensional case assume that a crack is created in the interior 
of an infinite elastic medium and that it is ‘ penny shaped’, occupying the circle 
r* = x z + y 2 = c 2 in the plane z = 0. An examination of the equations of §2-1 shows 
immediately that in the case of the two-dimensional model the distribution of stress 
in the neighbourhood of a crack of length 2c lying along the axis y = 0, is identical 
to that in the semi-infinite elastic medium y^O when the conditions on the boundary 
y = 0 are prescribed by the relations 


(i) T X y = 0 for all values of a?, \ . . 

(ii) c r y ±=-p 0 (| * | <c), u v = 0 (| x | >c).f 

In the three-dimensional case assume that the distribution of stress in the neigh¬ 
bourhood of the crack is the same as that produced in a semi-infinite elastic medium 
when certain conditions are prescribed on its bounding plfne. 

For a crack of the shape described above there is symmetry about the 2 -axis, so 
cylindrical co-ordinates r, 6, z may be employed; in this co-ordinate system the dis¬ 
placement vector assumes the form (u r , 0, it s ), and the stress in the interior of the 
medium is specified completely by the stress components cr r , <x z , cr g , r re , the remaining 
components being identically zero. 

By analogy with equations (3*1 -1) it may now be assumed that the distribution 
of stress in the neighbourhood of the crack is the same as that produced in the 
interior of the semi-infinite elastic solid 2^0 by the boundary conditions 

(i) = 0 for all values of r, ) 

(ii) cr s = —p(r) (r< c), u e = 0 (r>c),j ' ' 

on the plane z = 0. In the first instance assume that the applied internal pressure p 
is a function of r; the case of a constant internal pressure will be examined later. 
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'The only restriction on the function p(r ) imposed by the subsequent analysis is that 
it is such that the integral 

jjp(r)J 0 (t;r)dr 


exists for all real values of the parameter 

The conditions (3*1*2) do not correspond to a hydrostatic pressure in the crack in 
all cases. In the analyses of Griffiths and Sack the crack is assumed to be of very 
small depth, so that the surface of the crack may be taken to be coincident with the 
2-axis; in this instance the pressure across the surface of the crack is —<r z and the 
conditions (3*1*2) are exact. Even in cases where the depth of the crack is taken into 
account the distribution of stress given by the conditions (3*1*2) will not differ 
much from that given by a hydrostatic pressure inside the crack—except possibly 
near the boundary of the crack. It will be seen later (§ 3*5) that in the case where the 
internal pressure is*constant throughout the crack and the medium is incompressible 
the conditions (3*1*2) correspond exactly to a hydrostatic pressure. 

With the axial symmetry the equations of elastic equilibrium reduce in the 
absence of body forces to (Love 1934, p. 90) 


d<T r dT r a r -cr 9 _ 


(3-1-3) 


9^2 , 
dr 3 z 



(3-1-4) 


It has been shown (Harding & Sneddon 1945) that these equations and the conditions 
of compatibility are satisfied by the forms 


°V - + (A+2 p) ?G'}J o m f ><?'J l( £r) (3-1-5) 

Jo r j 0 


■ jj{(X+2p)G m -(Z?i+4 : fl)£*G'}J 0 (£r)dg, ( 3 - 1 - 6 ) 

°a = A J 0 {fr)i£+?£±£ f>**(*)«, (3-1-7) 

Jo r j 0 

T rz = J>{A<?*+(A+ 2 /i) £*GH(fr) di, (3-1-8) 

and as noted above = t t9 = 0. (3-1-9) 

In these expressions A and /i are Lamp’s elastic constants and the function <?(£, z) 
is a solution of the ordinary differential equation 


The constants of integration introduced into the solution of this fourth-order 
equation are determined from the imposed boundary conditions. The solutions given 
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above are such that all the components of stress tend to zero as r-^-cc; to ensure 
further that all these components tend to zero as z oo assume a solution of equation 
(3*1*10) of the form 

G = {A + Bz)e~&, (3*1-11) 

where A and B are functions of the parameter i. 

The corresponding expressions for the non-vanishing components of the dis¬ 
placement vector are 

Jo 

u z = (3-M3) 

To determine the values of the arbitrary functions A and B of equation (3-1-11) 
it is necessary to evaluate T rz , u e , <x z on the plane z — 0. By repeated differentiation 
of (3*1*11) and by use of the results 

} _ ^ _ B /O T 1A\ 

A_ (l+<r)(l-2cr) 5 / ““2(l+cr) * 3 ' ‘ * 

expressing the Lam6 constants in terms of the Young’s modulus E and the Poisson 
ratio a, then, on substituting z = 0 into equation (3*1*8), 

Inverting this result by means of the Hankel inversion theorem, then 

- 2<r) JJrjrJ^o JMr) &Z- 

If the boundary conditions — 0 holds for all values of r it follows that 

(■A = 2crB (3*1*15!) 

between the two constants of integration A and B. Substituting from equation 
(3*1*15) into equation (3*1*11), differentiating with respect to z and then putting 
z = 0 it is found from equations (3*1*6) and (3*1*13) that 

[«.!-«- (HU) 

Writing (3*1*11) in the form 

G = ^Q(2<r+£z)e-& ( 3 * 1 * 18 ) 
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and then putting?; = £c in equations (3-1-16) and (3-1-17), one obtains finally 

/”««»>•'»<'”'>*> < 3 

and W„„ - - < 3 

where f(y) = ij 2 B{y) (3 

and p = r/c. 

3 - 2 . Inserting the boundary conditions 

z = 0 , u z = 0 (r>c), cr z = —p(r) (r<c) 
into equations (3*1*19) and (3-1-20), the pair of integral equations 


(3-1-19) 


(3-1-20) 

(3-1-21) 


J o vf(v) Mpv) d v = g{p) (o < p < i ), 

f f(v)J 0 (PV) d v = o (p>i), 

JO J 


(3-2-1) 


is obtained for the determination of the unknown function f(rj) and hence of the 
constant B(c £) of equation (3-1*18); in the former of these two equations is written 


, (l+cr)(l —2cr) 4 , , 

g{p) = --^--c 4 p(pc). 


(3-2-2) 


Dual integral equations of the type ( 3 - 2 - 1 ) have been considered by Titchxnarsh 
( 1937 , p. 334) and Busbridge ( 1938 ); the solution of the pair ( 3 - 2 - 1 ) can be derived 
easily from Busbridge’s analysis in the form 

' (3-2.3) 

Substituting from (3-2-3) into ( 3 - 1 - 20 ) and making use of the result (Watson 1944 , 
p. 405) 

it is found that when the applied pressure is p(r) the value of the normal component 
of the surface displacement is given by the equation 


M = | f psinpydp f - 
nj 0 Jo- 


amfiyj 0 (py)dy = 


KU 0 = 


4(1— <r 2 )c f 1 pdp 


f 1 pdp f 1 xg[ 

J pf(P 2 -p*)J oV(! 


xp{xfic) 


dx (pel). 


If, for example, the applied pressure is given by the power series 


P{r) =Po'L 

0 


(0 < r < c), 


(3-2-4) 


(3-2-5) 


then substituting into equation ( 3 - 2 - 3 ) one obtains 


M = - 


(l+ff)( 1 — 2(7) 


c *Po s 


ro+W 

0 r(f+w £ 


p n+1 sm/i't)dp, (3-2-6) 
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so that the normal component of the surface displacement now has the value 


KUo = 


2. n v r{ 1 + ^ n K I (- 
]tt 1 “ 4 U 


where l n denotes the integral 


4 = c /i w -^ r 1 ' 

Integrating by parts it can readily be shown that I n satisfies the recurrence relation 


c/r qn+1 


(0<r<c), (3-2-7) 


(3-2-8) 


T n T 1 (c\ n+1 , 2 2U 
4 _ n+l 4 - 2+ » + l(r) (C 


(3-2-9) 


By means of these equations the value of the normal component of the surface 
displacement can be calculated when the law of variation of the applied pressure 
is known. 

The value of the radial component of the surface displacement is found from 
equation (3-M2) to be 


L=o = ~§J o f(V)Ji(PV)dv, 


(3-2-10) 


whence by equations (3-2-2) and (3-2-3) and making use of the result (Watson 1944 ) 
p. 405) we obtain 


r® ' -l 

I Ji(p7/)sin /i7/di] = J.P. 


;(p 2 -/t 2 )-i (fl<p), 


then, in the general case, 


[ U r]jt=*0 — 


2(1 +<r) (1 — 2 <r)c f 1 


f /* 2 ^ f 

Jo J ft 


(p>p), 

1 p(pflc)dp 

W{(1 -pW-v?)Y 


(3-2-11) 


(3-2-12) 


It will be observed from this equation that the radial component of the surface dis¬ 
placement is zero when the medium is incompressible (tr = |). 

3-3. If it be supposed that the applied pressure p(r) is constant over a circular area 
of radius a 4 c, then * . 


pfr) = i Po <° <"<“)> 

PVI \0 (a<r<c). 

Substituting into equation (3-2-4) one obtains the expression 
«> = — "jp* * (c*~r*)i{l - (1 -a»/c»)*} 


(3-3-1) 


(3-3-2) 


for the normal component of the surface displacement, w = [« a ] z „ 0 . If w = e when 
r = 0 then 


(3-3-3) 
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and equation (3*3*2) may be written in the form 
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showing that for all values of a < c, the crack resulting from the application of an 
internal pressure is ellipsoidal in shape provided the applied pressure is constant. 
For a point force applied at the centre of symmetry allow the radius a to tend to 
zero and the applied pressure p 0 to tend to infinity in such a way that the total force, 
7 ra 2 p 0> remains constant, P say; in this instance one obtains from equation (3*3*3) 


2(1 -o- 2 ) P 
7 r 2 cE' 


If the pressure p 0 acts over a circle of radius c, i.e. over the entire surface of the 
crack, and produces a displacement e of the centre of the circle then 


_ nEe 
^ _ 4(1-o- 2 )c’ 


(3-3-5) 


from which it will be observed that p 0 is constant for constant values of the ratio 
e/c. Now consider the work done in forming an ellipsoidal depression of circular 
section of radius c and of depth e. When the depth of the depression is e the pressure 
is given by equation (3-3-5); when the depth of the depression has increased to e+de 
the pressure will have increased to nE(e +<2e)/[4(l—cr 2 ) c], so that in bringing about 
a change de of the depth of the ellipsoidal depression the average pressure is 


nEie+Me) 

* o = i(n^r- 

Considering a ring element of surface intersecting the plane 6 = 0 at the points 
P, P' (see figure 3) it is found that the work done in making a small normal dis¬ 
placement dw is 

p 0 2 nrdrdw = 2m- drde( 1—r a /c 2 )* 


dr 



Figure 3 
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by equation (3-3-2). Thus the total work done in forming the ellipsoidal depression 
on the surface of a semi-infinite elastic solid is 




which gives 


7 7T 2 EC6 2 

1 12(1—cr 2 )* 


The energy of a crack formed by internal pressure is twice this energy; multiplying 
the last result by 2 and substituting for the value of e in terms of the final pressure 
p 0 one obtains for the energy of a crack of radius c the formula 


W = 2W 1 = 


8(1 -cr 2 ) 
3 E 


2-3 


me 


(3-3-6) 


3-4. It was observed above (equations (3-3-3) and (3-3-4)) that as long as the 
internal applied pressure is constant the crack will be ellipsoidal in shape whatever 
the radius of the circle over which it is applied. It is natural then to try to determine 
whether cracks of a shape other than ellipsoidal are possible, and if they are to deter¬ 
mine the distribution of internal pressure necessary to preserve their shape. This 
is equivalent to assuming that the value of [m 2 ,] z „ 0 is known when r < c, but that 
the function p(r) is unknown. One might then regard equation (3-2-4) as an integral 
equation determining p(r) when [u ^ 0 is known. It is, however, simpler to consider 
the problem of determi n ing the distribution of stress in a semi-infinite elastic medium 
bounded by the plane z = 0 when the surface value of the normal component of the 
displacement vector is prescribed for all values of r. The analysis proceeds along 
similar lines except that now the boundary conditions 


(i) = 0 , for all values of r, 

(a) < r<c >’ 

\ o (r>c), 

replace the set ( 3 - 1 - 2 ). Substituting the condition (ii) into equation (3-1-17) then 


J>J8/„(gr)#--| 


(l-2<r) , s , , 

W^) w(r) (r<c)> 

0 (r>c). 


Inverting this result by means of the Hankel inversion theorem 


iB = ~2(r^)f 0 rw{r)J ^ r)dr - 


(3-4-1) 


Denoting the integral on the right-hand side by w(£) then, from equation (3-1-16), 
it is found that 




(3-4-2) 
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Equation (3-4-2) gives the value of the applied pressure on the circle r < c which must 
be applied to maintain the prescribed surface displacement. 

Eor example, if it is assumed that 

w(r) — e(l—r 2 /c 2 ), (3-4-3) 

then from equation (3-4-1) it follows that 

m) = 2 eJM)l¥, 

and so by equation ( 3 - 4 - 2 ) that the normal component of the surface stress is given 
by the expression 

Using the recurrence relation 

after an integration by parts it is found that 

f"/ 0 (r|)J 2 (c|)dg= rJM)JM)d£- 

Jo Jo 1 J 0 

Now by Gubler’s formula (Watson 1944 , p. 410) the value of the first integral is 

found to be 

J] = |-EWo) (»•<«>. 

in the usual notation for elliptic integrals (Jahnke-Emde 1938 , p. 85). The second 
integral could also be evaluated by the Gubler formula, but the hypergeometric 
series involved in this instance is not readily summed. The integration can be 
carried out more easily by making use of Neumann’s result 

JSr)Jm = - PV 0 (£jR) cos Odd, * E 1 = c 2 +r 2 - 2 crcos 0 . 
uj 0 

Multiplying both sides of this equation by exp {— £z} and integrating with respect 
to £ from 0 to 00 , then 

Letting z tend to zero on both sides of the last equation one obtains the required 
result 

The integral on the right-hand side can easily be evaluated in terms of elliptic in¬ 
tegrals; with the usual notation for complete elliptic integrals, then 

k 2 — 4rc/{r+c) 2 . 

16-3 


where 
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Thus the displacement (3-4-3) is maintained by an applied internal pressure 

rM—Mt 3 ' 4 ' 4 ) 

where the function/(p) is defined by the equation 

Sip) = ^K(k)-K(p)-(l+p)JE(k) (3-4-5) 

and p = rjc, h 2 = 4p/(l +p) 2 . The variation of the function /(p) with, p is shown 
graphically in figure 4. From t his curve it follows that the applied internal force is 
compressive in the body of the crack, but that near the circular edge of the crack the 
applied force becomes tensilz until round the edge it is both infinite and tensile. 
This is precisely the kind of variation which would be predicted on physical grounds 
for a crack of this shape. 



Figttke 4. Variation of the function /(p) with p. 


3-5. Now return to the problem of determining the distribution of stress in the 
interior of the medium, in the case where the applied pressure p(r) is a constant p 0 
over the entire surface area r < c of the crack. Putting p(pc) = p 0 , then from equa¬ 
tions (3-2-2) and (3-2-3), . 

, 3 . 5 . 1 ) 

Substituting this value for f(7j) into elation (3-1-19) it follows that, for the normal 
component of stress across the plane 2 = 0, 

foUo = ^[pJ o sin vJi(PV)dV~j o ( 3-5 * 2 ). 
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By means of the results (Watson 1944 , p. 405) 

gin 

it is verified tliat <r z = —p 0 when p < 1 , and for the value of the normal component 
of the surface stress when p > 1 the expression 

(3 ' 5 ' 8 > 

fs obtained. It will be observed that when p — 1 the stress [<r z ] z=0 is infinite and that 
when p — 1 is small and positive 

(3-5-4) 

showing that there is a large tensile stress in the neighbourhood of the circle p = 1 , 
z = 0 . Furthermore, asp->-oo, 

M*=o~f^V 3 > (3-5-5) 

the stress being still tensile. Since 

does not change sign in the region p > 1 , it follows that the normal component of the 
surface stress [o-J z _ 0 never becomes compressive in , that region. The similarity of 
the expression (3-5-4) to that for the corresponding stress in the two-dimensional 
analysis (equation ( 2 - 1 - 8 )) is also of interest. 

For the values of the other stress components on the plane z = 0 one obtains from 
equations (3-l-5)-(3-l-8) the expressions 


.fo+GtfL-o = (1 + 2<r) [<Uo, 

= J 2 ( PV ) cos t/dri -J o J 2 {p7j) ^ dtyj, 

Evaluating the integrals in the square bracket it is found that the bracket vanishes 
when p < 1 and has the value 

-( P 2 -!)- 1 

when p > 1 . Thus if p < 1 and z = 0 , then 

<r 6 = i r r = -(<r+i)p 0 . 
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and, if p > 1, z = 0, a T = ^[(P 2 - l) _i - (<r+i)sm _1 £| > 

<r 9 = ^ j^2cr(p 2 -1 )-* - (<r+£) sin_1 ^J • 

It will be noted that in the case cr = J (incompressible medium) cr r = (T z ~ cr^ = —Po 
(p < 1 ), so that in this instance the internal pressure is truly hydrostatic. 

3 * 6 . The evaluation of the stress components in the interior of the medium is 
similar to that involved in the solution of the Boussinesq problem for a cylinder 
(Sneddon 1946 ). Obtaining the value of B(c£) from equations ( 2 * 1 - 21 ) and (3-5*1) 
and substituting from equation (3-1-18) into equations (3-1-12) and (3-1*13), then, 
for the non-vanishing components of the displacement vector, 

“■ - w (1 +<r > J7>1 - £ (^) <r* Jin) 1% (3-6-1) 

% (3 ' 6 - 2) 

where p — r/c and £ — zjc. Similarly, from equations (3-1-5)—(3-1-8) one obtains for 
the components of stress at a general point in the interior of the elastic solid 

^ = f 2 {ci(p, 0 - skp, 0+mp> 0 - mp, 0}, ( 3 - 6 - 3 ) 

(3-6-4) 

<r r+ o 0 + <7 a = ^^PmP>Q-WP>Q}’ (3-6-5) 

where ( 7 ™ and S% denote the integrals 

C%(p, 0 = r-^JmiPV) cos 7 i dii, S%(p, Q = 7 l n ~ 1 e-toJ m (pri) sin Tjdti. (3-6-6) 

The fourth relation for the complete determination of all the components of stress 
is found from equations (3-1-5) and (3-1-7) to be 

<r e -<r r = 2 (A+p) J 0 (gr)}«. 

Putting n = 1 , z = in the recurrence formula 

then <r 6 -cr r = 2(\+/i) j“£*G'J 2 (£r)d£, ( 3 - 6 - 8 ) 

whence follows the relation 

cr,-<r r - 2 L*[(l -2cr){Cl( Pl 0-8l(p,0}-^mp,0-Sl(p,m- (3-6-9) 
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Along the axis of symmetry, r = 0, it is found that t tz = 0, cr r —(r e = 0, so that the 
maximum shearing stress across any plane through a point on the axis of symmetry 
is given by the expression | r |, where 


iK-o'r) = -^{( 1 -2o-) (J o cos ^-e~^dr^ 

+ 3£^J ij coBt] e-& di ]—J sinj/e-^diyjJ. 


Evaluating the integrals 


T = -J(l-2<r)p 0 +g (i_2cr)( r ip + tan-^j-^ r |^- 2 . (3-6-10) 


Differentiating this expression with respect to £ then 


dr 4p 0 (5—cr) £ 2 —(1+cr) 
df 7t (1 + C 2 ) 3 


showing that | r | increases from the value J(1 — 2cr)^ 0 at £ = 0 to a maximum at 
£ = {(1 + o') j(5 — <r)}* and then decreases steadily to zero at £ = oo. 

Writing, in the general case, w = £+i, then 


z% = os-%ss = J o 

and the integrals Z™ can be evaluated by means of the formulae 


j> 


1 e- m ’JJpy)dy = 


l)!p» | 

. w 

jin 

^(w 2 +p 2 l 


( W 

jin 

IVK+p 2 ). 


(m^n—1), 


where P% denotes the associated Legendre function. 

In this way one obtains the results 

Z\ = (p 2 + w 2 )-*, Z\ — w(p 2 +w 2 )-i, 

Zi = p(p 2 +w 2 )-*, 


and by virtue of equation (3-6-7) the further relation 

Zl = - p Z} n ^-Zl. (3-6-11) 

Adopting the notation 

r 2 = l + £ 2 , £tan0 = l, 

& = (p 2 +?-l) 2 +4£ z , 2£cot0 = p 2 +£ 2 -l,, 


(3-6-12) 
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and equating real and imaginary parts one obtains the formulae 
CJ = eos \<j> ! — R -i sin \4>, 

Cl = rR-i cos {U -6), Sl = rR~i sin (f 0 - 0), 


O5 = ^(i2icos#-0, 

r 


Sl = -{l-RHm\ 
P 


C{ = -—- JS~* cos](0 - = - i? -i sin (d~y>), 


P P 
C\ = pR~* cosf^, 

and from (3-6-12) 


= pB~* sin §0, 


r 


It only remains to evaluate $j} and 
Integrating the expressions for Z\, Zl with respect to w, then 


" 1 — er wx T ^(pt+w^+w 

—— Jq(P x ) fa = log ——- 1 -. 

0 x p 


(3-6-13) 


(3-6-14) 


OO J _ g—WX 


X* 


J x (px)dx = -^~ w*J(w 2 +p 2 ) — w 2 +p 2 log + - UJ ,),1~ W 
Z P L P 


(3-6-16) 
, (3-6-16) 


it being assumed in both cases that p 4= 0. With the notation of (3-6-12) then from 
(3-6-16) by equating imaginary parts 


<S® = tan -1 


sin faf>+r sin d 
Ri cos \<$>-\-r cos 6 


(p=(= 0 ). 


(3-6-17) 


Using the recurrence relation (3-6-7) it is deduced, from equations (3-6-16) and 
(3'6-16), thatifp+0, * 


f 00 ! — er wx X 

J o i— - — Mp x )fa = ^{wV( w 2 +p 2 )-^ 2 } = wZllp. • 

Putting w = £+i, Z% = Cl—iSl and equating imaginary parts, then 

= ' (3-6-18) 

3*7. Before proceeding to the determination of the distribution of stress in the 
medium at points remote from the crack consider the expressions for the stress 
components at points in the immediate vicinity of the periphery of the crack. In 
this way results are obtained analogous to those of § 1*4; with a notation similar to 
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that of that section the integrals of §3-6 are computed when £ = Swxfjc, and 
p = 1 + £ cos fjc. Then 

r=l, <j> = f~\8smflc, \ 

6 = tyr — 8smfjc, JR = 28(c +8 cos f)lc 2 .j ' 

Substituting from equations (3-7-1) into the formulae (3-6-13-18) and retaining only 
those terms which are of first or higher order in (c/£) 4 , it follows that 

S{ = Gl = - 01 = cos \f, C\= cos If, 

Cj| = - C| = sin If, 8\ = -S\ = (^ sin \f, 

the other integrals being negligible to this approximation. With these values for the 
integrals involved the following expressions are obtained from equations (3-6* 3-5) 
and (3*6*9) fpr the stress components <r r , cr z and r rz : 


= cos \f+l cos if), 

(3-7-2) 

V* - ^ {f’cos \f-l cos #}, 

(3-7-3) 

v = §(4)* sin ^ cos ^ 

(3-7-4) 

It will be observed that these formulae differ from the expressions for the com¬ 
ponents of stress in the two-dimensional case (equations (1-4-1—3)) only by the 
presence of a factor 2 / 7 r. There is no parallel in the two-dimensional analysis to the 
hoop stress cr g \ in the three-dimensional case its value near the edge of the crack is 

given by the equation 



(3*7-5) 


3*8. By means of the formulae of §3-6 the components of stress at any point 
r = pa , z = £a, in the interior of the elastic body can be calculated for any prescribed 
value of the Poisson ratio. The results of these calculations for the case where the 
Poisson ratio has the value 0-25 and where both p and £ assume a sequence of values 
are given in tables 2-5. The variation of the various components of stress in certain 
planes is shown graphically in figures 5-8. The rapid decay of the stress com¬ 
ponents <r r and <r e as z increases is illustrated by figures 5 and 6; the variation with z 
of the normal component of stress, cr z7 is much more gradual as is seen, from figure 7. 
Perhaps the most striking feature of these results is the marked similarity between 
the variation of the shearing stress and that of the principal shearing stress r, 
in the two-dimensional case (compare figures 1 and 8). 
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Table 2. The variation of <r r /p 0 with p and £ 


V 

0*0 

0*2 

0*4 

0*6 

0*8 

1*0 

1*2 

1*4 

1*6 

1*8 

2-0 

e \ 
0-0 

- 0*750 

- 0*750 

- 0*750 

- 0*750 

- 0*750 

00 

0-010 

- 0*055 

- 0*068 

- 0*069 

- 0-068 

0*2 

- 0*446 

- 0*433 

- 0*386 

- 0*297 

- 0*180 

- 0*070 

0*007 

0*060 

0*072 

0*054 

0-039 

0*4 

- 0*214 

- 0*207 

- 0*160 

- 0*121 

- 0*087 

- 0*057 

- 0*041 

- 0*019 

0*000 

0*018 

0-014 

0*6 

- 0*075 

- 0*068 

- 0*060 

- 0*050 

- 0*039 

- 0*029 

- 0*019 

- 0*013 

- 0*007 

0*000 

0 - 007 , 

0*8 

- 0*006 

- 0*001 

0*007 

0*013 

0*022 

0-014 

0*006 

0*001 

0*000 

- 0*016 

- 0-026 

1*0 

0*017 

0*015 

0*012 

0*010 

0*005 

- 0*011 

- 0*022 

- 0*026 

- 0*028 

- 0*031 

- 0-027 

1*2 

0*031 

0*029 

0*026 

0*023 

0*022 

0*019 

0*015 

0*009 

- 0*001 

- 0*007 

- 0-009 

1*4 

0*030 

0*028 

0*025 

0*020 

0*015 

0*009 

0*005 

0*002 

0*000 

- 0*001 

- 0-001 

1*6 

0*028 

0*027 

0*025 

0*020 

0-015 

0*011 

0*007 

0*003 

0*001 

0*000 

- 0-001 

1*8 

0*024 

0*023 

0*022 

0*019 

0-015 

0*010 

0*007 

0*004 

0*001 

0*001 

0-000 

2*0 

0*021 

0*020 

0*018 

0*016 

0-013 

0*010 

. 0*006 

0*005 

0*003 

0*002 

0-000 

8*0 

0*009 

0*009 

0*008 

0*008 

0-007 

0*006 

0*005 

0*004 

0*003 

0*002 

0-002 

4*0 

0*004 

0*004 

0*004 

0*004 

0003 

0*003 

0*003 

0*003 

0*002 

0*002 

0-002 


Table 3. The variation of < r e jp 0 with p and £ 




\ 

0*0 

0*2 

0*4 

0*6 

0*8 

1*0 

1*2 

1*4 

1*6 

1*8 

2*0 

c \ 
0*0 

- 0*750 

- 0*750 

- 0*750 

- 0*750 

- 0-750 

00 

0*010 

- 0*055 

- 0*068 

- 0*069 

i 

- 0*066 

0*2 

- 0*446 

- 0*438 

- 0*412 

- 0*344 

- 0-242 

- 0*100 

0*045 

0*022 

0*010 

0*005 

0*004 

0*4 

- 0*214 

- 0*219 

- 0*178 

- 0*131 

- 0-067 

- 0*014 

0*025 

0*018 

0*013 

0*009 

0*006 

0*6 

- 0*075 

- 0*072 

- 0*051 

- 0*009 

0*016 

‘ 0*020 

0*023 

0*013 

0*007 

0*006 

0*005 

0*8 

- 0*006 

- 0*009 

- 0*017 

- 0*023 

- 0-019 

- 0*008 

0*009 

0*011 

0*014 

0*017 

0*012 

1*0 

0*017 

0*019 

0*026 

0*033 

0-030 

0*026 

0*022 

0*018 

0*017 

0*015 

0 * 00 $ 

1*2 

0*031 

0*039 

0*045 

0*053 

0-061 

0 * 058 , 

0*039 

0*021 

0-011 

0*019 

0*006 

1*4 

0*030 

0*035 

0*039 

0*044 

0-048 

0*054 

0*048 

0*041 

0*033 

0*025 

0 * 016 ' 

1*6 

0*028 

0*032 

0*037 

0*040 

0*043 

0*046 

0*042 

0*038 

0*033 

0*029 

0*021 

1*8 

0*024 

0*027 

0*029 

0*032 

. 0-034 

0*036 

0*038 

0*036 

0*032 

0*028 

0*020 

2*0 

0*021 

0*023 

0*025 

0*027 

0*029 

0*031 

0*032 

0*030 

0*027 

0*025 

0 * 019 * 

3*0 

0*009 

0*009 

0*010 

0*010 

0-011 

0*011 

0*013 

0*012 

0*011 

0*010 

0 * 010 , > 

4*0 , 

0*004 

0*005 

0*005 

0*006 

0-006 

0*006 

0*006 

0*006 

0*006 

0*005 

0 * 005 ^ 



Table 4. The variation of < xjp 0 with £ and p 


£ \ 

0*0 

0*2 

0*4 

0*0 

- 1*000 

- 1*000 

- 1*000 

0*2 

- 0*987 

- 0*985 

- 0*975 

0*4 

- 0*917 

- 0*912 

- 0-862 

0*6 

- 0*788 

- 0*768 

- 0*700 

0*8 

- 0*639 

- 0*617 

- 0*548 

1*0 

- 0*508 

- 0*482 

- 0*424 

1*2 

- 0*386 

- 0*373 

- 0*329 

1*4 

- 0*302 

- 0*286 

- 0*256 

1*6 

- 0*230 

- 0*224 

- 0*201 

1*8 

- 0*180 

- 0*175 

- 0*159 

2*0 

- 0*142 

- 0*139 

- 0*127 

3*0 

- 0*052 

- 0*051 

- 0*049 

4*0 

- 0*025 

- 0*024 

- 0*023 


0*6 

0*8 

1*0 

1*2 

- 1*000 

- 1*000 

00 

0*333 

- 0*937 

- 0*729 

0*232 

0*358 

- 0*742 

- 0*451 

- 0*006 

0*189 

- 0*560 

- 0*334 

- 0*081 • 

0*068 

- 0*429 

- 0*263 

- 0*108 

0*002 

- 0*333 

- 0*237 

- 0*113 

- 0*032 

- 0*262 

- 0*185 

- 0*109 

- 0*049 

- 0*210 

- 0*154 

- 0*094 

- 0*055 

- 0*168 

- 0*129 

- 0*090 

- 0*055 

- 0*138 

- 0*108 

- 0*079 

- 0*054 

- 0*111 

- 0*091 

- 0*070 

- 0*050 

- 0*045 

- 0*040 

- 0*035 

- 0*029 

- 0*022 

- 0*021 

- 0*019 

- 0*017 


1-4 1-6 1-8 2-0 


0*143 

0*080 

0*050 

0-034 

0*166 

0*089 

0*055 

0 - 036 , 

0*150 

0*095 

0*060 

0 - 040 : 

0*097 

0*080 

0*053 

0-041 

0*048 

0*055 

0*048 

0-038 

0*014 

0*018 

0*022 

0-030 

- 0-009 

0*012 

0*021 

0-023 

- 0*022 

- 0*001 

0*010 

0-016 

- 0*027 

- 0*010 

0*001 

o - ooa : 

- 0*032 

- 0*010 

- 0*005 

0-002 

- 0*033 

- 0*019 

- 0*012 

- 0-003 

- 0*024 

- 0*019 

- 0*014 

- 0 - 010 , 

- 0*014 

- 0*013 

- 0*011 

- 0-000 
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Table 5 

. The 

VARIATION OP T^jpg WITH p AND 




\ p 

0*0 

0*2 

0*4 

0*6 

0*8 

1*0 

1*2 

1*4 

1*6 

1*8 * 

2*0 

£ \ 












0*0 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*2 

0*000 

- 0*020 

- 0*051 

- 0*121 

- 0*327 

- 0*420 

0*066 

0*052 

0*030 

0*017 

0*011 

0*4 

0*000 

- 0*055 

- 0*126 

- 0*233 

- 0*354 

- 0*319 

- 0*097 

0*003 

0*021 

0*019 

0*014 

0-6 

0*000 

- 0*074 

- 0*155 

- 0*239 

- 0*292 

- 0*252 

- 0*133 

- 0*041 

- 0*006 

0*018 

0*007 

0*8 

0*000 

- 0*074 

- 0*145 

- 0*202 

- 0*225 

- 0*200 

- 0*131 

- 0*069 

- 0*029 

- 0*009 

0*000 

1-0 

0*000 

- 0*061 

- 0*119 

- 0*159 

- 0*170 

- 0*156 

- 0*117 

- 0*075 

- 0*046 

- 0*021 

- 0*009 

1*2 

0*000 

- 0*050 

- 0*092 

- 0*123 

- 0*133 

- 0*124 

- 0*100 

- 0*076 

- 0*047 

- 0*028 

- 0*016 

1*4 

0*000 

- 0*040 

- 0*070 

- 0*092 

- 0*102 

- 0*097 

- 0*084 

- 0*065 

- 0*048 

- 0*032 

- 0*020 

1*6 

0*000 

- 0*029 

- 0*053 

- 0*070 

- 0*078 

- 0*077 

- 0*069 

- 0*057 

- 0*044 

- 0*032 

- 0*022 

1-8 

0*000 

- 0*021 

- 0*040 

- 0*053 

- 0*060 

- 0*061 

, - 0*057 

- 0*049 

- 0*040 

- 0*031 

- 0*023 

2-0 

0*000 

- 0*016 

- 0*031 

- 0*041 

- 0*047 

- 0*049 

- 0*046 

- 0*042 

- 0*035 

- 0*029 

- 0*022 

3*0 

0*000 

- 0*005 

- 0*009 

- 0*012 

- 0*015 

- 0*017 

- 0*018 

- 0*018 

- 0*017 

- 0*016 

- 0*014 

4*0 

0*000 

- 0*002 

- 0*004 

- 0*005 

- 0*006 

- 0*007 

- 0*007 

- 0*008 

- 0*008 

- 0*008 

- 0*008 


The principal stresses at any point are determined by the roots of the discrimin¬ 
ating cubic 


cr—cr r 0 


0 cr—(r e 0 

r~~ 0 cr—cr. 


= 0 , 


so that they are equal to 


a e , \{<T r + cr e ) ±,{(|<r r - K) 2 +r^}*. 


(3-8-1) 


(3-8-,2) 


With the values of the stress components given in tables 2-5 the components of 
principal stress may readily be deduced from the formulae (3-8-2). The numerical 
value of the principal shearing stress can then be determined from the fact that it 
is equal to one-half of the algebraic difference between the maximum and the 
minimum components of the principal stress. The results of such a calculation are 
embodied in table 6, and the variation of the principal shearing stress in planes 
parallel to the plane of the crack exhibited graphically in figure 9. In general outline 
this variation is similar to that of the principal shearing stress in the two-dimen¬ 
sional case. 


Table 6, The variation or the principal shearing- 
stress (DIVIDED BY p 0 ) WITH -/? AND £ 


\ p 


t \ 

0*0 

0*2 

0*4 

0*6 

0*8 

1*0 

1*2 

1*4 

1*6 

1*8 

2*0 

0*0 

0*125 

0*125 

0*125 

0*125 

0*125 

CO 

0*172 

0*099 

0*074 

0*059 

0*050 

0*2 

0*270 

0*277 

0*299 

0*342 

0*427 

0*446 

0*188 

0*085 

0*051 

0*033 

0*021 

0*4 

0*351 

0*356 

0*373 

0*388 

0*398 

0*320 

0*151 

0*085 

0*047 

0*033 

0*023 

0*6 

0*357 

0*358 

0*356 

0*349 

0*327 

0*254 

0*140 

0*069 

0*044 

0*032 

0*025 

0*8 

0*317 

0*316 

0*313 

0*299 

0*266 

0*201 

0*131 

0*073 

0*040 

0*032 

0*032 

1*0 

0 * 263 . 

0*256 

0*248 

0*234 

0*209 

0*164 

0*117 

0*075 

0*044 

0*031 

0*009 

1*2 

0*209 

0*207 

0*200 

0 * f8S 

0*168 

0*139 

0*105 

0*077 

0*048 

0*030 

0*017 

1*4 

0*169 

0*162 

0*157 

0*147 

0*123 

0*110 

0*089 

0*066 

0*048 

0*032 

0*022 

1*6 

0 * 12 ^ 

0*129 

0*125 

0*117 

0*107 

0*092 

0*076 

0*059 

0*045 

0*032 

0*023 

1*8 

0*102 

0*100 

0*099 

0*095 

0*086 

0*076 

0*064 

0*052 

0*040 

0*031 

0*023 

2*0 

0*082 

0*081 

0*079 

0*075 

0*070 

0*063 

0*054 

0*046 

0*037 

0*030 

0*022 

3*0 

0*030 

0*030 

0*030 

0*029 

0*028 

0*026 

0*025 

0*023 

0*020 

0*018 

0*016 
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Figure 5. The variation of the radial component of stress, o* r , with p and £. The 
broken curve shows the variation of <r r in the plane of the crack (z = 0)* 
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Fictobbs 7. The variation, of the normal component of stress, <r„ with p and The 
broken curve shows the variation of <r z in the plane of the crack (2 = 0). 
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The most convenient way of visualizing the distribution of stress in an elastic 
body is probably to draw the contours of equal principal shearing stress—the three- 
dimensional analogue of the iso chromatic lines of photoelasticity. By means of 
table 6 and figure 9, points in the z-r plane at which the principal shearing stress 



broken curve shows the variation of r in the plane of the crack. 



Figure 10. The contours of equal principal shearing stress 
in the vicinity of a circular crack. 
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reaches the values 0*25, 0*30, 0*35, 0*40 can readily be determined (in terms of p 0 as 
unit), and by drawing the curves through corresponding values the contours of 
(equal) principal shearing stress can be plotted. The result is shown in figure 10. It 
will be observed that except in the vicinity of the edges of the crack—and apart from 
numerical values—these contours of equal principal shearing stress are very like 
the isochromatic lines of the two-dimensional case (figure 2). The main difference 
between the two systems of curves lies in their behaviour near the edges of the 
crack. In the two-dimensional case the points x = ±c are nodes separating two 
loops of the curves (cf. the curves corresponding to the values r/^ 0 = 0*4, 0*5, 0;7 in 
figure 2), but in the three-dimensional case the point r = c is a simple point of the 
curve, the curve cutting the r-axis again at a point where r>c (cf. curves with r/p 0 in 
figure 10). It should, of course, be remembered that these ‘ contours’ are in reality sur¬ 
faces of equal principal shearing stress obtained by rotating figure 10 about the 2 -axis. 

As in the two-dimensional case the principal shearing stress becomes infinite at 
the edges of the crack, indicating that a certain amount of plastic flow will occur 
and hence that there is in reality no purely elastic problem. Except in the neigh¬ 
bourhood of the crack, however, the elastic stresses are dominant and the energy 
relation (3*3*6) approximates very closely to the true result. 



Figure 11 . The normal displacement of planes parallel to the plane of an ellipsoidal crack of 
small depth. The depth of the crack, 2e, has been greatly exaggerated in this diagram to show 
the variation of the normal displacement more clearly. 


3*9. The distribution of stress in the vicinity of a crack can also be illustrated by 
calculating the normal component of the displacement vector for points in the 
elastic body and then drawing the normal displacement of planes which were 
originally parallel to the plane of the crack. Since the normal component o£ stress 
cr z is infinitely large at the edge of the crack it might at first sight appear that the 
displacement u z should also be infinite in that region; that this is not so can readily 
be seen from an examination of equation (3*6*2). It follows iminediately from this 
equation that the normal component of the displacement vector is given by the 
formula r f ~\ 

(3-D-l) 

with the notation of (3*6*6). By means of ibis formula the variation of the normal 
displacement along the planes z/c — 0*05, 0*2, 0*4 was calculated. The results are 
shown graphically in figure 11, which shows the position of the planes 2 / 0 ,=^ 0*05,0*2, 
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0-4 after the crack has been opened out to a depth 2e, by a uniform internal pressure; 
in this diagram the ratio e/c has been very much exaggerated to show more clearly 
the variation of the normal displacement in planes near to the crack. 

Approximate formulae for the determination of the normal component of the 
displacement vector in planes close to the crack can be derived from equation (3-9-1). 
If p is small, then „ 

Joipy) = l ~hp 2 f> j i(pv) = \py 


may be written in the integrals for C™ and S%; making this substitution, evaluating 
the integrals now involved and retaining terms of (3-9-1) of order two or less one 
obtains the approximate result 

u, = e{m-p*U&)} + 0{ep% (3-9-2) 


where the functions/^) and/ 2 (£) are defined by the relations 


a® - 1 

V 

A® +«■)-’■ 


By means of equation (3-9-2) may be calculated the normal displacement at points 
just off the axis of symmetry r = 0. 

Similarly, by taking p to be large the integrals involved by means of equations 
(3-6-13) can be evaluated; since as a first approximation one may take R — p, 
<j> = 2£//> 2 in these equations. Thus for p large and £-4p one has the approximate 
formula' 

The value of the displacement vector in the neighbourhood of the periphery of 
the crack r = c can be determined by the methods of § 3-7. With the notation of 
that section 

(8 ' 9 ’ 6) 

where z = $ sin rjr and r = c +$ cos i[r. 

The relation of the approximate formulae (3*9-2-5) to the exact result (3-9*1) is 
shown in figure 12. In this diagram the value of the displacement u z for points along 
the plane zjc = 0*05 are shown; the full line gives the values of the displacement as 
calculated by equation (3*9*1) for cr = 0*25; the broken lines show the values given 
by the approximate fdrmulae s for the same value of the Poisson ratio. It will be 
observed that the agreement is good within the range specified. It is to be expected 
that for smaller values of 8 the expression (3*9*5) will give more accurate results. 

3*10. The effect of a circular crack on the strength of a brittle solid subjected to 
a uniform tensile stress can be deduced immediately from the analysis of §§3*5 
and 3*6. Assume that the radius c of the crack (which may be taken to be situated in 
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the plane 2 = 0 with its centre at the origin of co-ordinates) is considerably smaller 
than the dimensions of the elastic body. Then replace the finite elastic body by an 
infinite elastic body with a crack in its interior which is subjected to the stress system 

v z ~ p 0 , <r r = (x e = p 1 (3-10-1) 

when r is very large. Since the surface of the crack may be assumed to be free from 
external forces the further boundary conditions 

cr a = 0, 7^=0 (3-10-2) 

follow when 2 = 0 and r < c. 



— r/c-*- 


Figube 12. The variation of the normal displacement u z in the plane * = 0-05 c.e. The fuH 
curve corresponds to the exact values calculated from equation (3-9-1). The broken curves 
correspond to the approximate formulae— A to (3-9-2), B to (3-9-4) and O to (3-9-6). 

If the solution r OT = 0, er 2 = p Ql <r r — cr e - p x (3-10-3) 

be added to equations (3-6-3), (3-6-4), (3-6-5) and (3-6-9), the expressions.so obtained 
for the components of stress satisfy the equations of equilibrium (3-1-3) and (3-1-4) 
and the boundary conditions (3-10-1) and (3-10-2). The distribution of stress in the 
interior of the solid can then be determined from the results of § 3-7 by a very simple 
calculation, or from figures 5-8 by a simple change of scale along the axis corre¬ 
sponding to the stress component. , 

It follows immediately from equation (3-3-6) that if a brittle body is acted upon 
by uniform stress <r r = a 9 — p x , cr z = p 0 , the presence of a circular crack of radius c 
lowers the potential energy of the medium by an amount 

w _ 8(l-<r a )p§c 3 
3 E 


(3-10-4) 
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which is independent of the value of p v The crack has also a surface energy 

U = (3*10*5) 

where T denotes the surface tension of the material of the elastic body. The condition 
that the crack may spread is 

y )-° 

nET 

01 C -2pl(l-<rr 

so that the crack will become unstable and spread if p 0 exceeds the critical value 

I nET 

Pcr ~ V 20(1-0-2)* 

This is the criterion derived by Sack ( 1946 ) (equation ( 1 * 2 * 1 ) above)* 

I should like to take this opportunity of expressing my thanks to Professor 
N. F. Mott for acquainting me with this problem and for various suggestions received 
during many helpful discussions on the theory of cracks. I am also indebted to 
Mr R Sack, of the H. H. Wills Physical Laboratory, the University of Bristol, 
for putting his unpublished work at my disposal, and to Miss June Tenwick for her 
assistance in checking the calculations of § 3 - 8 . 
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The basic reactions in the upper atmosphere. I 

* 
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\ 

(Received 7 November 1945 —Read 14 .March 1946) 

The properties of the tipper atmosphere and in particular of the ionosphere and of the night- 
sky emission are outlined. The fundamental processes that might be involved are discussed* 
Various suggestions regarding the production of the layers are considered in detail and the 
main difficulties indicated.' The theory of the equilibrium of the layers is built up and the 
outstanding problem of explaining the rate of disappearance of electrons is emphasized. 
Current views on the origin of the night-sky light are studied critically and serious dis¬ 
crepancies are shown to exist. Other possibilities are examined. 

1 . In an earlier paper (Massey 1937 ) the nature of the collision processes occurring 
in the ionosphere was investigated in general terms with a view to understanding the 
observed distribution of electron and ion density in space and time. Explicit account 
was taken of the known stability of the negative ions of oxygen, so that besides 
direct recombination of electrons and positive ions, consideration was given to 
attachment of electrons to O and 0 2 , detachment of electrons from 0 ~ and 0 2 ? 
and recombination of negative and positive ions. In agreement with Martyn & 
Pulley ( 1936 ) it was concluded that negative-ion phenomena are likely to play an 
important role in the ionosphere. From the preliminary examination of the rates of 
the various processes as derived from theoretical and experimental data it was 
suggested that the best way of regarding the situation in the E layer is to take the 
electrons and negative ions as in a dynamical equilibrium so that if n e , n~ are their 
respective densities, 

rT\n & = A, ( 1 ) 

where A changes only slowly with time. The apparent recombination coefficient for 
electrons is then given by 

a = a 6 + Aa*, (2) 

where a e is the true coefficient of recombination between electrons and positive ions 
and cc i that for recombination between negative and positive ions. 

In a second paper (Bates, Buckingham, Massey & Unwin 1939 ) oc e was calculated 
by quantal methods and found to be quite inadequate to account for the observed 
value of a. Rough estimates of (now thought to be too low) then suggested that 
A in ( 2 ) must be taken of order 100 . The difficulty of reconciling this with photo¬ 
detachment effects during the daytime was not properly realized. At that time also 
it appeared that a large value of A was required to explain the magnitude of the 
terrestrial magnetic variations, but the measurements of Appleton & Weeks ( 1939 ) 
on atmospheric tides now cast doubt on the validity of the theoretical treatment of 
this phenomenon. . 
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For further progress it was necessary to extend the application of theoretical 
analysis to as many reaction rates as possible. As part of such a programme a detailed 
study of 0 and 0 a and of the reactions leading to their formation and destruction 
has recently been made by the present authors (Bates & Massey 1943). From this 
work and that of the previous paper (Bates et al. 1939) information is available 
concerning the continuous absorption cross-section of atomic oxygen, the electronic 
and ionic recombination coefficients, the rate of photo-detachment and a number 
of other processes. With this for guidance it becomes worth while to review the theory 
of the upper atmosphere taking into account also the recent observational material. 
The distribution of solar photo-ionization throughout the atmosphere and its 
relation to the origin of the ionized layers, the temporal variation of ion density, 
and the light of the night sky are all discussed. Considerable modifications are 
introduced by such factors as the intense absorption estimated for atomic oxygen, 
the large value the ionic recombination coefficient may assume, and the previously 
underestimated importance of photo-detachment of electrons from negative ions 
during daylight.* A wholly satisfactory theory cannot yet be regarded as available 
and, in all cases, care has been taken to catalogue and discuss the difficulties still 
outstanding. Directions in which information should be sought are outlined. 


2. Mean composition, temperature, and density 

DISTRIBUTION OR THE ATMOSPHERE 

2*1. Composition 

The principal constituents of the atmosphere are oxygen and nitrogen. As pointed 
out by Chapman (1931), oxygen is mainly present as molecules at low heights and as 
atoms at great heights. The detailed theory of Wulf & Doming (1938) shows that the 
transition takes place in a region near but slightly above lOOkm.f The existence oi 
oxygen m the atomic state m the high atmosphere has been confirmed by the 
serration of emission lines in the night-sky and auroral spectra $ (§7-1-1). Nitrogen 
owever, pro a ly remains in the molecular state up to very great heights. There 

? !? e0 \ T evidence t0 suggest, dissociation (Chapman & Price 
f , 0] L laC . k ofknowled ge of toe rate of mixing, and consequently of the import- 

™ol^ U T’ 18 S T aUy tak6n “ a ° rude a PP roxima tion that the relative 
proportions of oxygen and nitrogen remain constant-that is, the ratio O a /N a = i 

Wu' l ( e i94sJ OW ^ b66n 

for tiL £thiTSLX h oftheir T 1 ? t° ^r igiQal r68ultS ° f Wulf & Doming to allow 
is indicated by present evidence ^) atmo8 P here fal1 * -°ff more rapidly with heighten 

present in the idght -s^^^fa^'/^tted 1 / systems ° f molecular oxygen though possibly 

from the auroral spectrum (emitted m<r 1 r° m unknown height) are apparently absent 
(§ 7-1-5). ^trum (emitted mainly from heights between about 100 and 200 km.) 
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below the atmospheric transition region, and the ratio 0/N 2 = \ above the atmo¬ 
spheric transition region. The most promising source of information on the oxygen- 
nitrogen distribution appears to be from careful observation and thorough under¬ 
standing of the auroral spectrum. * 

Various diatomic compounds of oxygen, nitrogen, carbon and hydrogen might 
be expected to occur in the high atmosphere. Band emissions arising from nitric 
oxide have been reported in the night-sky spectrum (§ 7* 1*4), but there appears little 
evidence of any from the other possible compounds. Certain polyatomic molecules 
are present. Carbon dioxide and water vapour are contained in the lower atmosphere, 
but the height to which they extend is uncertain. The total amount of the former 
is some 6 x 10 21 mol./cm. 2 column of atmosphere, that of the latter is of course very 
variable. Ozone is well known to be present in a layer mainly between 20 and 
30 km. Absorption measurements show the number of molecules to be of the order 
7 x 10 18 /cm. 2 column of atmosphere (Chapman 1943). Nitrous oxide is also to be 
expected, and there is the evidence for its presence in the absorption spectrum 
(Sutherland & Callendar 1943). These subsidiary constituents may affect profoundly 
the temperature distribution, but they have probably not much direct influence on 
the phenomena discussed in this paper (see, however, § 4-6). 

Attention has been drawn in recent years to the presence in the atmosphere of 
foreign elements originating presumably from meteors or terrestrial dust. The 
best authenticated of these is sodium, which gives rise to the striking D lines in the 
night-sky spectrum. From the intensity of the twilight enhancement effect it can 
be estimated that above about 70 km. the number of sodium atoms/cm. 2 column of 
atmosphere is about 5 x 10 8 to 5 x 10 9 (§ 7*2*2). 


2*2. Temperature 

The temperature distribution has been fully considered by Martyn& Pulley (1936) 
and more recently by Whipple (1938). From the evidence obtained from balloon 
exploration, anomalous sound propagation, noctilucent clouds, the nitrogen bands 
in the auroral spectrum, and other phenomena, the latter concluded that the tem¬ 
perature rises from about 220° K in the stratosphere to a broad maximum of 365° K. 
at 60 km., then falls rapidly to almost 180° K at 80 km. after which it again rises. 
The work of Pekeris (1937) on atmospheric oscillations is in general agreement with 
this description. 

Some further confirmation is given by the measurements of the scale heights of 
the D and E layers (§§ 3*1, 3*2) which show the temperatures to be about 200° K at 
70 km. and 400° K at 120 km. It must be remembered, however, that the inter¬ 
pretation of the experimental results is not at all simple, thus: 

(i) The scale height derived from them refers to the atmospheric constituent that 
gives rise to the ionization. For the E layer, account must be taken of the important 
influence of dissociation on the distribution of atomic and molecular oxygen. 


17-2 



264 D. R. Bates and H. S. W, Massey 

(ii) The values obtained depend on rather uncertain assumptions. In the D layer 
the determination is based on the magnitude of the diurnal variation of the altitude. 
This may be complicated by thermal and other effects it will be noted in this 
connexion that the phase of the corresponding seasonal variation is peculiar (Budden, 
Ratcliffe & Wilkes 1939). The scale height in the E layer is derived from the structure * 
of the io niz ation but no allowance is made for the thickening (as compared with a 
simple Chapman layer (§ 4*4)) that occurs if the absorption cross-section involved is 
not independent of the frequency of the ionizing radiation. 

Little information is available on the temperatures at great altitudes, but the 
probable high density indicates that they must be considerable—at least 500 ° K. 
The scale heights found for the F layers (§ 3 * 3 ) suggest that in the region 200-300 km. 
the temperatures are from 1000 to 2000 ° K. However, it must be emphasized that 
the huge ionization thickness upon which these figures are based may well be at 
least partially accounted for by the composite nature of the individual layers or 
by the effective recombination coefficient being pressure dependent. 

Spectroscopic investigations may eventually provide further data on this subject. 
The measurements available at present do not appear to favour very high tem¬ 
peratures; they cannot, however, be regarded as conclusive. 

2 - 3 . Density 

Meteors give the most important direct information on the density of the upper 
atmosphere. Taking the mean molecular weight as 28 * 8 , Whipple (1943) finds that 
at 60 km. the number of particles/c.c. is 8 x 10 15 , at 80 km. 1*4 x 10 15 , at 100 km. 
9 x 10 13 , and at 120 km. 6 x 10 12 . Integration using the estimated temperature dis¬ 
tribution leads to slightly lower densities, but the discrepancy is not great if allowance 
is made for an increase in the scale height due to dissociation of 0 2 . The observed 
collision frequency in the E region is not inconsistent with these values. 

It is not yet possible to obtain any reliable indications above the E layer. The 
evidence from the measurements of the scale heights suggests very tentatively 
1 x 10 11 particles/c.c. at 220 km. (the F x layer) and 2 x 10 10 particles/c.c. at 300 km. 
(the F 2 layer). Though these estimates are perhaps rather too large, difficulties 
would be introduced by accepting very much lower values—for example, abnormally 
high absorption cross-sections would be necessitated to explain the production of 
the upper ionized layers (§ 4 * 4 ). There are several determinations of the collision 
frequency in the F regions (cf. § 3 * 3 ), but, as it is probable that electron-electron 
collisions provide the major contribution at these levels, no information concerning 
the gas pressure there can be derived from them. 

It is clear that the atmosphere is still far from fully studied. The lack of reliable 
data makes difficult the application of the desirable quantitative tests on proposed 
theories and so leaves much scope for speculation. It is imperative that the present 
methods of exploration be extended as far as possible and that the newer techniques 
(involving for example modern search-light beams and rocket projectiles) be fully 
exploited. 
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3. Properties of the ionized layers 

The observed properties of the D, E (normal and sporadic), F t and F 2 ( F ) layers* 
are now summarized for later reference—attention being confined mainly to the 
results obtained by a few groups of workers and no attempt being made to give a 
complete ac.count of the vast amount of data now available. 

3*1. The D layer 

The most recent study of the D layer has been made by Budden et ah ( 1939 ) 
using the Rugby transmitter. From the reflexion of long radio waves they established 
the existence, under normal conditions, of a weakly*ionized layer at about 70 km. 
The diurnal variations were consistent with a scale height of about 6 km. The 
seasonal behaviour was, however, anomalous in that the layer appeared lower in 
winter than in summer (§ 4*4). 

Radio fade-outs are caused by a great increase of the ionization which produces 
strong absorption owing to the high electron collision frequency. Dellinger ( 1937 ) 
has shown that there is a correlation between their occurrence and the existence of 
solar chromospheric eruptions. It is not yet certain whether the normal and the 
highly ionized layers are coincident, and whether they are distinct from or merely 
downward promulgations of the E layer. Much experimental work has still to be 
done. 


3*2. The E layers (normal and sporadic) 

Measurements on the noon height of the E layer show it to be just over 100 km. 
throughout the year at Huancayo 1938 (Wells & Stanton 1938 a, b, 1939 ), 110 km. in 
summer and 125 km. in winter at Washington 1935 (Gilliland, Kirby, Smith & 
Reymer 1936 ), and 120 km. in summer and 134 km. in winter at Slough 1936 (Apple- 
ton & Naismith 1940 ). The corresponding values of the maximum electron density 
n e f are respectively, 2*2 x 10 5 /c.c., 1*8 x 10 5 /c.c. and 1*2 x 10 6 /c.c., and 1*7 x 10 5 /c.c. 
and 1*0 x 10 5 /c.c. The diurnal variation of n e follows the quadratic law 

dnjdt = q — <xn% (3) 

q being the effective rate of electron production and a the effective recombination 
coefficient. Throughout a large part of the day dnjdt can be neglected so that 

n e = (?/<*)* ( 4 ) 

= (q 0 /cc)*(cosx)K ' ( 5 ) 

* Other layers have been suggested below the D layer (the G layers) (Mitra & Bhar 1936; 
Colwell & Friend 1936; Watson-Watt, Bainbridge-Bell, Wilkins & Bowen 1936) and above 
the F 2 layer (the G layer) (Kirby, Berkner & Stuart 1934; Maeda 1937), but it is doubtful if 
the reflexions suggesting the C layers are produced by ionization (Berkner 1939), and those 
suggesting the G layer are probably produced by multiple reflexions by the ordinary layers 
(Eckersley 1939). 

f The electron densities given in this paper are derived from the critical frequencies without 
the Lorentz polarization correction. 
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where % is the solar zenith angle. Comparison of observations at different latitudes 
and times of year yields the important result that oc is a constant independent of 
the gas density in the range of E layer height (Appleton, Naismith & Ingram 1937). 
Several est im ates have been made of the absolute value of cl\ Appleton (1937) 
gives 10 - 8 c.c./sec., Wilkes* (1939) 1*2 xlO" 8 c.c./see., Hulburt (1939) 2 x 10 ~ 8 
c.c./see., Bhar (1939) 4xl0- 9 c.c./sec., and Higgsf (1942) 1*0 xlO” 8 c.c./sec. At 
night n e faUs to a low value of order 10 4 /c.c. There appears to be some irregularity 
intherateof decay. Various values of a (nocturnal) have been given: 2 x 10 ~ 9 c.c./sec. 
(Appleton 1937), 4x 10- 9 c.c./sec. (Wilkes 1939), and 1 x IQ- 9 c.c./sec. (Bhar 1939). 
These are probably too small because of the neglect of the effects of sources of 
ionization, and it seems best to assume that the true night value is the same as the 
day value. 

Very little work has been done on the determination of the scale height of the layer. 
Appleton (1939 a), from the variation of the equivalent height with the frequency 
of the probing radio wave gives it to be 11*4 km. for a summer noon. Application of 
the formulaJ 

h m = Hlog(n Q AHlGO$x) ( 6 ) 

to the small diurnal variations of h m give H to be markedly less than 10 km., but 
application to the considerable annual and latitudinal variations suggests (though 
the results are not very consistent) a much larger value. It is clear that there are 
complicating factors for which proper allowance is not made. Attempts at the 
determination of the electron collision frequency v have also been somewhat neg¬ 
lected since the early calculations of Bailey & Martyn (1935) on the interaction of 
radio waves led to the value 2 x 10 5 /sec. Direct radio evidence on the negative-ion 
electron ratio A under various conditions is still incomplete. Systematic measure¬ 
ments in these three directions would be very useful. 

Appleton & Naismith (1939) have examined the variation of the ionization at 
Washington, Slough and Tromso during the years 1931 - 8 . They find that n e in¬ 
creases by a factor of 1-50 from sunspot minimum to sunspot maximum. 

The sporadic E layer takes the form essentially of patches of ionization which 
may be of considerable density—often apparently greater than 10 6 electrons/c.c. 
It is located in the region of the normal layer. Appleton & Naismith (1940) (working 
at Slough 1934 - 8 ) determined the height as 113 km. in summer and 130 km. in 
winter. Most of the experimental work so far has been directed towards investigating 
the general properties of the layer so as to get some indication as to its origin. The 
ionization is found to be more pronounced during the day than during the night, 
and during the summer than during the winter. It appears to increase slightly from 
sunspot minimum to sunspot maximum, but this may not be significant. The effects 

* His analysis is based on the work of Kirby, Gilliland & Judson (1936) (solar eclipse 
measurements) and of Best, Farmer & Ratcliffe (1938). 

t Solar eclipse measurements. 

$ See § 4-4. 
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at high latitudes are the most marked, and there is a definite correlation with 
magnetic activity (Appleton et al. 1937; Berkner 1939; Appleton & Naismith 1940). 

Pierce (194 1 ) has carried out some useful preliminary work on the rate of recom¬ 
bination in individual clouds. Further exploratory research has still to be done, but 
eventually valuable information should be obtained. The effects of altitude are of 
special interest. 

3 - 3 . The F 1 and F 2 (F) layers 

The F x and F 2 layers have separate identities only when the solar zenith angle is 
high. At other times they merge together to form the F layer. Typical measurements 
of the height and maximum electron density are given in table 1. 


Table 1. Typical measurements of the height and maximum 


ELECTRON DENSITIES IN THE F x AND F 2 (F) 


F lf Huancayo, midday, Jim© 1938 (Wells & Stanton 1938a, b) 
F x , Huancayo, midday, Dec. 1938 (Wells & Stanton 1939) 

F 2 , Huancayo, midday, June 1938 (Wells & Stanton 1938a, b) 
F 2 , Huancayo, midday, Dec. 1938 (Wells & Stanton 1939) 

F , Huancayo, midnight, June 1938 (Wells & Stanton 1939) 

F, Huancayo, midnight, Dec. 1938 (Wells & Stanton 1939) 
F x , Washington, midday, June 1935 (Gilliland et al. 1936) 

F x , Washington, midday, Dec. 1935 (Gilliland et al. 1936) 

F 2, Washington, midday, JuSne 1935 (Gilliland et al. 1936) 

F 2, Washington, midday, Dec* 1935 (Gilliland et al. 1936) 

F f Washington, midnight, June 1935 (Gilliland et al. 1936) 

F , Washington, midnight, Dec. 1935 (Gilliland et al. 1936) 


LAYERS 

max. electron 

height 

density 

(km.) 

(cm. -3 ) 

208 

3*7 x 10® 

204 

3*7 x 10® 

325 

1*1 x 10® 

298 

1*7x10® 

223 

6*5 x 10® 

326 

7*4 x 10® 

236 

2*5 x 10* 

219 

2*1 x 10® 

382 

4*9 x 10® 

243 

1*4 x 10® 

296 

2*7 x 10® 

303 

2*5 x 10® 


Observation shows the behaviour or the F x layer to be quite normal—in particular 
the quadratic law (3) is obeyed and the recombination coefficient is constant 
(Appleton & Naismith 1935). The F 2 layer is much less regular. It exhibits some very 
remarkable characteristics. These have been discussed in detail by Appleton & 
Naismith (1935), Goodall (1939) and Berkner (1939). Certain of the more interesting 
features, however, may be mentioned here. The diurnal variation of the maximum 
electron density is peculiar in that there is a pronounced noon depression, during 
the summer at northern latitudes and throughout the year at equatorial latitudes. 
The annual variation can be analysed into seasonal and non-seasonal components 
of approximately equal amplitudes, the former with a maximum in local winter 
and the latter with a maximum round December. 

Higgs* (1942) estimated the recombination coefficient a to be 8-5 x 10 -9 c.c./sec. 
in the F x layer. A rather smaller value (possibly 4 x 10 -9 c.c./sec.) seems, however, 
to be more probable. Further measurements are needed. Several determinations 
have been made for the F 2 layer. Appleton (1937) gives a as 8-7 x 10 “ u c.c./sec. for 


* Solar eclipse measurements. 
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a summer day, 8-1 x 10 -11 c.c./sec. for an equinox day and a higher (but unmeasured) 
-value for a winter day. Bhar (1939) gives 4 x lO -11 o.o./see. for a summer day, 
Higgs* (1942) 4 x 10 -11 o.e./sec. for an equinox day, and Mohler (1940) 9 x 10~ n 
c.c./sec. as an average over 20 months 1937-9 (sunrise and sunset). During the night 
a appears to increase to about 3 x 10 -10 c.c./sec. (Appleton 1937). Mohler (1940), 
however, finds values ranging from about 5 x 10 -11 to 5 x 10 -1# c.c./sec. and points 
out that there is evidence suggesting that an attachment rather than a recom¬ 
bination law is being obeyed. 

Only a few isolated measurements have been made of the scale heights. Appleton’s 
method leads to values of 70 km. for the F z layer in summer and to 40 km. for the F 
layer in winter. A value of about 30 km. seems plausible for the F t layer. The effects 
of temperature changes, etc., are too important to enable the formula (8) to be used 
successfully. A considerable number of investigations have been carried out relating 
to the electron collision frequency. The following are among the results that have 
been obtained: 

F v October day 1934 at Chelmsford, v — 3-6 x 10 3 /sec. (Eokersley 1935) 

F z , November day 1934 at Cambridge, v = 1-2 x 10 8 /sec. (Farmer & Ratcliffe 

I 935) 

F, November night 1934 at Cambridge, v = 2-1 x 10 3 /sec. (Farmer & Ratcliffe 

I 935) 

F, March night 1936 at Allahabad, v = 1*2 x 10 4 /sec. (Toshniwal, Pant & 

Bajpai 1936) 

There is no full understanding of the factors leading to these various values, and 
further systematic work, such as that of White & Brown (1935), is required before 
the matter can be elucidated properly. It is probable that the ionization in the 
layers is predominantly electronic. 

During the sunspot cyclp the maximum electron density in the F x layer varies by 
a factor 1-56 (Appleton & Naismith 1939), while that in the F% layer by a factor of 
about 4 (Appleton 19396). 


3 - 4 . Model ionosphere 

The fundamental theory of the ionosphere is not yet at a stage at which it can 
explain the full observational complexity, and for purposes of initial discussion we 
take a simplified representative model as follows: 


E layer 

Altitude = 120 km. 

Maximum electron density = 1-5 x 10 5 /c.c. (day), 1 x 10 4 /c.c. (night). 
Recombination coefficient = lx 10~ 8 c.c./sec. (day and night). 

Scale height = 10 km. 

Gas density = 6 x 10 12 /c.c. 

Temperature . = 500 ° K. 


* Solar eclipse measurements. 
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F 1 layer 

Altitude = 220 kin. 

Maximum electron density = 2*5 x 10 s /c.c. 
Recombination coefficient = 4 x 10~ 9 c.c./sec. 
Scale height = 30 km. 

Gas density = lxlO u /c.c. 

Temperature = 1000° K. 


merged with F 2 layer at night. 


F 2 layer 

Altitude = 300 km. 

Maximum electron density = 1*0 x 10 6 /c.c. (day), 2*5 x 10 5 /c.c. (night). 
Recombination coefficient = 8 x 10- 11 c.c./sec. (day), 3 x 10- 10 c.c./sec. (night). 
Scale height = 70 km. 

Gas density = 2 x 10 10 /c.c. 

Temperature = 2000° K. 


The uncertainties that exist (particularly in connexion with the gas densities) 
must be borne in mind. 


4 . Production oe atmospheric ionization 
4 * 1 . Introduction 

It is clear, from the properties of the layers summarized in the preceding section, 
that solar radiation is responsible for all the upper atmospheric ionization except 
perhaps for part of the F 2 layer and for the sporadic E layer. The peculiar unexplained 
variations which the JP 2 layer exhibits throws doubt on the complete control of its 
behaviour by the sun,* but there is sufficient evidence to prove that, even here, a 
large proportion of the ionization arises from this source. The sporadic E layer may 
be due to a variety of causes, but apart from the ionization that is undoubtedly 
produced by meteors (which is best regarded as distinct from the true sporadic E 
layer) a solar origin is the most probable here also. 

As the change of ionization during eclipses gives no indication of appreciable 
effects from corpuscular radiation in the E and F 1 layers (Appleton & Chapman 
1935), it seems preferable to assume that these are produced by electro-magnetic 
radiation. The observational data of course do not exclude the possibility of ioniza¬ 
tion by very fast corpuscles. It is difficult to see how any direct evidence regarding 
these can be obtained. Though the position is not so clear for the F % layer it is again 
taken that electro-magnetic radiation is the main cause of ionization (Pierce, Higgs 
& Halliday 1940; Higgs 1942). In view of the complex diurnal variation of the layer 
the ordinary simple eclipse effect can perhaps scarcely be expected. It may be 

* Eckersley (1940) suggested that the non-seasonal daytime variation of the F 2 layer might 
be due to some form of radiation from outer space (possibly correlated with the Jansky 
noise). Measurements of the night-time variations were available for the Northern hemisphere 
alone, and these were in agreement with his hypothesis in that the ionization was a maximum 
in summer (corresponding to the daytime maximum in winter). However, examination of 
recent measurements for the Southern hemisphere shows that the night-time variation is 
probably only seasonal. 
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significant that in general the most definite evidence (which shows that the ionizing 
radiation has a very high velocity) has been obtained at low solar altitude. The 
correlation between solar chromospheric eruptions and radio fade-outs favours 
electro-magnetic radiation as the origin also of the D layer, but once again very fast 
corpuscles are not excluded. In this connexion the suggestion of Chapman that a 
burst of corpuscular radiation might be detected by its absorption spectrum is of 
interest. There is m uch more doubt concerning the sporadic E layer. Neglecting 
meteoric io niz ation, the behaviour suggests charged solar corpuscles as the principal 
source (Appleton & Naismith 1940), but no completely convincing theory has yet 
been put forward. 

4-2. Solar electro-magnetic radiation 

It is usually ass um ed that the normal electro-magnetic radiation from the sun is 
that characteristic of a black body at temperature 6000 ° K. Little else can be done 
in view of the present state of knowledge of solar physics, but it must be realized 
that the error involved may be considerable. A summary of the meagre evidence 
available has been given by Hunter (1943). This suggests that the radiation beyond 
the ultra-violet region is in excess and may contain very strong emission lines (in 
particular A 1215 A of H and A 584 A of He). These features are probably especially 
pronounced during the transitory chromospheric eruptions associated with radio 
fade-outs. 

4-3. The ionization potentials and continuous absorption 
cross-sections of the main atmospheric gases 

Table 2 gives the energies required for the ionization of 0 , 0 2 and N 2 together with 
the flux of solar quanta available. 

Table 2 



energy required 

flux €f solar 


for ionization 

quanta available* 

gas 

(eV) 

(/cm. 2 /sec.) 

o 2 

12-2 (first level) 

1*0 x 10 10 

0 

13-5 (first level) 

9*3 x 10 8 

N a 

15*5 (first level) 

2*7 x 10 7 

o 2 

16*1 (second level) 

8*1 xlO 6 

o 2 

16*9 (third level) 

2*1 x 10 6 

0 

16*9 (second level) 

2*1 x 10® 

0 2 

18*2 (fourth level) 

1*8 x 10 5 

0 

18*5 (third level) 

1*0 x 10 8 

N 2 

18*7 (second level) 

7*4 x 10* 


The continuous absorption cross-section of atomic oxygen has been calculated 
using quantum theory by several groups of workers (Saha & Rai 1938; Bates et al. 
1939; Yamanouchi & Katani 1940). The results are shown in table 3. They should be 
quite accurate, as interference effects in the evaluation of the matrix element are 
unlikely to be serious (Bates & Massey 1941). 

* The sun is taken to be equivalent to a black body at 6000° K. (§ 4*2). 
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Table 3. Continuous absorption cross-section for atomic oxygen 

energy range of continuous absorption 
incident quanta cross-section 

(eV) (cm. 2 ) 

13 - 5 - 16-9 4-5 x 10- 1 ' 8 

16 - 9 - 18-5 11 x 10- 18 

18 - 6 - C .25 16 x 10 -18 

A certain amount of investigation has been carried out relating to the phpto- 
ionization of molecular oxygen and nitrogen.* From the path lengths for absorption 
it is possible to estimate the cross-section involved. Approximate values are: for 
0 2 , 10” 20 cm. 2 at the first ionization potential and 10“ 16 to 10~ 17 cm. 2 at the higher 
ionization potentials; and for N 2 , 10~ 17 cm. 2 at the first ionization potential and 
10“ 16 cm. 2 at the second ionization potential. Further measurements are very 
desirable. 

Finally, it may be mentioned that the continuous absorption cross-sections based 
on Kramer’s formula (that are sometimes quoted) are unreliable (Bates 1939). 

4-4. Ionized layer formation 

In the E and probably the F x layers the recombination coefficient is independent 
of the gas pressure so that the maximum ionization density occurs at the level of 
maximum ion production. In the D and F 2 layers the situation may be more complex. 

For a homogeneous atmosphere Chapman (1931) has shown that /(&,%), the rate 


of production of ions at altitude h by solar radiation of zenith angle x> is given by 

I{h,x) = S 0 nAvx${-nAHsQC>x)> ( 7 ) 

n » n 0 exp (- h/H), (8) 

where H is the scale height and n the density of the atmosphere, S 0 the number of 
quanta incident/cm. 2 /sec. and A the absorption cross-section. I has a maximum* 

4 = $0 COS xl(H ex P 1); (9) 

where the altitude is h m = Hlog (n 0 AH/cos x), (10) 

and the density is n m = cos xl-AH. (11) 

The total rate of production of ions is given, per cm. 2 column, by 

Q = jldh 

— 8 0 cos 2 x- (12) 


Similar expressions can be obtained for a non-homogeneous atmosphere containing 
several constituents but they are somewhat cumbersome, and for immediate pur¬ 
poses it is sufficient to note that the level of maximum ion production is raised if 
the radiation is absorbed by some process other than that leading to ionization. 


* The work is summarized by Chapman & Price (1936) and Price (1943). 
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4*5. The E , F x and F % layers 

It can readily be seen that it is improbable that quanta with enough energy to 
ionize atomic oxygen can penetrate sufficiently deep into the atmosphere to be 
responsible for the E layer. Taking the continuous absorption cross-section for 
quanta with energy between 13*5 and 15*5 eV as 4*5 x 10" 18 cm. 2 and the scale height 
as 30 km. (corresponding to the F x layer), the maximum absorption occurs where 
the density of oxygen atoms is 7 x 10 10 cos %/c.c. This is well above the E layer. Since 
the intensity of the radiation diminishes very rapidly below the level of maximum 
absorption (at distances H , 2 H and ZH below this level it is reduced by factors of 
2*5 x 10- 2 , 2 x 10 -4 and 10~ 9 respectively from the incident value) it is very weak 
indeed by the time the E layer is reached. Quanta of energy greater than 15*5 eV 
are even less likely to reach the E layer because of their stronger absorption (by 
both O and N 2 ). 

The formation of the E layer must, on this basis, be ascribed to ionization produced 
by radiation with quantum energy less than 13*5 eV. Reference to table 2 shows that 
the only possibility is the ionization of 0 2 at 12*2 eV. Accepting for,the moment that 
this is correct it is natural to associate the F x layer with absorption by 0 at its first 
ionization potential (13*5 eV), and the F 2 layer with absorption by 0 at its higher 
ionization potentials (16*9 and 18*5 eV) and with absorption by N 2 at its ionization 
potentials (15*5 and 18*7eV). Though this interpretation has certain weaknesses 
it is attractive. 

According to experiment the continuous absorption cross-section for 0 2 at its 
first ionization potential (12*2 eV) is of order 10~ 20 cm. 2 , so that as the scale height of 
the E layer is 10 km. the density of 0 2 at the level of maximum absorption should 
be about 10 14 cos%/c.c. This is greater than that indicated by table 1, but the dis¬ 
crepancy may partially arise from non-ionizing absorption.* A further difficulty 
is that the altitude of the transition region between molecular and atomic 
oxygen would have to be greater than is generally accepted (particularly as the 
E layer if produced as suggested would tend to be below rather than in this 
region). 

The view has often been put forward that the relatively small thickness of the 
layer is evidence in support of the proposed origin. This argument is based on a mis¬ 
conception—the measured scale height is actually rather larger than might be 
expected for 0 2 on the Wulf-Deming theory (§2*1) and can be associated quite 
naturally with the main atmosphere. 

At the level of maximum absorption in the F x layer the density of 0 should be 
7 x 10 10 cos%/c.c. (the continuous absorption cross-section being 4*5xl0~ 18 cm. 2 
and the scale height being 30 km.). This is in satisfactory agreement with expecta¬ 
tion. 

Unless the energy distribution of the incident radiation is very different from that 
* See, however, § 6*1 (Equilibrium of E layer). 
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assumed (§ 4*2), the most important of the contributions to the F % layer is that from 
N 2 at its first ionization potential (15-5 eV). The continuous absorption cross-section 
of 10 -17 cm. 2 and scale height of 70 km. gives the density of N 2 at the level of maximum 
absorption as T4 x 10 10 cos%/c.c.—again of the correct order. 

Table 4 compares the flux of solar quanta available for the various layers with the 
observed rate of production of ionization, per cm. 2 column. It is interesting to note 
that the suggestion of non-ionizing absorption is again apparent in connexion with 
the E layer. The data for the F x and more particularly the F 2 layer indicates perhaps 
that the 6000° K black-body model under-estimates the intensity in the high-energy 
region of the spectrum. 


Table 4 


layer 

E ( 0 2 , first ionization potential) 

F x ( 0 , first ionization potential) 

F 2 (O, second and third ionization potentials; 
N a , first and second ionization potentials) 


flux of solar 
quanta available 
(cm. 2 /sec.) 

1-0 x 10 10 
9*3 x 10 * 

2*7 x 10 7 


observed rate 
of production 
of ionization 
(/cm. 2 column/sec.) 

6 x 10 8 
2 x 10 9 
1*5 x 10 9 


Other theories on the production of the layers have been put forward by Bhar 
(1938), Mitra, Bhar & Ghosh (1938) and by Wulf& Deming (1938). The former ascribe 
the E layer to ionization of 0 2 at its second ionization potential (16*1 eV), the F 1 
layer to the ionization of N 2 at its second ionization potential (18*7 eV), and the 
F 2 layer to ionization of O at its first ionization potential (13-5 eV). The latter also 
ascribe the E layer to ionization of 0 2 but at its first ionization potential (12*2 eV), 
and the F x and F 2 layers to ionization of N 2 at its second (18*7 eV) and first (15*5 eV) 
ionization potentials respectively. Both theories therefore fail to take into account 
the effect of the strong absorption by O of radiation between 13*5 and (at least) 
25 eV. Thus, in the theory of Bhar and his co-workers, if the F 2 layer is formed by O 
at its first ionization potential (13*5 eV), then there will certainly not be sufficient 
radiation of 16*1 or 18*7 eV quantum energy penetrating that region to produce the 
lower two layers. Wulf & Deming essentially ignore O altogether. It may also be 
remarked that for both theories the magnitude of the observed changes in the 
different layers with sunspot cycle would require the variation of the intensity of 
the solar radiation to have a peculiar frequency dependence—the sensitivity of 
the layers to the sunspot cycle increases in the order E—F 1 —F 2 . Although the theory 
initially discussed is not without defects it does not appear to encounter such serious 
difficulties as these alternatives. 

The only remaining purely electro-magnetic radiation theory that seems even at 
all feasible is that the E layer should be attributed to O at its first ionization potential 
(13*5 eV) and the F x and F 2 layers to a combination of N 2 at its first and second 
ionization potentials (15*5 and 18*7 eV respectively) and of O at its second and third 
ionization potentials (16*9 and 18*5eV respectively). As already pointed out it is 
not easy to reconcile such an origin for the E layer with the quantal calculations on 
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atomic oxygen. Mohler (1940) has proposed that the F layers arise from a single 
process—one being formed at the level of maximum ion production in the normal 
manner and the other being formed at a much greater height owing to the effective 
recombination coefficient being pressure dependent. The observed difference in the 
coefficients is certainly sufficient to give rise to two layers in this way. While the 
quantitative evidence is inconclusive it is satisfactory to note that the ratio of the 
rate of production of ionization/unit gas density in F z to that in F x is 1-6, which is 
not significantly lower than the predicted value e (2-7). 

Finally, it may be mentioned that Gauzit (1943) is incorrect in suggesting that 
considerable ionization at the level of the E layer might result from the action 

0( X S) + 0( 1 S) 0^ + e. (13) 

Numerical examination shows at once that the yield is negligible owing partly to 
the number of metastable atoms that exist even during the day being small (§ 7-1*1) 
and partly to the collision probability involved being low (certainly much less than 
unity). The possibilities of a theory involving corpuscular radiation may have to be 
explored later. 

Spectroscopic evidence on the products of ionization would be very useful in 
spite of the complications by the effects of electron transfer reactions (§ 5-4). The 
prospect of observing absorption in the solar spectrum is unfortunately slight, but 
the twilight emission (§ 7-2-2), though probably negligible for 0 + (on account of the 
rarity of quanta with enough energy (14-8eV) to raise the ion through its first 
allowed transition), may be appreciable for 0^* (which requires 4-7 eV for the Second 
Negative system, A z n -> X 2 IJ) and for N^ (which requires 3-1 eV for the First 
Negative system, B 2 E —>X 2 Z).* X j bands have actually been reported (§ 7-1-3) so 
that hopes are raised that eventually information will be obtained concerning 
its height distribution both at sunrise and sunset and that it will prove feasible 
to examine the intensity variation (particularly throughout the sunspot cycle) for 
correlations with the properties of the layers. 

4-6. The D and sporadic E layers 

The quantitative properties of the D and sporadic E layers have not been deter¬ 
mined sufficiently well to justify an attempt at a detailed analysis. However, as 
the former is probably produced by electro-magnetic radiation any theory of the 
upper layers should leave some provision for it. Among the obvious sources is the 
ionization either of one of the rarer atmospheric constituents or (if this does not 
occur in the normal E layer (§ 4-4)) of 0 2 at 12-2 eV. There is insufficient evidence to 
decide between the various possibilities. 

* Calculations on the intensity to be expected can be made, using formula (88), but it is 
only possible to obtain the approximate order of magnitude owing to the lack of reliable data 
—the values of the radiative lifetimes of the excited ions, for example, are uncertain. However, 
it can at least be stated that there is no evidence of discrepancy with observation. 
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5. Recombination, attachment, detachment and transfer reactions 

In the previous section the production of the ionized layers has been discussed. 
To proceed further and consider their behaviour it is necessary to know the rates of 
the various collision processes of importance. These can be classified into four 
categories—recombination of oppositely charged particles, attachment of electrons 
to neutral particles, detachment of electrons from negative ions, and electron 
transfer between neutral particles and positive or negative ions. 

5*1. Recombination 

Recombination can be divided into two main types, electronic recombination 
and ionic recombination. 

5*1-1. Electronic recombination 


The main reactions are: 



0 + “I - 6 O ■+■ b/V\ 


(14a)) 

radiative 

similarly for 

(146) and 

n 2 + . 

(14c)j 

recombination 


0+4-e-^O /(Z)) (doubly excited), 

(15«)) 



0'U»-*0 +hv; 


) 

di-electronic 

recombination 

similarly for 

0 } (156) and 

n 2 + 

(15c), 

- 


0+ + e -*0' + 0"; 


(16a)) 

dissociative 

similarly for 

Nf. 


(16 6)J 

recombination 


The rate of the reaction (14a) has been calculated (Bates et al . 1939; Massey & 
Bates 1943) when the resulting atom is in the ground and any excited state. The 
total recombination coefficient is found to be 3*7 x 10~ 12 c.c./sec. at 250° K, and 
1*5 x 10“ 12 c.c./sec. at 1000° K. No detailed calculations have been made for (146) 
and (14 c), but they will give rise to much the same total recombination coefficient 
as (14a). 

The di-electronic process (15a) has been discussed by Massey & Bates (1943). It 
appears that the recombination coefficient involved is not greater than 10~ 12 c.c./sec.; 
that for (156) and (15c) is also likely to be small. 

The importance of the dissociative reactions (16a) and (166) is rather difficult 
to assess. Similar reactions between electrons and neutral molecules leading to 
attachment proceed comparatively rapidly.* Detailed investigations are clearly 
required. 

It is appropriate to mention here an unexplained set of results relating to elec¬ 
tronic recombination. Experiments have been carried out to measure the coefficient 
for recombination between electrons and positive atomic ions in argon (Kenty 
1928), mercury (Mohler 1937) and caesium (Mohler 1937). Tor all three elements 
the recombination coefficient was determined as of the order 10~ 10 c.c./sec. This is 
about 100 times larger than would have been expected from radiative recombination 
and (in spite of the many contributory doubly excited states possible in heavy 

* The dissociative attachment coefficient to 0 2 is I0“ 10 c.c./sec. (Massey 1937 )* 
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atoms such as those investigated) is probably too great to be accounted for by di- 
electronic recombination.* It is important to discover whether it is a coincidence 
that the recombination coefficient observed in the F layers is also about 10 -10 
c.c./seo. or whether Some process has been overlooked. 

5-1-2. Ionic recombination 

There is ample evidence (Massey 1938) of the existence of 0~ and Of ,f but Nf 
does not appear to be stable. The ionic recombination reactions of importance may 
thus be written 



0~+0 + +if^0 + 0 + if; 

(17a)' 


similarly for 

Of (176) and 

Nf 

(17 c) 

three-body 


OJ+ 0 + +M r ->0 2 + 0 + ilf; 

(18a) 

recombination 

similarly for 

Of (186) and 

Nf 

(18 c), 



0~ + 0 + ->0' + 0"; 


(19ah 


similarly for 

Of (196) and 

Nf 

(19 c) 

mutual 


0f + 0 + ->0£+0"; 


(20a) 

" neutralization 

similarly for 

Of (206) and 

Nf 

(20 c). 



The three-body reactions (17), (18) have been investigated by Thomson (1924), 
and the correctness of his theory has been established by experiments carried out 
by several workers (Gardner 1938; Sayers 1938). Under ionospheric conditions the 
recombination coefficient is proportional to the pressure and is inversely proportional 
to the three-halves power of the temperature. Neglecting the relatively unimportant 
correction which allows for the particular ions concerned it is given simply by 
4x 10 ~ 5 p/T* c.c./sec. (p the pressure in mm. Hg, and T the temperature in °K). 

An estimate of the possible rates of mutual neutralization ((19), (20)) has been 
made by Bates & Massey (1943)4 Although it was not found possible to derive a 
theoretical value for the recombination coefficient in any particular case, it was 
shown that under certain conditions depending on the detailed properties of the 
atoms or molecules concerned a large value, of order 10- 7 -10~ 8 c.c./sec. but not 
much greater, could be attained. For most reactions it is probable that the condi¬ 
tions are satisfied for some pair of excited products. An experimental investigation 
is desirable. 

Radiative recombination of ions is never important in the upper atmosphere, the 
recombination coefficient being extremely small. 


cert^^to2d h be^M. 0mS “ h6liUm ’ ^ di - electeoaio recombination is 

acLted In S«tlr 6a ! Ured th6d6taohment 6ner Sy of °" as 2-2 eV, and this value is in general 
l t C6nt meaSUJem6Ilts of Vier & Mayer (: 944 ), however, yield 

ojfev 11 ™ d ^ chm f nt T Igy ° f °* is rather certain. Loeb (1935) gives 0 - 07 - 

higher value, of about TeV. 1 " 17 1935 °'° 7 °' 17 eV ’ but BateS & Massey (l 9 «) favour a much 
t They only discussed the reaction ( 19 a), but their conclusions can be applied generally. 
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5 - 2 . Attachment 

The following are the principal attachment reactions to be considered 



0 + e-r>0 +hv, 

(21a)' 

1 radiative 

similarly for 


(216). 

1 attachment 


O + e -> (doubly excited), 

r + hv; 

o 2 

(22a)! 

di-electronic 

similarly for 

(22 6) J 

attachment 


0 2 + e O -b O . (236) dissociative attachment 


Radiative attachment to atomic oxygen (21a) has been investigated in detail by 
Bates & Massey (1943). They find that the attachment coefficient depends markedly 
on the binding energy of the 2 P term of the (Is) 2 (2s) 2 (2p) 4 3s configuration of 0~. 
If this is zero, resonance effects occur and the attachment coefficient is very large— 
6 x 10” 14 c.c./sec. at 250° K and 1*5 x 10 -14 c.c./sec. at 1000° K. It is more probable, 
however, that the excited state is unstable and that the attachment coefficient is 
only about 1*1 x 10~ 15 c.c./sec. and practically independent of the temperature. In 
these calculations the electron affinity of 0 ions was taken as 2*2 eV as derived from 
Lozier’s collision experiments (1934). If the recent value of 3*1 eV as measured 
thermochemically by Vier & Mayer (1944) is taken instead, the attachment coeffi¬ 
cients quoted above would all have to be multiplied by 2*8. 

* The reaction (216) has similar possibilities to (21a) but no complete theory has 
been given. 

The di-electronic process (22a) has been studied by Bates & Massey (1943). It 
is unlikely to be appreciable compared with (21a) unless 0”, (Is) 2 ( 2 s) ( 2 pf 2 S 
lies within about 0*25 eV of O (Is) 2 (2s) 2 (2$>) 4 3 P. This does not appear at all 
probable. Analysis of the deep electronic states of 0 2 indicates that (226) is also 
unimportant. 

Dissociative attachment (236) can only occur with electrons of energy greater than 
3eV (Lozier 1934; Hagstrum & Tate 1941), so that it need not be considered in 
ionospheric problems. 

The attachment of very slow electrons to 0 2 to form 0 2 at pressures of a few mm. 
Hg has been investigated by Bradbury (1933). The mechanism involved is not clear 
—the processes considered above seem quite inadequate. A discussion of the experi¬ 
mental results has been given by Bloch & Bradbury (1935) and by Bates & Massey 
(1943). It appears very probable that the major contribution to the observed attach¬ 
ment arises from a reaction which is pressure dependent, and that where p is the 
pressure (mm. Hg) the attachment coefficient is given by 

{kp + Vo) c.c./sec. (p< 1), (24) 

where k is probably at least 1*5 x 10 -12 and tj 0 is not greater than 10~ 14 . 

18 


Vol. 187. A. 
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5-3. Detachment 


Here 

O +hv ^-0 + e; 

(25 ab photo 

similarly for 

O2 • 

(256)1 detachment 


0 - + hv^O~'W (doubly excited) (26a)l di _ electronic 


0“'CD)^0 + e; 

j detachment 

similarly for 

o 2 . 

(26 6) J 


O + 0-»-0 a H-e; 

(27 a)' 

similarly for 

0 2 (276) and 

N 2 . (27 c) associative 


0 2 +0->03 + £) 

(28 a) detachment 

similarly for 

0 2 (286) and 

N 2 . (28 c). 


Cf+X'-»0+X + e; 

(29a)l detachment ' 
i transfer of 

similarly for 

o 2 . 

(296 )J excitation 


The rate at which the reaction (25 a) occurs depends critically (as does that of the 
inverse, (21a)) on the stability of 0" (Is) 2 (2s) 2 (23s 2 P. For quanta with frequency 
distribution characteristic of a black body at 6000° K and dilution factor 5-43 x 10 6 
the detachment rate is 0-85/negative ion/sec. if resonance conditions prevail, but 
the most likely value is only 0-35/negative ion/sec. (Bates & Massey 1943). These 
values are obtained on the assumption of 2-2 eV as the electron affinity of atomic 
oxygen. If the larger value of 3-1 eV is taken the detachment rates are reduced in 
the ratio 0*4:1. 

No numerical values are available for the rate of (256), but it would not be 
expected to differ much from ( 25 a). 

The reaction (26a) is the inverse of (22a). Its contribution to the detachment 
rate will only exceed that from (2 5 a) in the unlikely circumstances of the energy of 
CT (Is ) 2 (25) (2 p ) 6 2 S being in excess of O (Is ) 2 ( 2 s ) 2 ( 2 >pf 3 P by less than 0*25 eV (Bates 
& Massey 1943). (266) can probably also be neglected. 

Of the associative detachment processes, (276), (27 c), (28a) and (28c) are endo¬ 
thermic and so are unimportant in the upper atmosphere. (27 a) and (28 a), however, 
are exothermic and may play a vital role. Unfortunately, as yet there is no reliable 
means of studying them. Massey (1937) ^ as estimated from the known rate of 
(286) that the detachment coefficient for (27 a) is 10~ 16 -10~ 17 c.c./sec. when the 0 2 
molecules formed are in the ground state. How large a factor should be included to 
allow for the production of vibrationally excited molecules is unknown. Information 
on this matter is urgently required for ionospheric theory. No data are available 
on the rate of (28 a). 

Detachment by collision with excited particles may be comparatively rapid its 
coefficient has not yet been determined, but a value of order 10 -10 c.c./sec. is suggested 
(Massey 1938). 
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5-4. Transfer reactions 
The possible transfer reactions are: 

0 + + 0 2 0 + 0 2 + +1 ■• 3 eV, (30) 

Njf" -f 0->N 2 H- 0 + + 2*0eV, (31) 

N+ + 0 2 -> N 2 + 0 2 + + 3- 3 eV, (32) 

0 2 + 0 -> 0 2 + 0” ■+1-2 eV. (33) 


Under upper atmospheric conditions these are of course irreversible. It is not yet 
possible to give any definite values for the rates at which they occur. Some estimate 
might be made from a study of the passage of 0 + , Njjf* and O’" ions through 0 2 and of 
0 + and 0 } ions through N a - 


6 . Equilibrium of atmospheric ionization 

In applying the information summarized in the preceding sections it is con¬ 
venient to begin by considering the behaviour of a region with a single active con¬ 
stituent, the other constituents being passive except in contributing to the rate of 
three-body processes. This simplification shows clearly the relative importance of 
the various reactions and provides a wide basis to which modifications and extensions 
can be added. 

If, at a particular level, n, n e , n + , n~ are the concentrations in numbers/c.c. of 
neutral particles, electrons, positive ions and negative ions respectively, and T is 
the absolute temperature, then, neglecting diffusion, 


dn, _ . nAT 

dn~ _ - . „ ri~ dT 

— ijn e n—pn -m n-cc^n 

n e +ri~ = n + . 


(34) 

(35) 
(36)* 


In these equations /m is the rate of the photo-ionization (§ 4), pn~ the rate of photo¬ 
detachment (§5*3), Kn~n the rate of collision detachment (§5*3), 7 jn e n the rate of 
attachment (§ 5*2), oc e n + n e the rate of electronic recombination (§ 5*1*1) and a^rT 
the rate of ionic recombination (§ 5* 1*2). The terms involving T arise from the change 
of density with temperature. With 



11 

$ 

(37) 

then 

dn °- m cm* 
dt ~ 1 + A e ’ 

(38) 

where 

, 1 dT 1 dX 

a- oc e +Xa i + n ^ T dt | ^ (1+A) dt , 

(39) 


A = | a e n* +^^+^- e + i)n e n - /mj j{icn e n+pn e - a e n*}. 

(40) 


* The electrostatic forces do not allow an appreciable departure from neutrality—a pre¬ 
ponderance of positive ions (such as proposed by Ta-You Wu (1945)) is not possible. 
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a is the effective recombination coefficient, and — A) the effective rate of 

electron production (q). , 

Ta-You Wu in a recent paper ( 1945 ) has proposed that the equations can be written 

approximately in the form 


= jun-a e { 1 + A) n\~ 


n e dT 

T~dt‘ 


It is clear, however, that this is quite unjustified as it involves neglect of the major 
terms. 

6 - 1 . The E layer 

For the E layer several simplifications can at once be made to the fundamental 
formulae. Not only is it unlikely that a e is appreciable* but in addition the terms 
dTjdt and dXjdt are small and can be neglected (except perhaps at sunrise and 
sunset) so that 

a = Aa*, (41) 

A = Tjn^liKn^+p^+^nl + q). (42) 

It will be noted that for the effective recombination coefficient to be pressure 
independent (as is observed) it is necessary in general that 

Kn e nppn e , o^nl and q. (43) 

This very restrictive condition is of great importance in the following discussion. It 
will be noticed that the predominance of collision over photo-detachment ensures 
that the value of A does not increase during the night. For the further discussion of 
the E layer we must consider three separate possibilities. 

(i) The E layer below the atmospheric transition region—molecular oxygen 
being the only active constituent. With an attachment energy to 0 2 of 1 eV (§ 5 - 1 - 2 ), 
no collision detachment process is available (§5-3).f Condition (43) cannot, there¬ 
fore, be fulfilled and no satisfactory theory is possible. This conclusion suggests that 
the E layer is not formed below the atmospheric transition region and so enhances 
the density difficulty associated with the view that it arises from the ionization of 0 2 . 

(ii) The E layer above the atmospheric transition region—atomic oxygen being 
the only active constituent. The consequences of condition (43) are again very 
important. Quantitative discussion is possible because of the data available con¬ 
cerning the rates of the various processes associated with atomic oxygen, q is only 
220/c.c.sec. (§ 3*4). For photo-detachment (2 5a), p is most probably about 0-35/sec. 
(§ 5-3). The value of oc i for ionic recombination ((19), (20)) is uncertain but is unlikely 
to be greater than 1 x 10 ~ 7 . c.c./sec. Thus, taking n e as 1*5 x 10 6 c.c., 

pn 6 = 5-2 x 10 4 /c.c./sec., 
ocifil < 2-2 x 10 3 /c.c./sec. 


* The possibility that the-rate of dissociative recombination ( 16 ) is grossly underestimated 
cannot be completely excluded but is not considered in the present paper. It is sufficient to 
mention that if the process is sufficiently rapid many difficulties disappear, 
t Excited atoms are too rare for ( 296 ) to be effective. 
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In view of (43) Kn 6 n must therefore be at least of order 2 x 10 5 /c.c./sec. so that with 
n about 2 x 10 12 /c.c., 

k = 7 x 10 “ 13 c.c./sec. 

Such a coefficient is far larger than estimated (§ 5 - 3 ) but cannot be regarded as 
impossible. Accepting it provisionally and using the result that for photo-attachment 
(§ 5-2) the most probable value of 7] is about 1-1 x 10~ 15 c.c./sec. A can be seen from 
equation (42) to be only 1*3 x 10 -3 . Further, since the observed value of a is 1 x 10“ 8 
c.c./sec., equation (41) gives to be 8 x 10~ 6 c.c./sec. This value is much greater than 
predicted by theory (§ 5*1*2). As will be noted also it causes the term §, in the 
expression for A, to become appreciable, and a recalculation making allowance for 
this produces a worsening of the position. 

The differences between the derived and theoretical values of k and oi i can be 
reduced by certain feasible changes in the numerical data used. Resonance may 
profoundly affect the photo-attachment and photo-detachment rates —rj becoming 
3-0 x 10 ~ 14 c.c./sec. at 500° K and p 0-85/sec., so that 

k = 1-7 x 10” 12 c.c./sec., oc t = 7 x 10 -7 c.c./sec., A = T4 x 10~ 2 . 

Thus though the discrepancy in connexion with the value of k is slightly increased, 
that in connexion with the value of is greatly reduced.* 

A further improvement is obtained if, instead of taking the electron affinity of 
oxygen as 2*2 eV, the recent determination by Vier & Mayer ( 1944 ) is accepted, 
and it is taken as 3*1 eV (see §§ 5*2 and 5*3). This has the effect of multiplying the 
values of tj and p by 2-8 and 0*4 respectively, with the result that with normal (non¬ 
resonance) photo-attachment and detachment we would now have 

k = 3 x 10~ 13 c.c./sec., at = 1*4 x 10~ 6 c.c./sec., A = 7 x 10 ~ 3 , 
and with resonant photo-attachment and detachment 

k =s 6 x 10~ 13 c.c./sec., 0 ^ = 1*1 x 10~ 7 c.c./sec., A = 9 x 10 ~ 2 . 

Finally, the model used for the E layer may be inaccurate. The greatest un¬ 
certainty lies in the value taken for n. There is the possibility that this has been 
under-estimated and consequently that the value of k and a* required has been over¬ 
estimated. It should be noted, however, that in discussing the production of a 
layer by theaonization of atomic oxygen a smaller rather than a greater gas density 
appeared necessary (§4*5). 

(iii) The E layer within the atmospheric transition region. The presence of both 
molecular and atomic oxygen in the E layer does not greatly affect the arguments 
advanced in (i) and (ii), but consideration has to be given to several additional 
processes. In particular, between 0^ ions and O atoms either associative detachment, 

Og + O ->■ O 3 -f c, (44) 

or electron transfer, Og + O 0 2 +O”, (45) 

* In certain circumstances di-electronic attachment and detachment ((22), (26)) can become 
very* large and produce similar changes. 
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can occur * Of these the latter is probably the more rapid. It is of interest because 
of the possibility that the stabilization involved might lead to a larger value of A. 
This could occur if the various reaction rates were such as to make the main attach¬ 
ment be to 0 2 and the main detachment be from 0 . A non-constant A (and hence a) 
would, however, result because of the great increase with height of the amount of 
dissociation. As this is in conflict with observation it is to be assumed that the whole 
effect is unimp ortant. No other complications likely to influence the equilibrium 
are apparent. It would thus seem that the principal reactions for this possibility 


would simply be 

Oa+Av-^Ojf +e, (46) 

or 0 + Av->0 + + e, (47) 

followed by 0 + + 0 2 -^0 + 0f, (46) 

0 + e-^0~+hi>. (49) 

CT+0->0 2 +e, (50) 

(and, less rapid, 0~+hv-*-0 + e), (51) 

CT+0 2 + ^0' + 0 2 , • (52) 

and perhaps O - +0 + -* O' + 0". (53) 


The quantitative discussion already given regarding the magnitudes k, and A 
is quite unaffected. 

Special mention should be made of the difficulty associated with the production 
of a layer within the transition region—if it originated from the ionization of 0 2 
it would be expected to occur at a lower level and if it originated from the ionization 
of 0 it would be expected to occur at a greater level (§ 4-5). 

6 -2. The F x layer 

In some respects this layer should be comparatively easy to deal with theoretically, 
as atomic oxygen is the only constituent which can form negative ions. The discus¬ 
sion follows the same lines as for the E layer in which atomic oxygen was assumed 
as the only active constituent (6-1 (ii)). Even if molecular nitrogen plays a part in 
producing photo-ions at these levels this introduced no important new features— 
the additional reactions 


N 2 +Av->Nf + e, 

(54) 

n 2 ++o^n 2 +o + , 

(55) 

CT-hN^ ->0'+N 2 , 

(56) 


do not affect the general argument. 

* The corresponding interactions between O - ions and 0 2 molecules are forbidden on ener¬ 
getic grounds. 
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Insertion of numerical values soon shows, however, that the theory of recom¬ 
bination in the F 1 layer encounters the same difficulties as for the E layer in a more 
exaggerated form. This is because the smaller effective recombination coefficient is 
more than compensated by the decreased density of atomic oxygen and the in¬ 
creased density of the ionization. Taking n as 3 x 10 10 /c.c., n e as 2-5 x 10 5 /c.c. and 
a as 4x 10“ 9 c.c./sec. and assuming, even resonant photo-attachment and detach¬ 
ment with the higher value of the electron affinity so that rj (at 1000 ° K) is 4*2 x 10~ 14 
c.c./sec. (§5*2) andp 0-34/sec. (§ 5*3), it can be seen that equation (42) gives such a 
small value for A (7 x 10 -4 ) that equation (41) forces to be so large ( 6 x 10 -6 
c.c./sec.) that 

cc^l > ftn e n, pn e . (57) 

This would imply physically that the main loss of negative ions is due, not to 
detachment, but to recombination. Electrons would disappear as if attachment 
were the only process involved. This would encounter the well-known difficulty of 
understanding why a layer would be formed at all as the effective recombination 
coefficient for electrons would be proportional to the pressure and the equilibrium 
electron density (/m/a)*, would tend to a constant at great heights. Furthermore, 
the required ionic recombination coefficient (aj of 6 x 10“ 6 c.c./sec. is several times 
larger than the value of 2-4 x 10~ 6 c.c./sec. found in air at atmospheric pressure by 
Sayers ( 1938 ) and is clearly unacceptable. 

Relatively small changes in the values of a and n would improve the position as 
regards the F x layer. Thus taking n to be 6 x 10 10 /c.c. and a as 2 x 10~ 9 c.c./sec. in F x 
(instead of the previously assumed 3 x 10 10 /c.c. and 4x 10~ 9 c.c./sec. respectively) 
and substituting as before shows that the undesirable predominance of the term 
is avoided. Further, if k is as large as 2 x 10” 11 c.c./sec. the quadratic law is 
obeyed and the effective recombination coefficient is constant—the necessary value 
of oc i being 1*5 x 10~ 6 c.c./sec. and the resultant value of A, 1-3 x 10 ~ 3 . This value of 
oc i is barely acceptable but, on substitution of the new value of k in the analysis of 
the E region instead of the somewhat smaller value used in § 6-1 (ii), it is found that 
oc i there would have to be at least 3 x 10~ 6 c.c./sec. to provide the observed value of 
a. It would seem then that to provide a consistent picture of both the E and F x 
layers the rate of ionic recombination would have to be stretched beyond its possible 
limit. It is probable that the value required of the dissociative detachment coefficient 
is also too large but there is less definite evidence on this score. Before discussing 
the question further we will briefly consider the F 2 layer. 

6-3. The F % layer 

The complex and irregular nature of the F 2 layer arises from many causes. No 
attempt is made here to give a detailed theory including the influence of such 
effects as the temperature changes. Instead the discussion is limited to a short 
account of the fundamental processes. 

The production of the layer is presumably due to the ionization of molecular 
nitrogen and atomic oxygen (§ 4-5). It is by no means improbable that the relatively 
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slow recombination rate observed (a being 8 x 10 ~ n c.c./sec. by day and 3 x 10~ w 
e.c./sec. by night), arises at least partially from some form of electronic recombina¬ 
tion. The most promising action is dissociative recombination 

N 2 + + e-*N' + N\ (58) 

It is uncertain however if the transfer collisions 

N+ + 0-*N 2 + 0 + (59) 

are sufficiently rare to allow the required NJ ions to be present throughout the night 
(§ 7 - 2 - 1 - 2 ). No recombination process to 0 + has yet been suggested that is at all 
rapid but it is unwise to exclude such a possibility completely until the anomalous 
position arising from the discharge tube measurements of Kenty and Mohler 
(§5-1-1) has been elucidated. 

Ionic recombination can be discussed as for the E and ■F 1 layers. The conditions 
to be satisfied are less stringent in that there is no evidence that the effective recom¬ 
bination coefficient is pressure independent and in consequence there is no need for 
collision detachment to predominate. If the same values of the various coefficients 
are used as before but allowance is made for the probable higher temperature 
(2000° K) then on substitution in (40) it is seen that 

A = 8 x 10 -B (day), 3xl0~* (night), 
and a=l-lxl0 -10 (day), 4-5 xlO -10 (night). 

The agreement with the observed values of a is satisfactory. It is interesting to 
observe that owing to the magnitude of the term the negative ions disappear 
by recombination faster than by detachment so that 

dnjdt*±i)n e n. (60) 

Mohler ( 1940 ) has found evidence in favour of such a law from the variation of the 
effective recombination coefficient (7jnjn e ) during part of a sunspot cycle. 

While in this way an adequate description of the layer can be obtained, it is worth 
noting that the very large coefficients required for the E and F x layers are not 
essential. Thus taking 

< = 2 x 10~ 12 c.c./sec. and a t = 1-5 x 10~ 7 c.c./sec. 

(values 10 times smaller than before) it can be seen that 

A = 3 x 10- 4 (day), 3 x 10 ~ s (night), 
and a = 4-4 x 10 -11 c.c./sec. (day), 4-5 x 10 - 10 c.c./sec. (night), 
in acceptable accord with observation. - , 
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6*4. Summary and general discussion 

Provided the E layer lies at a height at which atomic oxygen occurs in adequate 
quantity a possible theory can be developed, though unexpectedly large collision 
detachment and ionic recombination coefficients are necessary. The F x layer can 
only be explained if still greater values, of these constants be used. This has the 
effect of rendering the whole theory unconvincing and suggests that some factor 
such as the influence of atmospheric dust has been unjustifiably neglected. The 
essential difficulty lies in explaining the magnitude and the pressure independence 
of the observed effective recombination coefficients. Electronic recombination would 
appear to be quite inadequate, and if the assumed atmospheric density is correct, 
the ionic recombination rate could hardly be fast enough to compensate for the very 
low value of the ratio A of negative ion to electron density which must result from 
the occurrence of photo-detachment. Moreover, the collision detachment is unlikely 
to be sufficiently rapid to predominate as would be required to produce an effective 
recombination coefficient independent of pressure. 

The smallness of the important ratio A would seem inescapable. It does not 
conflict with information from other sources. No reliable direct radio evidence has 
yet been obtained. At one time, however, it was thought that in the E layer a large 
ratio (of order 100 ) was required to provide sufficient conductivity for the circulating 
currents which, according to the dynamo theory, are responsible for the magnetic 
variations associated with the atmospheric tides. An unknown factor which entered 
into the calculations was the amplitude of the tidal oscillations in the upper atmo¬ 
sphere as compared with those near ground level. A sufficient amplification would 
render the large ratio unnecessary. Pekeris ( 1937 ) showed that for at least the solar 
tide, the amplification is, in fact, probably considerable due to resonance. However, 
a complete review of the whole problem has now been rendered essential by the 
observation by Appleton & Weeks ( 1939 ) of variations in the height of the E layer 
correlated with the lunar tides with amplitude 7 x 10 3 that at ground level and with 
phase opposite to that required by the dynamo theory. Until this remarkable effect 
is explained it is clearly impossible to draw any conclusions on the ipagnitude of the 
negative ion electron ratio from the magnetic variations. 

The position regarding the F 2 layer is rather more satisfactory than that for the 
lower layers there being less difference between observation and the predicted rates 
of either electronic or ionic recombination. Even here, however, the quantitative 
information is inadequate to establish fully the processes involved. 

While therq are, as has been insisted, grave difficulties in the present theory of 
the ionized layers it is perhaps desirable for clarity to recapitulate in general terms 
the description given. The basic reactions determining the behaviour are as follows: 

Photoionization: fa> + 0 2 ->0^ + e, hv+ Oh*0 + + c, /&v + N 2 -»-N^+e. (61) 

Charge transfer: Nf -f 0-^0 + +N 2 , 0 + +0 2 ->0^ + 0. (62) 

Radiative attachment: 0 + e->0 ~+hv. (63) 
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Associative detachment: 0 + 0 ->0 2 + e. (64) 

Photo-detachment: Ay + 0~0 + e. (65) 

Ionic recombination: 

0 0 ' + 0£, 0”+0 + O' + 0 ", 0 “+N 2 0'+NJ. ( 66 ) 

Electronic recombination: Nf + e->N' + N". (67) 


The electrons freed by the photo-ionization attach themselves by a radiative 
process (63) to the neutral oxygen atoms to form negative ions. These can be destroyed 
by associative detachment (64) or by photo-detachment (65) to yield electrons once 
more or by ionic recombination ( 66 ) to yield uncharged particles. For the E and F x 
layers it is necessary for the first of these processes to be the most rapid in order to 
explain the pressure independence of the effective recombination coefficient. The 
difference in the effective recombination coefficients in the two layers can be ascribed 
partially to temperature effects and partially to the nature of the positive ions 
involved (which depend not only on the particular photo-ionization process (§611 
but possibly in addition on charge transfer (62)). For the F 2 layer, in contrast to 
the E and^i layers, the associative detachment process is thought to be unimportant 
because of the low pressure so that ionic recombination ( 66 ) gives a pressure depen¬ 
dent effect. It is not unlikely also that electronic recombination (67) is appreciable 
—especially during the day. 

Plausible theories of the layers have been put forward by other workers—notably 
Tukada ( 1937 ) and Mohler ( 1940 ). It must be emphasized however that they are 
unsound and are apparently successful only because fhey ignore the full effects of 
photo-detachment. No processes beyond those discussed in this paper are taken into 
account. 


7. Radiation of the night sky (non-polar aurora) 

Before attempting any correlation of night-sky radiation phenomena with the 
foregoing considerations it is desirable to summarize briefly the observed data. 
Exhaustive references are not given. 

7*1. Observed data* 

The chief contributors to the night-sky emission spectrum are neutral atoms of 
oxygen and sodium and neutral molecules of nitrogen. It is convenient to collect 
the available information under the heading of the atomic or molecular source 
concerned. 

7-1 • 1. j Radiation from atomic oxygen 

The two forbidden transitions 1 D- 1 S and 3 P- 1 D give rise to the auroral green 
(A5577A)andnebularred(A6300A, A6364A)lines. The average intensity corresponds 
to the emission of 2 x 10 s quanta/cm . 2 column of atm./sec. (Rayleigh 1930 ; Cerniajev, 

* ^ee Dejardin (1936), Elvey (1942), and Pearse (1943). 
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Khvostikov & Panschin 1936) for the green line and about 1 x 10 7 quanta/cm. 2 
column of atm./sec. (estimated) for the red. Condon (1934) has calculated the 
relevant' radiative life-times of the X S and X D states of 0 to be 0-5 and 100 sec. respec¬ 
tively. It follows that the number of atoms/cm. 2 column of atmosphere in the 1 S 
state is of order 1 x 10 s , and in the X D state 1 x 10 9 . 

Information concerning the diurnal, seasonal and other variations in intensity 
of the lines is slowly accumulating. McLennan (1928) and other writers found the 
intensity of A 5577 A to have a pronounced maximum about midnight. The regular 
occurrence of this effect is not yet established. Instead Elvey & Farnsworth (1942) 
found little or no such maximum, while Karandikar (1934) observed a midnight 
minimum. The factors determining which type of intensity variation occurs are not 
yet dear. The intensity of A 6300 A has been observed by Garrigue (1936) and by 
Elvey, Swings & Linke (1941) to decrease from sunset to about midnight and then 
to remain practically constant. 

No appreciable twilight effects have been found for A 5577 A. In contrast A 6300 A 
exhibits considerable enhancement—the intensity when the sunlight strikes the 
atmosphere above 70 km. being of order 10 times that during the night (Elvey & 
Farnsworth 1942). A remarkable feature of the phenomenon is the appreciable 
magnitude of the enhancement even when the sunlight can only reach the very 
high atmosphere. 

Measurements of Rayleigh & Jones (1935) at Terling (England), Capetown (South 
Africa) and Canberra (Australia) show that there are large irregular local fluctuations 
of intensity of the green and red region of the spectrum on which are superimposed 
in addition a semi-annual and annual variation and a slow secular change with 
sunspot cycle—an interesting similarity to the frequency of occurrence of aurorae. 
The effects depend to some extent on the station. • 

Several attempts have been made to measure the height of the source of the 
radiations. The most recent work is that of Elvey & Farnsworth (1942) who made 
'25 determinations of the variation of intensity with zenith distance at a number of 
stations in North and South America for A 5577 A and A 6300 A. The average 
variation was much the same for both lines and indicated the great height of 500 km. 
for the emitting layer. This result is in general agreement with the earlier investiga¬ 
tions of Cabannes & Dufay (1934), of Brunner (1935) and of Garrigue (1936). It is 
so important however that more measurements are required to confirm it. 

7 - 1 - 2 . Radiation from atomic sodium 

The presence of the D lines (A 5893 A, 2 S- 2 P) of neutral sodium in the night-sky 
spectrum has been established by Cabannes, Dufay & Gauzit (1938). The number of 
quanta emitted in these lines is about 1 x 10 7 /cm. 2 column of atm./sec. Apart from 
fluctuations the intensity remains fairly constant throughout the night. There is 
a very strong twilight effect, the enhancement being of the order 100 when the 
atmosphere above 70 km. is illuminated. Measurements by Bernard (1938), and 
Elvey & Farnsworth (1942), on the variation of the intensity of the twilight radiation 
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with, zenith distance show that at least between 70 and 115 km. the concentration 
of emitting atoms falls off at much the same rate as that of 1 the main gas. 

Systematic study of the intensity variations exhibited by the D lines has hardly 
begun but the emission appears to be least in summer (Garrigue (*937)> Elvey et al. 
(1941)). 

Oabannes et al, (1938) estimate that the height of layer responsible for the lines 
is 130 km. 

7-1-3. Radiation from molecular nitrogen 

Most of the night-sky band emission* is due to neutral nitrogen. The strongest 
are the bands of the Vegard-Kaplan system arising from optically forbidden transi¬ 
tions between the A and the ground X electronic states and having excitation 
energy 7eV. Following in intensity are the bands of the Lyman-Birge-Hopfield 
system (A '-II^X 1 S) of excitation energy 8- 5 eV and those of the First Positive system 
A Z S) of excitation energy 10 eV. The Second Positive system (O z U^B z Z) 
has not been observed to be present. Reliable information on the intensity of the 
bands is not available but as a very rough estimate it may be taken that the number 
of emitted quanta/cm. 2 column of atm./sec. is 1 x 10 7 for the Vegard-Kaplan system, 
6 x 10 6 for the Lyman-Birge-Hopfield system and 3 x 10 6 for the First Positive 
system. No information is available as to the radiative lifetime of the metastable 
A Z Z state but it must be long. 

Slipher (1933) observed in the twilight spectrum a flash due to the emission of 
the Negative band system (B 2 Z^X 2 Z) of N^“ (excitation energy 18*7 eV). 

The variations in the blue region of the spectrum to which the N 2 bands largely 
contribute have been studied by several workers. Rayleigh (1929) and Bradbury & 
Sumerlin (1940) observed that the intensity has a maximum at midnight. Rayleigh 
& Jones (1935) found fluctuations in close correlation with those of the oxygen 
green and red lines and also corresponding semi-annual and annual variations and 
slow secular change with sunspot cycle. 

7-1*4. Other night-shy radiations 

As well as the main radiations described above, there is evidence of the emission of 
the Schumann-Runge bands (B Z Z-+X Z S) of 0 2 , and possibly of the {! (B 2 i7-> X * 11 ) 
and y 2 S^X 2 II) bands of NO. A number of bands, particularly a strong one at 
A 3556 A, remain unidentified. There is no radiation which can definitely be attributed 
to atomic nitrogen, atomic or molecular hydrogen, or any of the inert gases. 

7-1-5. The spectrum of the polar aurora 

Apart from the well-known high degree of excitation as indicated by the lines of 
neutral and ionized atomic oxygen and nitrogen and by the relative intensities of 
the nitrogen band systems (in particular the great strength of the Negative system) 

* The identification of bands is very difficult and is still open to discussion. In this paper 
we have accepted in general the suggestions of Elvey et al. (1941). 5 
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the main feature of interest in the spectrum of the polar aurora as compared with 
that of the night sky is the absence, or at least the comparative faintness, of the 
sodium lines, and the oxygen bands. 

7*2. Origin of night-shy emission 

We now come to the difficult problem of the origin of the excitation which gives 
rise to the radiation described. We treat separately the nocturnal and the twilight 
emission. 

7*2*1. The nocturnal emission 

7*2* 1 * 1 . The oxygen recombination theory . A possible source of the energy needed 
for the emission lies in the region of dissociated oxygen. Chapman ( 1931 ) suggested 
that when oxygen atoms recombine to form a molecule excitation energy may be 
given to some third body. 

For the green and red lines the basic reactions are 



0 + 0 + 0 ->-02 + 0 , ( ^ ^ 

( 68 ) 


\m 

(69) 

and for the D lines, 

0 + 0 + Na-^0 2 +Na'( 2 P). 

(70) 


However, the energy required to excite molecular nitrogen for the emission of the 
Vegard-Kaplan, Lyman-Birge-Hopfield, and First Positive band systems is greater 
than the dissociation energy of oxygen. As the particles concerned in the collision 
processes are in thermal equilibrium, the additional energy cannot come from their 
relative motion. However, if one of the recombining oxygen atoms is in the metastable 
X S or X D states sufficient energy is available at least for the Vegard-Kaplan and 
Lyman-Birge-Hopfield band systems. Thus, 

f( x S) + 0 + N 2 -> 0 2 + Ng(A Z I) (giving the Vegard-Kaplan (71) 

\( X D) • band system), (72) 

0'( x S) + 0 +N 2 ->0 2 + N 2 (A x i 7 ) (giving the Lyman-Birge- (73) 

Hopfield band system). 

At first sight the theory is attractive, but on closer examination certain difficulties 
become manifest particularly for the sodium and nitrogen reactions. 

As far as the green and red lines are concerned the intensity likely to result may well 
be adequate—the total number of oxygen recombinations must be of the order 
10 X 2 /cm . 2 column of atm./sec. and it is quite possible that a sufficiently large fraction 
of the recombining atoms dispose of their excess energy in the manner suggested. 
On the other hand if t is the lifetime of a metastable oxygen atom towards deactivation 
by collision, and r is the radiative lifetime, the number of photons emitted at any 
level by metastable oxygen atoms produced by ( 68 ), (69) is proportional to 

P 3 tl(t + T), 


(74) 
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where p is the partial pressure of atomic oxygen. This has a maximum at the level of 
maximum density of atomic oxygen—that is just over 100 km., in contradiction to 
the results described in (§ 7TT) which suggests a much higher level for the origin of 
the lines.* A satisfactory theory must also include an explanation of the intensity 
variations. As the rate of recombination of oxygen atoms is so slow that there is a 
negligible decrease in their concentration during the night, little diurnal variation in 
intensity would be expected. The observational evidence on this is still incomplete 
but it certainly indicates a difference in the behaviour of the green and red lines that 
would not have been predicted. Further the fluctuations of intensity are not easy 
to understand. Little can be said at this stage about the possibility of explaining the 
semi-annual and annual variations, the slow secular change with sunspot cycle, and 
the dependence on station. 

It thus appears that the application of the theory to the green and red lines is not 
free from serious difficulties. It must be noted that these depend on experimental 
results which are as yet far from definite. The position is far worse when the excita¬ 
tion of the sodium lines and nitrogen bands is considered. 

The ratio of the numbers of sodium and oxygen atoms in the upper atmosphere is 
probably about 5 - 50 xl 0 ” u ( 5-50 x 10 8 / 10 19 ) (§§ 2 - 3 , 7 * 2 * 2 ) yet the intensity of 
emission of the D lines is as great as 5 x 10~ 2 of that of the green lines. As the rates of 
the reactions (68), ( 69 )and ( 70 ) are not likely to differ greatly there is thus a very grave 
discrepancy even allowing for a considerable rate of collision de-activation of the 
metastable oxygen atoms. 

A similar position is encountered when the effectiveness of the reactions ( 71 ), 
( 72 ) and ( 73 ) in providing excited nitrogen molecules is estimated. In the nocturnaJ 
upper atmosphere the fraction of oxygen atoms in the metastable X S and 1 D states is 
only 10~ 1X , (10 8 /10 19 ), and 10" 10 , (10 9 /10 19 ), respectively. The intensities of the 
nitrogen band systems would therefore be very many orders of magnitude lower than 
those of the oxygen lines—in complete disagreement with observation. 

It seems necessary to seek explanations of the excitations leading to the D lines 
and the nitrogen band systems other than through Chapman’s theory. 

7 - 2 - 1 - 2 . The ionized layer theory. It is natural to consider that there may be some 
connexion between the nocturnal emission and the ionized layers. However Chap¬ 
man (1931) has shown that the rate of emission allowable by the ionization density 
is likely to be too low for some of the radiations. 

The green line is maintained at a rate of 2 x 10 8 quanta/cm. 2 column of atm./sec. 
so that about 10 13 quanta/cm. 2 column of atmosphere are emitted during the night. 
If the emission is limited to a normal layer of scale height H the total number of 
quanta (at the height of greatest emission) must be about 10 13 /2*7 H/cm. 2 , which 
for the E layer is 4 x 10 6 /c.c. (H = 1 x 10 6 cm.) and for the F layer is 9 x 10 5 /c.c. 
(H = 4 x 10 6 cm.). To account for the constancy of the emission and to allow for an 

* It can be generalized that no two- or three-body collision processes can give rise mainly 
to emission from a layer high in the atmosphere unless one of the particles involved is localized 
there. 
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efficiency of less than unity for the process involved a maximum ion or electron 
density of some 4 x 10 7 /c.c. is required in the E layer and of some 9 x 10 6 /c.c. in 
the F layer.* These values are much higher than those observed, particularly for 
the E region. The production of the less intense red lines does not lead to the same 
difficulty, at least as regards the F region, and it is worth considering the possible 
processes in more detail. 

The number of excited particles/cm. 2 column of atm./sec. produced by electronic 
and ionic recombination is 2-7£T(l + A) n\a e and 2-7ffA(l + A) respectively. A is 

small. The night-time value of n e in the E layer is, as we have seen in § 3-4, about 10 4 
and in the F layer is about 2-5 x 10 5 . For radiative or di-electronic recombination 

0 + e-»0 '{'D) + hv, (75) 

0 + H-e-»-0 ,(I)) (doubly excited), 

O'W^O 'Q-DJ+hv. 

the recombination coefficient is less than 10 -12 c.c./sec. so that the number of r D 
atoms formed/cm. 2 column of atm./sec. is less than 3 x 10 2 for the E layer and 


7 x 10 s for the F. The dissociative recombination process 

-t-e->0'( 1 D) + 0", (77) 

may occur in the E layer but its recombination coefficient is unlikely to be great 
enough for the emission to be appreciable. For ionic recombination, 

0 + + 0“^0'( 1 D) + 0", (78) 

O^ + CT-^ + Om (79) 

N 2 + + 0~->N^+0'( 1 D), (80) 

0 + + 0 2 ^0'( 1 D) + 0^, (81) 


the recombination coefficient is unknown but in certain cases it may be very large 
(§5-1-2). The interpretation of ionospheric recombination is still uncertain but it 
may indeed be that the value of Ais of order 10 -8 c.c./sec. in the E layer and 
3 x 10~ w c.c./sec. in the F layer. The number of excited atoms formed/cm. 2 column 
of atm./sec. in the E and F layers may thus be as great as 3 x 10® and 2 x 10® respec¬ 
tively. It seems quite possible therefore that ionic recombination in the F layer may 
give an important contribution to the intensity of the red lines, particularly during 
the early part of the night. A further source of 1 D atoms is from excitation by 
energetic electrons formed by dissociative detachment 

0 ” + 0^-0 2 + e (+ 2-9 eV kinetic energy), (82) 

e+O-^O'eDHe. (83) 

* The argument is of course invalid if each ion or electron can produce the emission of a 
number of quanta. It is not easy to see how this could occur for the green line bjit for some of 
the other radiations the possibility exists ((82), (83)). Nocturnal renewal of ionization is also 
ignored. 
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A similar set of reactions was suggested by Martyn & Pulley (1936) account for 
the green line but for this the electrons have insufficient energy. 

It can be seen at once that the D lines cannot arise from any of the processes just 
discussed owing to the relative scarcity of sodium ions and atoms. 

The nitrogen band systems, like the red lines, may well be produced by ionic 
recombination processes in the F layer. There may be some difficulty, however, owing 
to the transfer, 

N 2 + +'0^N 2 + 0 + , (84) 

removing the nitrogen ions too rapidly—unless the probability/collision is very 
small (< 10 ~ 4 ) there will be no nitrogen ions left within a few hours of sunset. 

If the ionized layer theory of the origin of the red lines and the nitrogen band 
systems is correct there should of course be some connexion between their intensity 
and the properties of the layer as determined by radio measurements,* but this may 
be very indirect owing to the nature of the many processes involved. 

7-2-1-3. The sodium oxide theory. Neither the oxygen recombination theory nor 
the ionized layer theory seem able to explain the intensity of the D lines. In view 
of the comparative rarity of the sodium atoms it might be expected that some 
special process is required. Chapman ( 1939 ) suggested as a possible source of the 
excited atoms the action 

NaO + 0-*Na'( 2 P) + 0 2 . (85) 

The formation of the necessary sodium oxide can proceed by such processes as, 

Na + 0 + Ar->NaO + M, (86) 

Na + 0 3 NaO + 0 2 , (87) 

(and similarly for other suitable oxides). 

None of these reactions is likely to oxidize sodium atoms at any considerable rate. 
The three-body reaction ( 86 ) is extremely slow at such heights as 100 km. Though 
(87) may be more rapid it is doubtful if even here the yield is adequate owing to the 
rarity of 0 3 . Assuming, however, that the concentration of NaO is not many orders 
smaller than that of Na the rate of (85) may well be sufficiently great provided it is 
endothermic . Since the dissociation energy of 0 2 is 5*1 eV and the excitation energy 
of the 2 P state of Na is 2*1 eV this condition requires the dissociation energy of NaO 
to be less than 3*0 eV—if it is as great as4eV (as given by Chapman ( 1939 )) some new 
theory for the origin of the D lines must be sought.f 

7*2* 1*4. Conclusion . It is clear that the origins of the night-sky emission are still 
far from certain. While none of the theories discussed are free from objection it is 
at least possible that the oxygen recombination theory accounts for the intensity 

* ^ktra (1945) has recently reported evidence of a correlation between ion density in the 
F region and the intensity of night sky light emission when both are abnormal. 

The suggestion (Chapman 1939) that additional energy might be produced from reactions 
such as ( 85 ) if the oxygen atoms involved were in a metastable state cannot be accepted, as 
the number of such atoms is extremely small (§ 7 * 2 * 1 * 1 ). 
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of the green line and some of that of the red lines; the ionized layer theory accounts 
for the remainder of the intensity of the red lines and that of the nitrogen band 
systems; and the sodium oxide theory accounts for the intensity of the D lines. 

If this picture is valid then: 

(i) No correlation between the green line and nitrogen band intensity variations 
would be expected. 

(ii) The height of maximum intensity of green light emission must pot be far above 
the region of maximum density of atomic oxygen (just over 100 km.). 

(iii) A considerable proportion of ionization in the F layer must remain in the 
form of throughout the night in spite of the transfer reaction (84). 

(iv) The dissociation energy of NaO must be less than 3-0 eV. 

The observational evidence available rather tends against both (i) and (ii) and 
the position must remain obscure until more extensive and reliable data are available. 

7*2*2. Twilight emission 

The most obvious source of twilight emission effects is from direct excitation by 
solar radiation. If only the resonance transition is involved the number of quanta 
emitted is simply 

(o) s /o) N ) r -1 e-^^y/particle/sec. * (88) 

where o) E and co N are the statistical weights of the excited and ground states respec¬ 
tively, r the radiative life time, v the frequency of the exciting radiation, T the 
absolute temperature of the solar black body (6000° K), and/the dilution factor 
(5*44 x 10~ 6 ). This formula can readily be modified to apply to more complicated 
cases. For the green and red lines of oxygen and the D lines of sodium numerical 
values are given in table 5. 

Table 5 

emission line r(sec.) transitions/atom/sec. 

O green 1/9 0*5 3 x 10" u t 

O red 5/9 100 7 x 10~ 10 

Na D 3 1*6 x 10~ 8 20 

Unfortunately the importance of collision deactivation of the metastable atoms is 
uncertain but (taking the number of oxygen atoms/cm. 2 column of atmosphere to 
be 10 19 ) it would appear that direct excitation while not affecting the green line 
might enhance the red. Another possibility for this latter lies in the dissociation of 
molecular oxygen 

0 2 +^-^0 , ( 1 D) + 0( 3 P). (89) 

* It is implicitly assumed of course that the number of solar quanta of the correct wave¬ 
length is sufficient—this is correct even for the forbidden transitions on account of their 
Doppler broadening. 

t Allowance has here to be made for the fact that the absorption is from the 3 P state bift 
the emission is to a X D state. 
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It is doubtful however if this latter source would account for the observation 
by Elvey and Farnsworth of an enhancement at very great heights (§7*1-1). The 
process 

0" + O'^D) + e, (90) 

is perhaps of interest in this respect. From the calculations on photo-detachment 
(Bates & Massey 1943 ) it is found that the number of oxygen atoms raised to 
the X D stsirte by reactions of the type (90) is from 2 x 10 ~ 2 /negative ion/sec. to 
5 x 10 ” 2 /negative ion/sec. (depending on the existence or not of resonance effects, 
§ 5-2). Taking the negative ion density in the F region as 10~ 3 of that of the electrons 
and a layer thickness of 100 km. (both estimations being only tentative), this would 
give a rate of production of X D oxygen atoms of between 5 x 10 7 and 10 8 /cm . 2 column/ 
sec., comparable with the nocturnal emission rate of about 10 7 /cm . 2 column/sec. 

Direct excitation seems to be the only process likely to be important for the D 
lines. From above 70 km. the intensity of the line is about 1 x 10 9 /cm . 2 column of 
atm./sec. Taking into account the fact that Fraunhofer absorption reduces the 
solar radiation involved by a factor probably between 10 and 100 * the number of 
sodium atoms/cm . 2 column of atmosphere can be estimated to be between 5 x 10 8 
and 5 x 10 9 , as used in preceding sections. 
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The effect of an electric field on the viscosity of liquids 

By E. N. da C. Andrade, E.R.S., and C. Dodd, Ph.D. 

(Received 26 November 1945) 

An apparatus for measuring the effect of an electric field on the viscosity of liquids has been 
developed, in which the liquid runs in a narrow channel between plane metal boundaries 
which can be used as electrodes. The apparatus allows the use of fields up to an average 
strength of 35 kV/cm. and gives a high degree of accuracy. With non-polar liquids, either dry 
or contaminated with water so as to conduct, and with non-conducting polar liquids an 
electric field transverse to the line of flow has no marked effect on the viscosity. With polar 
liquids that conduct relatively well, either normally or when contaminated with water, the 
electric field causes a considerable increase in apparent viscosity. This effect increases with 
increasing strength of field, but reaches a limiting value for very high fields. With polar 
liquids whose conductivity can be diminished by successive purifications the magnitude 
of this limiting effect is proportional to the conductivity of the specimen. 

With an alternating field the effect on viscosity remains constant, as frequency is increased, 
until a certain critical frequency is reached, and thereafter decreases with frequency, until it 
becomes too small to be detected. The critical frequency decreases as the distance between the 
electrodes increases and increases as the temperature is raised. 

There is no effect on viscosity with a field parallel to the lines of flow. 

All these experimental facts can be explained on the theory that the effect is due to the 
accumulation of ions that takes place in the neighbourhood of the electrodes when the liquid 
conducts. The ions act as centres round which polar molecules cluster. Thus for an effect to 
appear it is necessary to have a liquid which conducts and which is made up of polar 
molecules. The limiting increase of apparent viscosity which takes place at high fields is due to 
the fact that the increase of viscosity of the liquid near the electrodes slows down the ions, 
and thus tends to diminish the number of excess ions. The variation of the effect of an 
alternating field with frequency also finds a ready explanation in this theory. The theory has 
been made to account for various other observed facts. 
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PART I. EXPERIMENTAL METHODS AND RESULTS 
Introduction 

It is now generally accepted that the variation of viscosity of normal non-associated 
liquids with temperature is closely expressed by the formula* 

rj = Ae b l T , 

where kb is a factor which measures the particular energy involved in the inter¬ 
change which gives rise to the viscous forces, k being Boltzmann’s constant. This 
energy may depend upon the volume: Andrade has attempted to allow for this by 
taking b as inversely proportional to the atomic volume, deriving the formula 

rjv* = Ae c ‘ vT , 

which further takes account of the effect of the thermal expansion on molecular 
distances. Andrade ( 1934 , 1940 ) has suggested that the activation energy in question 
can be represented as an energy of orientation in the local electric field. Later, 
Eyring ( 1936 ), applying the theory of reaction rates to the viscosity problem, took 
b as being the activation energy necessary if a molecule is to pass over a barrier from 
one potential minimum to another. Whatever view be taken, it is clearly of interest 
to see if this energy factor can be influenced by an external electric field. 

We may write tj =* Ae EtkT 

drj _ E dE 

0r ~rf~kTlT' 

The value of E/IcT is for most organic liquids somewhere about 3, Ejh being 
about 800, or E — 10 -13 ergs approximately. Taking the external field as 
30kV/cm. = 100e.s.u./cm.,andconsideringadipolemomentoftheorder 10 - 18 e.s.u., 
then the change of energy is of the order 10 -16 erg anddfy/^ = 3 x 10~ 3 which is easily 
measurable. By choosing a liquid of large dipole moment it should be possible, if 
fields of 100 e.s.u./cm. and more are practicable, to get something approaching a 
1 % effect. 

Turning to a non-polar molecule, the polarizability is given by 

4tt at ' n*-\M 


where N is Avogadro’s number, M is the molecular weight, d the density, n the 

n 2 —11 

refractive index and y the polarizability. The value of - a -- ^ ^ is round about 0-3. 


Taking again the field to be 100 e.s.u./cm. 


_ 1 100 
7 4 6 x 10 23 


0-3 = 1-25 x 10- 23 , 


* This formula was put forward independently by Andrade (Nature, I March 1930) and 
S. E. Sheppard (Nature, 29 March 1930). For its history see E. N. da C. Andrade, Phil . Mag. 
1934 , 17, 703. 



298 E. N. da C. Andrade and C. Dodd 


and energy due to field / is 


Then 


yf 2 = 1*25 x 10~ 19 - dE = change of energy in field. 

dy _ EdB 1*25 x 10” 1 9 _ 6 

hT E 1*37 xlO~ 16 x 300*" * 


There is little hope of detecting an effect of this magnitude without great refinement 
of any technique at present in use, and it may be noted that such a change corre¬ 
sponds to a temperature variation of a few ten thousandths 0 C. 

Many previous workers, in papers to be discussed later, have attacked the problem 
of the effect of an electric field on viscosity, but, in the case of polar liquids, there 
have been wide divergencies in the results obtained. In the experiments to be 
described we have made an extended series of careful measurements on the effect, 
with both polar and non-polar liquids. We have used much higher fields than previous 
workers and, in addition to steady fields, have made systematic measurements with 
alternating fields of various frequencies, which have thrown light on the phenomena. 
In particular, we have in all cases measured the small current carried by liquids 
under the different steady applied potentials, which has usually been neglected. 
Both the transverse and the longitudinal effects have been investigated, although 
the measurements on the latter are comparatively few, since the results, negative 
in all cases, showed that it had a more restricted interest, at any rate in these 
preliminary investigations. 

In the case of polar liquids our work leads us to believe that the large effects found 
by many previous workers, including changes of many tens of per cent, sometimes 
of over a hundred per cent, in viscosity, are spurious, being caused, in the case of 
liquids which conduct, by an accumulation of ions in the neighbourhood of the 
electrodes, which leads to a modification of the state of aggregation of the polar 
molecules and a consequent increased viscosity in this region. This effectively 
reduces the channel. The local accumulation of ions also modifies the distribution 
of the electric field. 

Our experiments further throw light on the conduction of electricity by certain 
classes of polar liquids. We believe that we have established the conditions under 
which a true effect of electric field on viscosity can be sought with polar liquids, but 
circumstances which need hardly be specified* have prevented us from embarking 
on determinations under these conditions. We hope that an opportunity to do this 
will occur in the future. 


Experimental method 

After certain preliminary experiments in which the liquid flowed longitudinally 
between concentric cylinders, separated by a small gap, it was decided to use a long 
gap of rectangular cross-section. The width of the cross-section of the gap was large 

The work here described was essentially completed in 1939. A preliminary announcement 
of certain results was made in Nature (Andrade & Dodd 1939 a, &). 
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compared to the height, and the potential difference was applied between the larger 
opposite faces, giving a field transverse to the direction of flow. 

A serious difficulty in the way of constructing an apparatus of this kind, in which 
metal surfaces have to be fixed in liquid-tight contact to insulating strips, is to find 
a cement which is a good insulator and is not attacked by the various organic 
solvent? with which it is desired to make measurements. Another difficulty is to 
make the gap, which should only be a fraction of a millimetre across, sufficiently 
uniform. In the final form of our apparatus we utilized, for one side of the gap, 
three high-precision steel gauges, made by Messrs Pitter, 14 cm. long, 1 cm. wide, 
and 3 cm. deep, bolted together with the 14x3 faces in contact so that the 14x1 cm. 
surface of the central one projected 3 mm. beyond the like surfaces to either 
side, all these surfaces being made accurately parallel. The projecting plate was 
tapered away at each end and holes were drilled in it normal to the 14 x 1 face, to 
provide admission for the liquid. For the other side of the gap a steel base-plate 
14 x 6 x 2 cm. was used. To separate the stepped face from the flat plate two quartz 
slips 14 x 1-5 x 0-32 cm., optically worked by Messrs Hilger, were employed. The 
gap was then formed by assembling the gauges and quartz strips as shown in figure 
1 a, which represents a central transverse section, the depth of the gap being 0-20 mm. 
Figure 1 b shows the general arrangement of the apparatus in longitudinal section. 



, 10 cm. 

Figure la Figure 16 
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The steel and quartz surfaces were so well worked that good optical contact was 
secured along the whole quartz-steel surface, the adhesion being such that it was 
extremely difficult to produce relative movement between the parts. As a precaution 
against displacement a cement of glue and black treacle was applied along the 
external re-entrant angle, but this cement played no part in retaining the liquid 
or in the ins ulation - It was clear in subsequent experiment that no liquid ever 
penetrated between the surfaces in optical contact. To close each end of the gap 
a mica plate was placed over the small rectangular hole, and held in position by 
a stout bakelite plate, secured by screws to the metal plates. This gave perfect 
insulation and the whole assembly was free from leak. A liquid left in the 
apparatus for several days maintained its original resistance, and other tests also 
showed that it was unchanged. 

Stainless steel tubes were fastened with bakelite cement into the bottom of glass 
viscometer bulbs, of the form shown in figure 1 b , and these tubes were screwed into 
the holes in the central gauge block. The viscometer bulbs were provided at their 
upper ends with conical ground joints, to enable them to be connected to a hand 
suction pump through a two-way tap. The liquid could thus be drawn to the desired 
height in either bulb, and flow then initiated by turning the tap so as to connect 
the air above the two bulbs. Two similar viscometers were constructed on these 
lines, so that one could be used without field while the other was used with field: 
the lower plates of these two viscometers were in contact with a thick metal plate, 
and the effect of any small, slow temperature fluctuations was thus minimized. 
The glass-walled tank containing the two viscometers was totally immersed in a 
thermostatically controlled water-bath. The variations of temperature were so 
small that the time of flow of a typical liquid was constant in successive runs to 
within 0*2 sec. for a total time of 500 sec. The lower plates of the viscometers were 
earthed, and the upper plate of either could be connected to a source of high potential. 

The time taken for the liquid to fall between the marks on the 50 cm. 3 viscometer 
bulbs was measured with a ^ sec. stop watch and taken as a measure of the viscosity. 
This time was never less than 4 min. and generally much longer. Several runs were 
always taken and the average adopted. 

The source of potential for the steady field was a number of ordinary wireless 
high-tension batteries. The difference of potential was measured by a Wulf bifilar 
electrostatic voltmeter up to 300 V, and above that by a Leybold unifilar instrument. 
For the alternating field a large Sullivan oscillator was used. 

The current carried by the liquid, which has been neglected by most previous 
workers, was measured by means of a sensitive galvanometer or, when larger, by 
a microammeter. 

For the longitudinal field, a viscometer was constructed which consisted of ten 
channels in series, as shown in figure 2, arranged normally to metal electrodes 
separated by a distance of 6 cm. The channels were 1 cm. wide and 0*03 cm. deep, 
cut centrally in bakelite strips which were cemented together at the edges with 
bakelite cement. The liquid passed up one channel and down the next, through a 
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comparatively open space j oining the adj acent ends of each pair of adj acent channels. 
To apply the field two large circular brass plates were cemented one to each opposite 
end of the channel block, so that the field ran parallel to the flow. The distance 
between these plates was 6 cm. Exit and entrance ports were provided at the ends 
of the channel system. The viscometer bulbs attached to the entry and exit tubes 
were of the same type as used in the transverse apparatus. The whole was immersed 
in transformer oil. A p.d. of 100,000 V or so was furnished by a powerful Wommers- 
dorf influence machine. 


Electrode 



Electrode w 

Figuke 2 

Measurement oe the conductivity 

In the course of the work the conductivity of certain organic liquids was often 
taken as an index of the purity and special measurements were therefore made in a 
conductivity cell. This was of glass, holding about 1 cm. 8 , with pla tinum plate 
electrodes of area 2 cm. 2 , 3 mm. apart. The cell was closed by a glass stopper with 
a mercury seal. The cell constant in the equation 

. ,. .cell constant. 

conductivity =-- 

resistance 

was found to be 0-085 by measuring the resistance when filled with n/ 1 000 potassium 
chloride solution, allowance being made for the conductivity of the water used. 
All measurements were made at 0° C. The resistance was measured by niAang of an 
a.c. bridge incorporating a Wagner earthing device, as described in the standard 
books. 
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Preliminary experiment. Transformer oil 

Preliminary experiments were carried out with transformer oil in an earlier 
version of the apparatus described, made with brass plates cemented with sealing 
wax to quartz separating strips. The gap was about 0-8 mm. deep. There were 
two exactly similar viscometers, one used as a control to eliminate the effect of small 
temperature variations during the run. Readings of the rate of flow were taken with 
both viscometers simultaneously, first with the field applied to one apparatus and 
later with it applied to the other. The average time of flow with field was compared 
with the average time of flow without field. 

In the first experiments, with the oil as supplied by the manufacturer, small 
increases of viscosity, sometimes as great as 1 %, were noted. The oil was then 
degassed by maintaining it at 46° for an hour in a flask continuously evacuated by 
means of a rotary oil pump. Dry air was then admitted from phosphorus pentoxide 
drying tubes, and the oil was filtered through a fritted glass filter to remove 
any particles. The oil treated in this way showed no change in viscosity as great as 
1 part in 2000, even when the apparatus was subjected to a potential difference of 
4000 V, corresponding to a field of 50kV/cm. The slight increases previously 
obtained were probably due to the presence of dissolved gas and particles. 

The dipole moment of the oil was determined by finding the dielectric constant 
and density at four temperatures over a range of 40° 0. ■The molar polarization was 
found to have the constant value of 95-5 cm. 3 Since this method is not strictly applic¬ 
able to liquids, Debye’s method of measuring the polarization of different concentra¬ 
tions of the liquid dissolved in a non-polar solvent was used. Benzene was taken as 
the non-polar solvent and the polarizations of four solutions of oil of different 
concentrations were found from dielectric constant and density measurements 
carried out at constant temperature. We have to thank Dr H. R. Sarna for putting 
at our disposal for these measurements a special condenser and bridge circuit which 
he was using in his own research. The molar polarization is 

x> Jc-imj.+mj, 

12 k+2 d 

where M 1 and M 2 are molecular weight of benzene and oil respectively, k and d are 
the dielectric constant and density of the solution, and/ x and/ 2 are the molar concen¬ 
trations of benzene and oil respectively. By plotting P 12 against the concentration 
/ 2 , the values of P 2 , the molar polarization of the oil, were deduoed for various values 
of/ 2 . Prom a second graph of P 2 against/ 2 the value at infinite dilution was found. 

The refractive index of the oil was determined with a Zeiss-Pulfrich refractometer, 
and from this a value of the distortion polarization P D of the oil found by use of the 
Lorentz-Lorenz equation. The dipole moment = 0-0127 x 10 -18 (P—P^P. Our 
values for P and P D were 84-9 and 85-2 c.c. respectively, from which it appeared 
that the oil had no measurable dipole moment. Thus for this particular non-polar 
oil the change of viscosity with field must be less than 1 part in 10 s per kV/cm. 
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Measurements with non-polar liquids 

Carbon disulphide 

Carbon disulphide, a non-polar liquid which can be readily obtained in a fairly 
pure state; was the first definite chemical compound tried. The liquid was carefully 
distilled and then filtered through a fritted glass funnel. Both viscometers, of the 
construction described under £ Experimental method were dried out, filled with the 
liquid and placed in the thermostat. After 4 hr. all times of flow had become constant. 

About 100 V were applied to the first apparatus and the difference of the times of 
flow again found. The applied voltage was gradually increased by increments of 
about 50 V, and although voltages up to 635 V were applied, the difference in the 
two times of flow remained the same to within 0*2 sec. 

The results obtained for carbon disulphide are given in full, as being typical of 
the method used for all liquids (table 1). Rough statistical treatment of the results 
indicates that the viscosity does not change by more than 1 part in 20,000 for an 
average field of 5kV/cm., supposing the effect to be proportional to the field, while 
the four last determinations, made at an average field of 26 kV/cm., give a most 
probable variation of 1 part in 5000. It may be concluded generally that the effect 
of an electric field on the apparent viscosity* of carbon disulphide certainly does not 
exceed 1 part in 5000 for a field of 26 kV/cm., and is probably much less. 


Table 1. Transverse electric field, carbon disulphide 



galvano¬ 

time of 

time of 

galvano¬ 



voltage 

meter 

flow t ± in 

flow t 2 in 

meter 

voltage 


on app. 

deflexion 

app. no. 1 

app. no. 2 

deflexion 

on app. 


no. 1 

(cm.) 

(sec.) 

(sec.) 

(cm.) 

no. 2 

(sec.) 

— 

— 

269*9 

249*4 

— 

— 

20*5 

— 

— 

269*7 

249*3 

— 

— 

20*4 

105 

0*7 

269*8 

249*3 

* - 

— 

20*5 

— 

— 

269*9 

249*3 

0*6 

105 

20*6 

116 

0*9 

269*8 

249*4 

— 

— 

20*4 

— 

— 

269*9 

249*4 

0*9 

116 

20*5 

155 

1*1 

269*7 

249*3 

— 

— 

20*4 

— 

— 

269*6 

249*1 

1*2 

155 

20*5 

210 

1*7 

269*6 

249*3 

— 

— 

20*3 

— 

— 

269*8 

249*4 

r 1*7 

210 

20*4 

300 

2*9 

269*9 

249*4 

— 

— 

20*5 

— 

— 

269*8 

249*4 

2*8 

300 

20*4 

385 

3*2 

269*6 

249*2 

— 

— 

20*4 

— 

— 

269*7 

249*2 

3*2 

385 

20*5 

' 480 

7*6 

269*8 

249*4 

— 

— 

20*4 

— 

— 

269*8 

249*3 

7*6 

480 

20*5 

635 

14*4 

269*7 

249*3 

— 

— 

20*4 

— 

— 

269*8 

249*2 

14*3 

635 

20*6 

— 

— 

269*7 

249*3 

— 

— 

20*4 


Gap across which voltage is applied = 0*2 mm. 
Galvanometer constant = 8*3 x 10~ 9 amp./mm. 


* By ‘apparent viscosity’ we denote the viscosity needed to give the observed time of flow 
on the assumption that the viscosity of the liquid is uniform throughout the gap. The reason 
for this term will become apparent in the discussion at the end of the paper*. 
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Carbon tetrachloride 

A pure dry specimen of carbon tetrachloride showed no change in time of flow for 
applied fields up to 40kV/cm. The current passed was very small, never exceeding 
0-5/iA. When the carbon tetrachloride was saturated with water there was likewise 
no change of time of flow with electric field, but the current was of the order of 1 mA. 

Benzene 

With a pure dry specimen of benzene no change of apparent viscosity was obtained 

even when fields of over 40 kV/cm. were applied. The current never exceeded 0-5//A. 

With wet benzene, as with wet carbon tetrachloride, there was likewise no viscosity 

effect, but the current was once more of the order of 1 mA. 

% 



field (kV/em.) 


Figttee 3 a 
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Measurements with polae liquids 

Acetonitrile 

As the first example of a polar liquid with a large permanent dipole moment, we 
chose acetonitrile, using the pure Kahlbaum product. The two viscometers were 
used, and runs made as before. An increase of time of flow with field was obtained. 
Interpreting this as due to rise of viscosity, the variation of viscosity with mean 
field * was as shown in figure 3 a. It will be seen that very large increases were ob¬ 
tained, rising to a limiting value of some 115 % with the highest fields. The current 
for various fields is shown by the broken line, the scale being given on the right. 
The K given in the diagram indicates the conductivity in reciprocal ohm cm., 
obtained from independent measurement made as described. 

The relatively large value of the current might, it was held, be due to impurity. 
The Kahlbaum product was therefore shaken for one hour with phosphorus pent- 
oxide and distilled. The distillate was again shaken with pentoxide and redistilled, 
and this distillate again distilled four times. With this product the results recorded 
in figure 3 b were obtained. The form of the curve of viscosity increase and of the 
current curve were similar to those obtained with the original liquid, but the effects 
were reduced. 

Further purifications were then effected, the measurements being repeated after 
each process. The results are shown in figures 3 c, d and e,f from which it is seen that 
the limiting value of apparent viscosity increases was finally reduced to about 27 %, 
and the cell conductivity, which is recorded on each diagram, from its original 
value of 25-8 x 10 -7 to 5-78 x 10~ 7 ohm -1 cm. -1 . 

The limiting values of the increase of apparent viscosity, as indicated by times 
of flow, taken from the curves of figure 3, were then plotted against the conductivity, 
as shown in figure 4, the figures being ■ 

K x 10 7 25-8 22-3 1 8-4 15-1 6-78 

At/t 1-15 0-92 0-78 0-64 0-27 

At here denotes the excess of the time of flow t above the normal field-free value 
for the high fields at which it reaches a limiting value. From figure 4 it appears that 
this excess is proportional to the conductivity and, within the accuracy that the 
measurements permit, that there would be very small or no increase of apparent vis¬ 
cosity in a liquid so pure that it did not conduct, if such a specimen could be prepared. 

Variation of the current with the field. A curve of current against field for acetonitrile 
shows that for this very polar liquid {/i = 3-4 x 10 -18 e.s.u.) Ohm’s law breaks down 
at fields in the region 2500 V/cm., and that the current after tending towards a 

* By ‘mean field’ we denote the applied potential difference divided by the distance be¬ 
tween the electrodes. It will appear later that the potential fall is not uniform in a conducting 
liquid. , 

t The curves of figure 3 do not lie as regularly as might be wished, those of 5 and c crossing 
other curves. We intended to repeat the measurements, but were prevented by the war. 
These were the earliest of the systematic measurements on polar liquids: later results, such 
as those on acetone, are perfectly regular. . 
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Figure 36 



Figure 3 c 
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saturation effect begins to increase rapidly and, of course, would become very large 
when a spark passed if the voltage were still further increased. Indeed, the whole 
curve is reminiscent of that for an ionized gas. 

A very tentative estimate of the coefficient of recombination of the ions in 
acetonitrile can be made from these curves showing the relation between current 
and applied field. 



o-o 


0-0 0-5 1-0 J.-5 2-0 

conductivity x 10 6 ohm -1 cm. -1 
Figure 4 


2*5 


It may be shown that for an ionized gas 

a 74^Z 2 

“ “55 —J— ’ P r0Vlded % < I > 


where a is the coefficient of recombination of the ions whose charge is e, 

I is the saturation current density, 
l is the distance between the electrodes, 
i is the current density with an applied field X, 

Jc is the mobility of positive and negative ions, assumed the same. 


From figure 3 e 

I = 0-l^A/cm. 2 = 3 x 10 5 e.s.u./cm. 2 , 
i = 1*2 x 10 4 e.s.u./cm. 2 , 

X = 250V/cm., 
k = 2 x 10 -3 cm.sec. -1 /Ycm. -:i , 
l = 2 x 10 -2 cm. 


a 

e 


3 x 10® 
1-44 x 10 s 


4 x 4 x 10~ 6 x 2-5 2 x 10 4 


0-105. 


Therefore 


2xl0- 2 
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A value for a/e for the ions produced in liquids by rays from radium has been deter¬ 
mined by Jaffe ( 1910 ) and van der Bijl ( 1912 ). For liquid hexane van der Bijl finds 
a/e = 2-26, which is not unreasonably different from that for the ions in acetonitrile 
calculated by the above method, when all the different circumstances are considered. 

Heating due to the current. There must be a small heating effect due to the cuirent, 
and this will in turn influence the viscosity. An estimate was made of the size of this 
effect. With 100 V (5kV/cm.) the current with acetonitrile in the apparatus did not 
exceed 1 mA , corresponding to a generation of heat of 0-025 cal./sec. If all this heat 
were used to raise the temperature of the liquid, none being communicated to the 
metal—an extreme supposition—then for 30 cm . 3 of a liquid of specific heat 0-5 
flowing through in 300 sec., the rise of temperature would be 0 - 5° C. This is very much 
an upper limit. 

That the rise was much less was indicated by the fact that the time of flow before 
and after the application of the field was unchanged. To investigate the matter more 
closely a thermojunction, protected by a very thin quartz tube, was placed both at 
the entry to and exit from the gap. With the field applied no temperature difference 
amounting to 0 - 01 ° C could be detected. A further test was made by holding the 
liquid steady and applying the field for 10 min. On allowing flow to start a rise of 
temperature at the exit of 0-3° C was observed, which rapidly fell to 0 - 02 ° C and 
then to zero. The first rise was due to the liquid which had been warmed in the gap 
for 10 min., and had communicated heat to the metal in contact with it. The entry 
of the cold liquid from the viscometer bulb soon cooled the metal and reduced the 
effect to an unobservable value. 

Thus, when the liquid is flowing, even with a current of 1 mA passing, the heat 
exchange with the metal is so good that the rise in temperature of the liquid is less 
than 0 - 01 ° C. For the majority of the liquids used the current was only a fraction 
of a milliampere, even with 800 V between the plates. The rise of temperature is, 
therefore, negligible. 

Acetone 

With acetone, curves showing the variation of the time of flow with applied voltage 
were obtained for three samples of varying purity obtained by repeated distillations. 
These curves showed very pronounced limiting values, the increase of viscosity 
effect increasing by only 1 % when the voltage was increased from 240 to 360 V 
(see figure 5). 

The conductivity of each sample was obtained by measuring the resistance in the 
same conductivity cell as was used for acetonitrile: 

K x 10 ® 3-42 1-96 0-87 

Atjt (limiting) 29-8 % 17-0 % 7-7 % 

The limiting values of viscosity increase were much smaller than those obtained 
fdr acetonitrile. The graph of limiting increases of viscosity against conductivity 
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field (kV/cm.) 
Figure 5 
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waS again a straight line passing through the origin (see figure 6), indicating that 
there would he very small or no change of viscosity with field in a specimen of 
acetone which passed no current. 



conductivity x 10® ohm -1 cm. -1 
Figube 6 


Diethylamine 

A pure specimen of diethylamine was tested and was found to give a large increase 
in apparent viscosity. The curve representing the variation of this increase with the 
applied field was of the usual form, showing a well-defined limiting increase of 41-6 % 
as represented in figure 7. The current obeyed Ohm’s law for fields up to 33 kV/cm., 
for which field the current was 250 ju,A. 

Ethylene <Uchloride 

The pure dried liquid showed an increase in apparent viscosity with applied field, 
the curve expressing the relation between this increase and the field producing it 
being of the usual fotm. The limiting value of the increase in apparent viscosity was 
28-8 % (figure 8). 

The current passing through the liquid was strictly proportional to the applied 
voltage, having a value of about 70/iA when the field was 33kV/om. 


20-2 
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Figure 7 



field (kV/cra.) 
Figure 8 
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The alkyl acetates 

Pure specimens of the first five members of the homologous series of acetates were 
in turn distilled directly into the apparatus and their apparent viscosity measured 
under various electric fields. The curves of increase in apparent viscosity against 
field were of the same general shape, a limiting value for the increase being obtained 
for a field of about 25kV/cm. (see figure 9). This value, however, decreased steadily 



Figure 9 


10 
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as the specimen moved higher up the series, being 47-5 % for methyl and only 7-5 % 
for ra-amyl acetate. The current was much greater for the former than for the latter 
(table 2). 

Table 2 


substance 

current for 600 V 

(M) 

At/t (limiting) 
(%) 

methyl acetate 

1060 

47*5 

ethyl acetate 

670 

41-5 

n-propyl acetate 

300 

29*0 

n-butyl acetate 

176 

14*0 

n-amyl acetate 

85 

7*5 

ifiobutyl acetate 

65 

12*6 


For the three members, normal propyl, butyl and amyl, the current obeyed 
Ohm’s law, but for the other two members, methyl and ethyl, the current ceased 
to be proportional to the applied voltage for fields greater than about 10kV/cm. 
This agrees with the general observations that Ohm’s law breaks down when the 
currents are high. 

Determinations were made on an isomeric form of one member of the series, with 
interesting results. The liquid selected was isobutyl acetate, and its limiting value 
for the increase was almost the same as that for the normal acetate, although the 
current was almost three times as great for the latter. 


Diethyl ether 


The ether used in the first place was especially pure and had been dried over 
sodium and redistilled. This liquid conducted hardly at all, the current never ex¬ 
ceeding 1M, although voltages up to 700 V were applied. No increase in the apparent 
viscosity was found, even when a field of 35kV/cm. was applied. Since an increase 
of only 0-2 sec. m the time of flow (400 sec.) could have been detected if present, this 
means that any increase in apparent viscosity must be less than one part in 2000. 

The above sample was mixed with a little water, shaken up in a separating funnel 
and allowed to stand, with frequent shakings, for 2 weeks, by which time the ether 
could be assumed to be saturated with water. This.fraction was poured from the 

funnel into the apparatus, care being taken to see that none of the excess water 
entered. 


» 

0n a low field, a current of several microamperes was observed, which 

obeyed Ohm’s law well. An increase in apparent viscosity was obtained which 
increased with the applied field, as shown in figure 10, but it was found that the 
liquid would not stand more than 9kV/cm. With this voltage the current would 
become momentarily very large, resume its previous value, and then leap up again, 
the whole process givingindication that a spark was imminent at any moment. For 
faelds up to 8kV/cm., the increase in apparent viscosity was proportional to the 
square ofthe apphed field, but for higher fields the effect fell off slightly, suggesting 
that if thefield could be increased sufficiently, a limiting value for the increase would 
be reached, as usual. In figure 11 the fractional increase in apparent viscosity for 
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increases up to 18 % is plotted against the square of the field. Except for the largest 
field applied, the current was strictly proportional to the potential difference 
between the two plates of the apparatus. 



140 


30 



10 


■o 

10-0 


Monochlorbenzene 

An exceptionally pure specimen of monochlorbenzene was obtained which passed 
a current of less than 0-1/tA even when the applied field was as large as 40 kV/cm. 
The time of flow without the field was about 600 sec., and no change in the time was 
observed even when the largest field was applied. Since the electrical conductivity 
of this specimen was almost zero, from the work on acetone and acetonitrile described 
earlier in this paper, no increase in viscosity would be expected even though the 
molecules were of a dipolar nature. 

This specimen was shaken with a little water and allowed to stand in contact with 
it for over a month, by which time the chlorbenzene should have become saturated 
with water. This liquid, when placed in the apparatus, now passed a finite current 
when a strong electric field was applied to the apparatus. An increase in apparent 
viscosity of several per cent was obtained when the field was applied, a limiting 
effect of 8-7 % being observed under a field of 30 kV/cm., the current being about 
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10/iA. The curve showing the variation of this increase with the applied field is 
given in figure 12. Up to 20 kV/om. the increase is roughly proportional to the square 
of the field. 



square of field (kV/cm.) a 
Fxguee 11 


Influence of size of channel on limiting values 
To investigate the effect of the distance between the electrodes two fresh sets of 
quartz separating plates were used, giving depths of channel of 0-22 and 0-28 mm. 
With a pure specimen of n-propyl chloride the results are shown in figure 13; no 
measurements with this liquid were made with the 0-20 mm. gap. The limiting value 
of the increase of apparent viscosity was 15-3 % for the 0-22 mm. gap and 11-9 % 
for the 0-28 mm. gap. 

With chloroform the results with the different gaps are shown in figure 14. The 
value of the increase of apparent viscosity at 30kV/cm. was 31*7 % for the 0 - 20 mm. 
gap, 25-8 % for the 0-22 mm. gap and only 21-0 % for the 0-28 mm. gap. The dotted 
line represents the variation of the current with field, which is the same for all three 
gaps. It will be seen that the current is only 13 / 4 A for a field of 30 kV/cm. 
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field (kV/om.) 
Figtjbe 12 



field (kV/ctau) 
Figube 13 
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Effect with alternating fields 

In a first attempt to find out if any of the effects obtained could be attributed to 
peculiarities of the apparatus, the effect of reversing the direction of the field was 
tried. It was found that the increase of apparent viscosity was exactly the same 
for either direction, as would be expected. We then proceeded to try the effect of an 
alternating voltage. 

In the first case the supply from the mains was used, namely, 220 V at a frequency 
of 50 cyc./sec., and acetonitrile was adopted as the liquid. Assuming a simple har¬ 
monic wave form and that the voltage at any instant produced the static effect 
appropriate to that voltage, the increase calculated was 53- 6 %. The increase actually 
‘ found was 52-7 %, which agrees well within the limits to be expected. 

The effect of varying the frequency of the field was then investigated. The source 
of supply of the alternating voltage was a large Sullivan oscillator, an input of about 
10 Y being applied to a valve amplifier by means of a potentiometer arrangement. 
The output from the amplifier was applied across the apparatus, chloroform being 
the liquid adopted. The magnitude and wave form of the potential difference between 
the plates were found by means of a cathode-ray oscillograph incorporating a linear 
time-base circuit. The wave form was made as nearly sinusoidal as possible, to 
simplify the calculation of the increase in viscosity to be expected on a static basis. 
The peak voltage was determined by photographing the trace and then placing on 
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the same plate three lines corresponding to zero voltage and to a known steady field 
applied first in one and then in the other direction. 

Beginning with a low frequency, the increase in the time of flow of the liquid 
in the apparatus was found for a given voltage amplitude. Experiments were then 
carried out over a range of increasing frequencies. The increase of time of flow caused 


Table 3 




M.h. 

Mh 

frequency 

A*ih 

predicted on 

cyc./sec. 

experimental 

static basis 

AVsIV* 

0 

0*317 

' 0*317 

1*000 

50 

0*210 

0*208 

1*009 

100 

0*185 

0*185 

1*000 

200 

0*241 

0*243 

0*990 

250 

0*235 

0*243 

0*963 

300 

0*149 

0*243 

0*615 

400 

0*088 

0*248 

0*355 

500 

0*045 

0*235 

0*191 

600 

0*015 

0*182 

0*080 

700 

0*015 

0-195 

0*077 

800 

0*016 

0*222 

0*072 

1000 

0*013 

0*190 

0*068 

2000 

0*007 

0*192 

0*037 

3000 

0*005 

0*195 

0*018 

4000 

0*000 

0*182 

0*000 


gap = 0*20 mm. T = 15° C 



Figure 15 


by the alternating field diminished as the frequency rose and ultimately became zero. 
The static curve was then obtained and the increases in apparent viscosity for the 
various applied alternating voltages calculated on a static basis. The actual increase 
was expressed as a fraction of the increase predicted on a static basis, and this ratio 
was found to decrease rapidly after a certain critical frequency had been reached. 
The results are expressed in table 3 and in figure 15. 
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INFLUENCE OF TEMPERATURE ON THE CRITICAL FREQUENCY 

Since it had been found that the increase in apparent viscosity in an alternating 
field diminished rapidly once a definite critical frequency was exceeded, it was decided 
to determine how this critical frequency depended on the temperature of the liquid. 

The previous experiment was therefore conducted at 25° C, and it was again found 
that the full increase was obtained up to a critical frequency, but for higher frequencies 
the increase rapidly diminished. The critical frequency was much higher in this case, 
being about 450 cyc./sec. as compared with 250 cyc./sec. at 15° C (see figure 16). 



Figure 16 


Variation of critical frequency with size of gap 

The increase of viscosity for chloroform for various frequencies was determined 
in the apparatus having a deeper gap, namely, 0-28 mm. 

Again it was found that the full effect was only obtained for frequencies below 
a certain critical frequency. The temperature of the liquid was made the same 
as that in the previous experiment (25° C); the value for the critical frequency 
was lower, being only about 350 cyc./sec., as compared with 450 cyc./sec. for the 
.apparatus with a gap of 0-20 mm. (figure 17). 
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It was observed that the critical frequency was roughly inversely proportional 
to the size of the gap. 
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Polar liquids showing no effect 

( 1 ) Toluene. There was no change in the apparent viscosity of toluene with static 
field even when a field of 35 kV/cm. was applied to the apparatus. The current was 
small, being less than 0-5/tA with the largest field. 

( 2 ) Metaxylene. There was no change in the apparent viscosity of metaxylene 
even when fields up to 40 kV/cm. were applied to the apparatus. Again the current 
was small, being less than 0-3 «A with the largest field. 

(3) Anisole (methyl phenyl ether). Fields up to 40 kV/cm. failed to produce any 
change in the apparent viscosity of anisole. The current was small, being only 0 - 8 /tA 
under the largest field. 


Longitudinal effect 

Experiments with the direction of field parallel to the lines of flow were carried 
out with the apparatus described earlier, the source of potential being a Wommers- 
dorf influence machine capable of giving about 100,000 V on moderate load. Aceto¬ 
nitrile was the first liquid tried, but it was found to conduct too well to allow the 
necessary potential difference to be established. Chloroform was then used, as being 
a liquid which showed a fairly large increase of apparent viscosity with a transverse 
field of 14kV/cm. while conducting comparatively slightly. With an applied poten¬ 
tial qf 80 kV, giving a field of about 14 kV/cm., no change in apparent viscosity was 
detected. The time of flow was 250 sec.: a decrease in time of flow varying from 2 
to 3 sec., according to the applied potential, was quantitatively explained by a 
slight rise of temperature that was found to take place. It can be said, then, that in 
the longitudinal case no change of apparent viscosity amounting to 1 part in 500 
takes place under the conditions specified. 

PART II. DISCUSSION AND THEORY 
Previous work 

The early work on the effect of an electric field on the viscosity of liquids is not 
very convincing. Ronig ( 1885 ), who seems to have been the first to work on the 
subject, used a glass capillary tube between condenser plates about 1 cm. apart, 
to which a potential difference of about 14,000 V was applied. He found no change 
of viscosity with carbon disulphide. Duff ( 1896 ) used the falling sphere method, 
his spheres being of metal, and obtained an increase of viscosity with castor oil of 
about 0*5 % and a possible deorease with paraffin oil with a field of 27 kV/cm. The 
method, which entails a conducting sphere entering and leaving a strong field, is 
obviously open to criticism. Quincke ( 1897 ) observed the damping of the oscillations 
of a glass sphere in a liquid between the plates of a condenser and found, with fields 
not exceeding 3-3 kV/cm., a very large increase of viscosity, with, among other 
liquids, carbon disulphide, ether and benzene; the results are certainly spurious. 
Poohettino ( 1903 ) enclosed the liquid between two metal disks held separate at a 
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distance of about 14 mm. by an ebonite ring; this arrangement was hung up by a 
bifilar suspension, the disks being horizontal, and the damping of the oscillations due 
to the enclosed liquid was measured. With about 15,000 V applied to the plates he 
obtained an increase of viscosity of 1*5 % with benzene and 4 % with xylol. There 
is, however, a total force of some 20 g. wt. between the plates with the field in ques¬ 
tion, which, in the absence of precautions, may well have produoed sufficient 
deformation to account for the result. Ereolini ( 1903 ) used an apparatus in which 
the liquid was contained between insulated concentric cylinders. The whole system 
was suspended and the damping of the oscillations taken with and without the field 
of about 10 kV/cm. between the cylinders: he found no change in the viscosity of 
benzene within 1 %, about the limit of his accuracy. Pacher & Einazzi ( 1900 ) 
measured the time of axial flow between coaxial glass tubes. The potential difference 
was applied between mercury contained in the inner tube and tin foil wrapped round 
the outer one, so that the field in the liquid was uncertain but large. No effect was 
obtained with ether, benzene, carbon disulphide and other liquids. The early methods 
are all open to criticism and, in view of later results, little reliance can be placed on 
the measurements, a possible exception being that of Pacher & Einazzi. 

The subject was not taken up again until 1933. Herzog, Kudar & Paersch (1933, 
1934) used first of all an ordinary capillary tube between condenser plates, like 
Konig, but later a tube of square cross-section, two opposite walls being of glass and 
the other two of platinum, between which a field was established. This form is very 
unfavourable for qualitative work, since the viscous flow is as much influenced by the 
two opposite sides which are at the same potential as by the sides between which a 
large, but not uniform, difference of potential is maintained. We shall show that all 
the positive effects observed are due to a modification of the properties of the liquid in 
the neighbourhood of the electrodes: the square channel is unsuited to reveal such 
an effect. Herzog and his collaborators used a low field only, viz. 2200 V/cm., and 
found no effect with the non-polar liquids hexane, cydohexane and carbon tetra¬ 
chloride. With ether they obtained a large increase, about 18 %, which in view of 
our results and those of Dobinski ( 1935 ) can only mean that the ether was very wet. 
With a range of polar liquids they obtained an increase of viscosity varying from 
something less than 1 up to 17 %. Determinations were only taken at one field 
strength and the results do not take us very far. Sokolov & Sosinski ( 1935 , 1936 ) 
I 939)> tfk® Herzog el al., used a tube of square cross-section, the side length being 
0-6 mm., and applied fields up to 17 kV/cm. They obtained no effect with hexane, 
benzene, toluene and carbon tetrachloride. Having come to the conclusion that 
the increase in time of flow was a function of the conductivity of certain liquids, they 
artificially increased the conductivity by the use of HC1 vapour. The vapour was 
passed through a given quantity of the liquid, and small quantities of this con¬ 
taminated liquid were then added to the pure liquid; in this way a range of con¬ 
ductivities was obtained. With chloroform and ether, which were particularly 
investigated, the increase of time of flow was plotted against ^/(A/A,,), where A is 
the conductivity of the, contaminated liquid and A 0 that of the pure liquid. The 
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authors also carried out experiments on the increase of time of flow (apparent 
viscosity) with applied potential at frequencies of 0 , 50 and 1000 sec. -1 . The curves 
for the three frequencies cross one another in an unsystematic way for different 
liquids, so that nothing can be deduced from their results as to variation of the effect 
with frequency. They also increased the conductivity of hexane with HC1 vapour, 
and found an effect on viscosity, which is in contradiction to our experiments on 
wet non-polar liquids. Their final conclusion is that the dependence of the effect on 
the purity of the liquid is an exceedingly complicated problem. Considering the 
results, they decide correctly that the effect cannot be explained by an orientation 
of the molecules, a direct transport of momentum by ions, or various other mech¬ 
anisms which they consider. They finally come to the conclusion that the electric 
current causes a general convection of the fluid parallel to the electrodes, that the 
effect is ‘a pure hydrodynamic phenomenon due to the convection of a non-homo- 
geneous liquid placed in an electric field’, although they admit that there is so far 
no satisfactory explanation of such movement. We consider that our results, which 
establish that with many liquids the current increases linearly with the field while 
the apparent viscosity reaches a limiting value, show that this explanation cannot 
be correct. Later we will bring other arguments against it. The chief significance 
of the work of Sokolov & Sosinski is that they draw attention to the fact that a 
current accompanies the effect. 

Alcoek ( 1936 ) used a rotating cylinder apparatus unsuited to accurate work: he 
took no steps to purify his liquids or to control the temperature. He applied a steady 
field only, not exceeding 2500 V/cm., and found no effect with carbon tetrachloride 
and benzene. As regards other liquids, in some cases he found first of all a small 
decrease and then an increase of viscosity with increasing field.* With polar liquids 
such as diethyl ether (presumably wet), chloroform and acetone He obtained results 
which he interpreted as increases of viscosity exceeding 100 % at fields of 1600 V/cm. 
or so. 

Dobinski ( 1935 ) used the method of flow, parallel to the axis, in the space between 
a cylindrical metal rod 1 mm. in diameter and a coaxial metal cylinder of 2 mm. 
internal diameter, the potential difference being applied across the gap, which in¬ 
volves a non-uniform field. His field did not exceed 4400 V/cm. He found no effect 
with benzene, carbon tetrachloride and carbon disulphide. With dry ether there 
was no change of viscosity, but with wet ether ( 1-2 % water) there was an increase 
of 12 % at 2200 V/cm. Acetone likewise showed no change when dry, but an increase 
when wet. He found an increase of viscosity at 2200 V/cm. with chloroform, methy¬ 
lene chloride and nitromethane, which are polar, while, as regards aromatic polar 
fluids, he found no change with xylene, toluene and nitrobenzene and a decrease of 
viscosity with aniline and o-nitrotoluene. Sokolov & Sosinski have shown that these 
decreases are to be attributed to heating effects. Within their limited range 
Dobinski’s results,' which are mostly carried out at one field only, are in agreement 

* We suggest that the decrease was probably a temperature effect, due to heating of the 
liquid by the current. 
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with ours except for this decrease. Kimura ( 1937 ) has published a note on the effect 
of an electric field on a solution of stearic acid in benzene, with whioh he went up 
to 30 kV/cm.* With increasing field he obtained an increase of viscosity which 
reached a limiting value. We have not dealt with solutions, and merely oite this note 
since it is the first record of a limiting value. 

Bjomst&hl & Snellman ( 1935 , 1937 ) used a form of apparatus different from those 
of all other workers, viz. a suspended disk parallel to a uniformly rotating disk, 
and made extensive use of alternating fields. The method seems open to criticism 
on the ground that small asymmetries may produce spurious forces when the strong 
electric field is applied. In any case the results are hard to reconcile among them¬ 
selves: for instance, with monochlorbenzene the authors find with a steady field of 
10 kV/cm. an increase of viscosity of 189 %, while with the same field at 25 cyc./seo. 
they find an increase of 440 %. There seems every reason to suppose that with such 
slow fluctuations of field the effect must be the same as in the static case, that is, 
less than the static effect if the recorded voltage is the peak voltage, instead of being 
considerably more than twice as great. Again, with a solution of monochlorbenzene 
in benzene they found no effect at all, while with nitrobenzene, which gave a smaller 
effect in the pure state, they obtained a large increase with the solution in benzene. 
Turther, the way in which, with nitrobenzene, the viscosity first decreased and then 
increased to the normal value as the voltage was raised, and the whole variation of 
the effect with frequency in the case of chlorbenzene and of bromobenzene, which 
shows, in both cases, the most capricious changes, point to some fundamental 
irregularity in the method of measurement. The curves do not form a self-consistent 
system. 

The result of all this previous work is that there is general agreement among the 
more carefql workers that there is no effect with certain non-polar liquids. Great 
discrepancies are shown by the results on polar liquids. There is, however, general 
agreement that with some polar liquids there is a very large apparent increase of 
viscosity with field, although complete disagreement as to the magnitude of the 
effect, and as to its variation with field strength. Such measurements as have 
been made on the effect of alternating field are unsystematic and dis cordant. The 
marked differences and inconsistencies show clearly that there are factors involved 
which have not been taken into account by previous experimenters. 


General results of our experiments 

We have established that an electric field transverse to the flow has no effect on 
the viscosity of non-polar liquids. This has been found by the previous workers just 
cited, but we have widened the limits within which this oan be stated. With 

transformer oil any change of viscosity must be less than 1 in 5000 for a field of 

\ 

* Probably- The intensity of the field as given is in volts, not V/cm., and there is a con¬ 
tradiction between the table and the diagram as to the strength. 
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50 kV/cm., with carbon disulphide less, than 1 in 6000 at 32 kV/cm. With carbon 
tetrachloride and benzene the change of viscosity is also within this limit at about 
40 kV /cm. 

These non-polar liquids are, when dry, very bad conductors of electricity compared 
to polar liquids such as acetonitrile, chloroform and others that show a large change 
of apparent viscosity with field. When saturated with water, however, they pass 
currents of the same order as these polar substances, that is, thousands of times 
as great as they do when dry, but still show no change of viscosity with field. 
This proves definitely that the viscosity effect is not a consequence of the current 
passing, as Sokolov & Sosinski have suggested. 

A large class of polar liquids, when dry and pure, by ordinary standards, show a 
big increase of apparent viscosity with electric field, the increase reaching a 
limiting value as the field increases, and also conduct relatively well: acetonitrile 
(3-16), acetone (2-74), dimethylamine (0-96), ethylene dichloride (1*51), methyl 
acetate (1-6-7), ethyl acetate (1-76), propyl acetate (1-89), butyl acetate (1-84), 
amyl acetate (1-91), %-propyl chloride (1-94), chloroform (1-18). The figures in 
brackets give the dipole moments when multiplied by 10~ 18 . In the case of the two 
liquids first named it has been shown that, with specimens at different stages of 
purification, the limiting increase of viscosity at high fields is proportional to the 
conductivity, the result indicating that a specimen so pure as not to conduct at all, 
if it could be obtained, would show very small or no change of apparent viscosity 
with field. 

Certain polar liquids, e.g. ether (1-15), monochlorbenzene (1-56), show no effect 
of an electric field on viscosity when dry, and also conduct very badly. When 
saturated with water they conduct much better and show the same type of increase 
of apparent viscosity with field as the large class of conducting polar liquids cited 
in the preceding paragraph. Toluene (0*4), metaxylene (0-4) and anisole (1-2) are 
likewise polar and neither conduct nor show a viscosity effect: the effect of wetting 
them was not tried. 

The liquids fall, then, into three classes: 

(1) Non-polar liquids, which show no viscosity effect, whether they are dry and 
non-conducting, or wet and conducting. 

(2) Polar liquids which do not conduct and which show no viscosity effect. 

(3) Polar liquids which conduot, either as ordinarily termed ‘pure’ or on the 
addition of moisture. These show the characteristic viscosity effect, approaching a 
limiting value at high fields. Successive purifications indicate that if the specimen 
could be prepared so as not to conduct at all, there would be little or no effect. 

The general conclusion is, then, that for an effect to exist, neither conduction nor 
polar molecules alone suffices, but that both must be present. 

Conduction is, of course, an index of ionization, and the conducting behaviour 
of our liquids is in accordance with general chemical considerations from this point 
of view. Toluene, metaxylene and anisole should, from the point of view of chemical 
structure, show no, or very little, tendency to ionization. Ether and monochlor- 


Vol. 187. A. 


21 



326 E. N. da C. Andrade and C. Dodd 

benzene should not ionize when dry, but may reasonably be expected to do so in 
the presence of water. Thus ether should ionize according to the scheme 

°® 8 )>oh+ oh- 

while as regards monochlorbenzene, which shows a comparatively small viscosity 
increase, the conduction and viscosity changes may be due to the ionization of the 
water alone. It is to be noted that conduction and viscosity effects are both much 
larger with wet ether than with wet monochlorbenzene. 

, The liquids of class (3) ionize readily in the presence of a trace of water. Thus 
acetonitrile CH 3 . C=N probably goes to (CH 3 . CNH)+ and OH”. In the case of the 
homologous series of alkyl acetates the effect systematically decreases as we go from 
methyl to butyl, which is to be expected if the effect is connected with hydrolysis. 
Thus the connexion of the viscosity effect with ionization, shown by the current, is 
also in accord with general considerations of chemical structure. To know how the 
ionization comes about is not, however, essential for our theoretical considerations; 
it suffices to know that ions are there, without knowing exactly what ions they are. 

Experiments with different depths of channel show that the limiting effect 
diminishes with increasing depth. 

Eundamental for our consideration is the result that with an alternating field 
the viscosity effect begins to diminish when a certain critical frequency is reached, 
and ultimately tends to become very small or vanish as the frequency is still further 
increased. The critical frequency diminishes as the depth of the channel is increased, 
and increases as the temperature is increased. 


General explanation oe the effects 

It has been shown by many workers that poorly conducting liquids behave under 
an electric field in a manner analogous to gases. Schweidler (1901 a, b, 1904), working 
with plates immersed in toluol, showed that the potential gradient was greatest at 
the electrodes, and with petroleum that the current increased more slowly than the 
applied potential. Jaffe (1908) and van der Bijl (1912) worked with liquids in which 
the ions were produced by y-rays from radium, and found values for ionic mobilities 
and coefficient of recombination; van der Bijl, in particular, found that the recom¬ 
bination obeyed the laws valid for ions in gases. That poorly conducting liquids 
should behave like gases rather than like normal electrolytes is not astonishing, in 
view of the fact that the difference between gases and normal electrolytes is due to 
the relative scarcity of ions in the former. 

Our results have led us independently to the conclusion that the liquids we have 
used conduct ionically, in the gaseous manner. Under the influence of the field, local 
concentrations of ions appear at the electrodes, giving rise to abnormal cathode and 
anode fall of potential, as widely observed in gases and as measured by Schweidler, 
in a< particular case, with liquids. The field gradient is greatest at an electrode, and 
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diminishes as the distance from the electrode increases until a region is reached 
where it is zero. 

The general nature of our results can be explained by the concentration of ions 
in the neighbourhood of the electrodes that takes place in a conducting liquid, if 
one makes the supposition that such ions, in consequence of the intense local field, 
act as centres around which polar molecules, if present, cluster. The viscosity of a 
liquid containing an appreciable quantity of such clusters will exceed that of the 
normal liquid. On this basis it is seen, in the first place, why, for a marked viscosity 
effect, it is necessary to have both conduction and polar molecules, since without 
conduction there is no local concentration of ions and without polar molecules no 
clusters are formed. In the second place this general picture explains why, in the 
case of alternating fields of increasing frequency, after a certain frequency v c is 
reached the viscosity effect diminishes and ultimately becomes negligible. For the 
establishment of the full effect it is necessary for the ions to move through a distance 
approximately equal to the depth of the channel. When the half-period is of the 
order of the quantity depth-of-channel/velocity-of-ion, the effect will begin to 
diminish and will vanish when the period is so small that the ions do not move 
appreciably. 

The order of the ionic mobility—nothing more can be attempted in view of the 
complications due to non-uniformity of field and to the fact that equilibrium 
is not reached—derived from this point of view turns out to be reasonable. Table 4 
shows the approximate figures. These values of k are of the right order. For instance, 
the mobility of the NO® ion in water at infinite dilution is about 6 x 10 -4 , and the 
viscosity of water is about twice that of chloroform. For the CS 2 ion produced in 
CS 2 by radium radiation, van der Bijl found lc= 6-6 x 10 -4 , the viscosity of CS 2 
being about 0-6 times that of chloroform. The increase of mobility with increasing 
temperature, indicated by the experimental results, is explained by the decrease of 
viscosity. Discussion of the difference of mobility found with the two different 
depths of channel would demand a more detailed analysis of the distribution of 
field under changing voltage than is possible at present. 


Table 4 


depth of channel 

peak 

temp. 

critical 

mobility k 

(cm.) 

voltage 

°C 

frequency- 

(om./sec.)/(V/cm.) 

* 0*020 

327 

15 

235 

9 x 10- 4 

0*020 

333 

25 

450 

17 x10- 4 

0*028 

344 

25 

350 

25 x10- 4 


The lack of a longitudinal effect is also consistent with the general theory here put 
forward. 

Before passing on to a more detailed discussion of our theory it may be pointed out 
that the effects cannot be explained by the transport of momentum consequent on 
the transport of ions. In the first place wet CC1 4 and wet C 6 H 6 carry currents of the 
same order as the liquids that show the viscosity effects, and have ions of the same 
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order of mass, but show no effect . In the second place we have calculated the vis¬ 
cosity effect to be anticipated as due to the transfer of momentum by ions of the kind 
of mass in question, and with chloroform, for instance, the change of viscosity due 
to the drift of ions with the highest field would be about 1 part in 4000, and so quite 
negligible compared to the effects found experimentally. 

Theory of the viscosity increase 

The greatly increased time of flow which occurs when an electric field is applied 
at right angles t*o the direction of flow we have attributed to the concentrations of 
free ions in the neighbourhood of the electrodes, which leads to clusters of polar 
molecules involving local increases of viscosity. This theory explains qualitatively 
the class of liquid that shows the effect and also the fact that in an alternating field 
the field begins to diminish at a certain frequency and vanishes at a still greater 
frequency. It remains to show why the increase of apparent viscosity tends to a 
limiting value and why the effect diminishes as the channel in the viscometer is 
made deeper. These problems will now be handled quantitatively, but it may be 
said at once that the limiting value is due to the decreased velocity of the ions in the 
neighbourhood of the electrodes which is a direct consequence of a local increase of 
viscosity. This decrease of velocity tends to diminish the local concentration of 
ions, which in its turn tends to decrease the local viscosity, and so in the end, with 
very large fields, the apparent viscosity tends to a saturation value. 

The treatment follows the lines first laid down by J. J. Thomson (cf J. J. Thomson 
and G. P. Thomson, vol. i, chapter rv) for conduction in an ionized gas, but 
certain essential modifications have to be made, owing to the fact that the ionic 
mobility is variable. 

Let n x , n 2 be the number per unit volume of positive and negative ions, each 
carrying charge e, and let a be the coefficient of recombination. Let X be the local 
strength of the electric field in the direction x, normal to the direction of flow, 
x being measured from the anode. Then dXjdx = iTr(n x ~n z )e. If the rate of 
formation of ions be q per unit volume, then 

^ (k x n x X) =q- an x n z , ~ (k z n z X) = -q+an x n z , 

where k x , k 2 are the respective mobilities of the two kinds of ions. 

For simplicity take k x = k z and suppose that the ions are removed so rapidly that 
the recombination can be neglected, i.e. confine attention to the case of large field 
strength, for which alone the conclusions here reached will be valid. Then 

k x n x X = qx, since n x = 0 at x = 0, 
and k z n z X = -—qx, where i is the current density, 

€r 




(i) 
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The local mobility of the ions may be assumed to be inversely as the local viscosity 
or k = all], where a is constant. Assume, and this is an essential assumption, that 
the local viscosity is increased by an amount proportional to the number of excess 
ions, in accordance with the previous argument, or 

V = Vo + H^i -%), 

where 7 j 0 is the viscosity, in the absence of field, and b is a constant. Then from (i), 


whence 


»2-»i 


aX — 2 qbx' ’ 


where %' = 



dX _ Ax' 
dx'~ X-Bx" 


(ii) 


where A = 


Sner/oq 


B = 


— and A and B are both positive. 


The integration of (ii) gives 


X*-Bx'X-Ax'* ^ 

-2X-(c + B)x'Y lc ~ *°’ 

_2 X-t(c-B)x'_ 


where c = f{B 2 + 44) 


(iii) 


within the region x — 0 to x — i/2qe, i.e. x' = i/2qe — x 0 to x' = 0. For negative 
values of x', i.e. x>x 0 , X has an approximately constant value X 0 ; in other 
words, X 0 is the approximately constant value which the field has in the central 
region. 

The field markedly exceeds the value X 0 throughout a layer of thickness x 0 
adjacent to the electrode. If I is the saturation current density, then 2dqe = I, 
where 2d is the separation of the electrodes. Hence £ 0 = ( ifl)d. Thus x 0 is pro¬ 
portional to i, or the distance that the layer extends from the electrode increases 
linearly with the current. 

In principle, equation (iii) enables one to find the distribution of X against x for 
a given voltage F applied to the electrodes. The distribution of X gives the number 
of excess ions at any point and hence, for an assumed value of b, gives the viscosity 
as a function of x. From this the time of flow can be found as follows. 

Consider any layer distant £ — d—x from the centre of the channel and let the 
viscosity be rj in this layer. The velocity of this layer along the channel is 



where p is the pressure gradient along the channel. If Q 0 is the volume per second 
delivered at this pressure gradient without electric field, then 

P = 3Q 0 %l2d s . 
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ra 

Volume per second with electric field =<2 = 2 vdE, 

= 2fTf wm. 

} o J g V 

y = y () +b(n i -n 1 ) = 


But 

therefore 


= i<2 3 - 

* d 

r d m dE 
i m** 

a 

' 0 * 

' j A dx 


(iv) 


Hence a knowledge of the value of BjA, together with the distribution of dX/dx 
against x, i.e. against £, gives the required t;t 0 and hence {t — t 0 )/t 0 for comparison 
with observations. 

In order to trace the effect of applied voltage on rate of flow, proceed with a 
numerical exarflple, since the matter is too complicated to permit of a general 
expression. Take the following estimated values, suggested by acetonitrile: 


I = 8-4 x 10 4 e.s.u./cm. 2 , k = 0-67 cm./sec./e.s.u., 
y 0 — 3-6 x 10~ 3 c.g.s. units, d = 10~ 2 cm., 

whence A = 1-57 x 10 8 . To evaluate B an assumption must be made which gives 6. 
Assume that at the electrodes y = l-35^ 0 ; as this is merely to derive a general form 
for the variations of apparent viscosity with field any reasonable value will do. 
Since the denominator of the left-hand side of equation (iii) is always less than 1 
and near the electrodes X is large compared to X 0 , an approximate solution of (iii) 
is the positive solution of the quadratic 

Xl-Bx'X-Ax'* = 0, 

X _ B+V(B 2 + 4A) 
x' 

But, from (i) £ = 2^ = Z/_% 

hfj X \ 7J 

= ^0-2593 = 0-1 3(jB + ,/[B 2 + 4A]) approximately, 

X 

whence B = 3-8 x 10 3 . 



rX—14-6 x lO 3 r'10‘ 15 

This gives X\ l- X 2 -3*8 x 10VX-157 x 10V 2 . (ffia) 

In order to determine the distribution of field X for a given applied voltage V the 
constant value of the field X 0 in the central region must be chosen so that the area 
under the curve of X against x is equal to F. 
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A value of X 0 being chosen, values of X against x' are obtained from (iiia), remem¬ 
bering that x' = (ill) d = x 0 at the electrode and x' = 0, X = X 0 towards the middle 
of the channel. Consistent values of V, X 0 and X against a;' are obtained by successive 
approximations. Table 5 shows the values of i for given values of V taken as typical 
of a sample of acetonitrile. 



Figure 18 
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Table 5 


V 

i 

Xq — (^/JT) ^ 

(V) 

(e.s.u./cm. 2 ) 

(cm.) 

100 

3 x 10 4 

3*57 x 10~ 3 

176 

4*5 

5*36 

230 

5*4 

6*43 

304 

■6-45 

7*68 

370 

7*05 

8*40 

saturation 

8*4 

10*00 


The method indicated gave the curves of figure 18 for the field distribution at the' 
various applied voltages. Putting appropriate values of X and x' in equation (ii) 
gives us the value of dXjdx for various values of x (see figure 19). Substituting 
in equation (iv) and integrating graphically, £/£ 0 is obtained as a function of the 
applied voltage. 




333 


The effect of an electric field on the viscosity of liquids 

The variation of {t — t 0 )/t 0 with voltages from 100 to 370 is shown in figure 20, 
This curve clearly shows the tendency for the increase in time of flow to reach a 
limiting value for high voltages which is so marked a feature of the experimental 
curves, It will be remembered that the assumptions are valid for high fields only. 



Figure 20 

The initial portion of the curve in figure 20 for low voltages lies above the values 
obtained experimentally. The reason for this is that in the above treatment no 
account has been taken of recombination of the ions. If the fields in the regions hear 
to the electrodes are large, recombination of the swiftly moving ions will be negligible, 
as has been assumed in deducing the preceding formulae, but if the fields are small 
the ions will be moving much more slowly and hence some will be lost by recom¬ 
bination. The effect will then be everywhere to reduce the number of excess ions, and 
hence the viscosity, below the value previously obtained when this effect was 
neglected. The curve will thus tend to become concave upwards as indicated by the 
experimental curves. We hope on some future occasion to be able to give the theory 
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of the initial part of the curve, but it is not necessary for the general elucidation of 
the experimental effects under discussion. 

Liquids obeying Ohm’s law 

The attainment of a limiting value for the increase in the time of flow is independent 
of the exact relation between voltage and current. Even if Ohm’s law holds at all 
the voltages used, a limiting value will still be obtained for the time of flow provided 
that the saturation current which the liquid can carry is not very much larger than 
the current produced by the largest applied voltage. This follows from the fact that 
the extent of the layer of high viscosity is governed by the ratio i/I. Had the currents 
quoted for acetonitrile been proportional to the applied voltage, a curve such as 
that shown in figure 21 would be obtained as typical of a liquid obeying Ohm’s law. 
The assumption that the increase of viscosity is proportional to the excess of ions 
of one sign existing locally, combined with the fact that the mobility of the ions is 
inversely proportional to the local viscosity leads to a relation of the general form 
found experimentally. 



applied voltage 
Figure 21 
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Effect of varying the conductivity 

The limiting value for the increase in the time of flow is governed almost entirely 
by the value of the constant B = 2qb/a. For any organic liquid both a and b are 
fixed, but the rate at which the ions are produced, q, is proportional to the electrical 
conductivity of the sample. The limiting value for the time of flow should therefore 
be proportional to the conductivity of the liquid, a fact which was observed experi¬ 
mentally for acetonitrile of different degrees of dryness (see figure 4). 


Effect of size of gap 

The extent of the region of increased viscosity measured from the electrode is 
given by 

x 0 = {i/I)d. 

Now q, the rate of formation of ions, is given by q = I/2de, and since this is con¬ 
stant for identical samples of liquid in two channels of different gaps, the saturation 
current I must be proportional to the size of the gap (2d). Now if the same mean 
field is applied to the two channels, the same current i will flow and thus x Q , the 
extent of the region of high viscosity, will be the same. Under these conditions the 
increase in the time of flow on applying the field will be less in the apparatus having 
the larger gap, as was observed. The limiting value of the time of flow should, however, 
be about the same for all gaps, since it is mainly determined by the value of B, 
which is constant for identical samples of the liquid; with a larger gap, however, 
a larger mean field must be applied to produce this limiting value. 

The effect of the size of the gap on the maximum frequency of the alternating field 
which gives the full increase in time of flow is as follows. This frequency v c must be 
proportional to X/x 0 , where X is the mean field at a distance x 0 from the electrode. 
If, as a first approximation, the variation of current with applied field be expressed 
by means of an equation of the form 


X = ai + 


where a and /? are positive constants, then 


v c = A { 


ai+ 


since, as has just been seen, x 0 is proportional to i. So 

v c = A 0 (a+fi), 



and obviously decreases as the current decreases. 

In the experiments with alternating fields, the applied voltage was approxi¬ 
mately constant, and so in the smaller gap apparatus the current, and hence the 
maximum frequency v c , must be bigger than in the apparatus with the larger gap. 
This is borne out by the experiments on chloroform at 25° C, where the maximum 
frequency v c was 450 sec. -1 for a gap of 0-20 mm. and 350 sec. -1 for a gap of 0-28 mm. 
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Is THERE A GENUINE EEEECT OE ELECTRIC FIELD ON VISCOSITY? 

We have established the conditions under which large apparent increases of the 
viscosity of conducting liquids may take place in an electric field, and have shown 
that these effects occur in polar liquids only when there are large concentrations of 
ions in the neighbourhood of the electrodes. 

The increase of viscosity observed is thus, in a sense, spurious, since the part of 
the liquid, in which the increase of viscosity occurs is not normal but contains 
artificially produced clusters. 

This spurious effect can be avoided by using a rapidly alternating field. This 
avoids concentrations of ions near the electrodes which not only gets rid of clusters 
but also ensures that the field shall be uniform. 

In our experiments with chloroform the mean applied potential difference was 
about 10 kV/cm., and the total time of flow was about 300 sec. With care a difference 
of time of 0-2 sec. could have been detected, which means a change of viscosity of 
1 part in 1500. However, at the time when the experiments on the effect of variation 
of frequency were being carried out a general survey only of the effect was in view, 
and the accuracy was not pressed to the limit. Tor chloroform at 15° C, EjkT — 2-15, 
and the mean field in the experiments was 10 kV /cm. E thus has the value 8-5 x 10~ 14 
and jtt is about 1 x 10 -18 . This leads, on the considerations given at the beginning of 
this paper, to the value dijlrj = 8 x 10~ 4 , which is just on the limits of detection 
unless special precautions are taken. It should certainly not be beyond ultimate 
detection, since both the field and the time of flow can be increased. 

In general, the way in which a true effect is to be sought has been established by 
these experiments. An alternating field must be used, whose frequency is well in 
excess of uV /2D 2 , where u is the mobility, V is the applied potential and D is the gap 
between the electrodes. If D were reduced to 0-01 cm. and the gradient V\D taken 
as 40 kY/cm., say, this means that a frequency well in excess of 1000 should be used. 
At the same time the frequency should not be high enough to produce effects in¬ 
volving the relaxation time. Luckily such effects do not set in below a frequency of 
about 10 7 cyc./sec. Frequencies in the range 10 4 -10 6 cyc./sec. should, therefore, be 
suitable. Our experiments have suggested to us various ways in which the apparatus 
could be modified to increase somewhat the sensitiveness of the method. There is, 
therefore, every prospect that an effect of the order to be anticipated can be measured 
under precise and significant conditions, more especially as with an alternating 
field the potential gradient can probably be considerably increased without danger 
of electric breakdown. 
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The thermochemistry of carbon: valence states, heats of 
sublimation and energies^ of linkage 
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The controversy which exists at the present time between the figures 125 and 170 kcal./g.- 
atom for the latent heat of sublimation of carbon into monatomic vapour in the ground state 
originates largely from the neglect to take into consideration the energy required to raise 
the carbon atoms from the ground ( 3 P) state to the lowest tetravalent ( 5 JS) electronic con¬ 
figuration corresponding to that in which it is normally found in chemical combination. 
Consideration of the energies of removal of a hydrogen atom from the methane and ethane 
molecules and of the energies of reorganization of the resulting radicals leads to the figure 
190 ± about 10 keal. for L z , the heat of sublimation into free atoms in the 5 S state. This in 
turn leads to a satisfactory and unambiguous assignment of values to bond energies (as dis¬ 
tinct from dissociation energies) which can now be expressed with an uncertainty of not 
more than a few keal. In the light of the valency distinction there remains no sound evidence 
to maintain the higher value put forward for L v and 125 keal. is unquestionably of the right 
order. There are strong indications that an earlier estimate of 100 keal. for the energy level 
of the 5 S state above the 8 P (ground) state is about 50 % in excess of the true value. 

The necessity for establishing this branch of thermochemistry on a sound theoretical 
and experimental footing has long been a very obvious need. The scheme here suggested 
reconciles points hitherto in apparent conflict, and brings virtually all established experi¬ 
mental knowledge into alignment. 
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1. Introduction 

The dual purpose of this paper is to review critically the divergent values published 
for the heat of sublimation of carbon and the strengths assigned to certain chemical 
bonds involving carbon, including the reported variations in bond strength with the 
length of carbon chain. The two subjects are interdependent, and observations we 
wishto putforward withrespect to the one throw a certain amount of light on the other. 

Two prerequisites to the clear understanding of the thermochemistry of carbon 
and, indeed, of thermochemistry in general, are: 

(a) a careful distinction between the different natures of bond energies and 
energies of dissociation; 

(b) a differentiation between the fundamentally different energy levels of each 
individual element in its various states of valency (being two and four for carbon). 

Both distinctions have been ignored by many in the past, and this has been largely 
responsible for the uncertain and conflicting bond-energy values which have been 
a feature of the thermochemistry of carbon from its beginning. The stress on the 
importance of these differences is not new in either instance, but a systematic 
treatment of this field in the light of these essential distinctions has not been under¬ 
taken before, and a reconciliation of many seemingly conflicting facts is here 
proposed. 

2. Measurements and calculations 

, It will help to clarify our arguments if we briefly review the methods which are 
at present available for the determination of the energies associated with chemical 
linkages. The following methods have been employed, of which the first two have 
had the widest application: 

(a) Thermochemical. The heats of reaction of a number of different types of 
chemical processes have been measured and employed in the calculation of heats 
of formation and bond energies. For this purpose the heats of combustion have 
been found in general to be the most accessible. In the case of binary compounds 
with only one type of linkage, these can be combined directly with the heats of 
combustion of the component elements in their normal states, together with the 
heats of formation of the elements in these states from their monatomic vapours, 
to give the required bond energies. For example, if the heat of combustion of 
hydrogen sulphide to sulphur dioxide and water is accepted to be 134-5 kcal./mol., 
the energy of the S—H bond could be calculated in the following manner: 

kcal. 

H 2 S +110, = S0 2 + H 2 0 (liq.) +134-5 
S0 2 = S (rhombic) + 0 2 — 70-91 


S (rhombic) = S( 3 P) — 66-3 

H 2 0 (liq.) = H 2 + -J0 2 — 68-32 

H 2 = 2H -104-1 


(By addition) H 2 S = S( 3 P) + 2H —175-1 
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The last process involves only the rupture of two S—H bonds. Thus the average 
S—H bond energy is 87-6 kcal. 

The purpose of providing this simple example is to emphasize that, in the case 
of polyvalent elements, the value provided by thermochemical data is the average 
value of the bond energy (E) and not the dissociation energy (D) of any specific 
linkage. 

Heats of combustion are frequently expressed with uncertainties of 3 parts or 
less in 10 , 000 , but not all thermochemical quantities are known with anything 
approaching this precision. The most notable example of this is the energy difference 
between solid carbon and its monatomic vapour in the ground state, that is, the 
latent heat of sublimation of carbon. Opinions are divided between two values 
differing by about 30 %. 

(b) Spectroscopic. It is frequently possible to obtain information about energies 
of dissociation from band spectra. The various ways of doing this are reviewed 
elsewhere (Herzberg 1937 ). Where a convergence limit can be observed directly, 
the required energy may be obtained with considerable accuracy, that is, to within 
a few tenths of 1 %. Accurate values may also be furnished by predissociation limits 
if the potential energy curves for the products satisfy certain conditions. Otherwise 
the available methods supply in general only upper limits for dissociation 
energies. 

To obtain energies of dissociation into atoms or radicals in the ground state it is 
essential to determine the energy levels of the products, if they are not originally 
formed in that state. Also, for molecules which might dissociate in more than onfe 
way, wrong conclusions may be drawn unless evidence for the primary step is 
obtained by an examination of the products of photodecomposition at the relevant 
wave-length. 

In some cases it has not been possible to decide conclusively between several 
possible values. This is so in the case of carbon monoxide where it is not known with 
certainty i^ the predissociation reported at 9-61 eV is real, accidental, or merely 
ordinary perturbation. If D 0 (CO) could be unambiguously determined, it would 
be possible, since the other requisite thermochemical quantities are apcurately 
known, to fix the value for the latent heat of sublimation of carbon. 

(c) Reaction kinetics. From a knowledge of the kinetics of reactions involving 
free atoms or radicals, and a determination of the activation energies of the reactions 
concerned, it is possible to derive information on dissociation energies. This method 
has been recently applied, for example, to estimate the energies of removal of the 
first hydrogen atom in methane (Andersen, Kistiakowsky & Van Artsdalen 1942 ; 
Andersen & Kistiakowsky 1943 ; Kistiakowsky & Van Artsdalen 1944 ) and ethane 
(Andersen & Van Artsdalen 1944 ). 

(d) Electron impact critical potentials. By making certain rather questionable 
assumptions, Stevenson ( 1942 ) has attempted to calculate Z>(CH S —H) and 
Z)(C 2 H 5 —H) from the critical potentials observed in electron impact experiments. 
This method has also been successfully employed by others to diatomic molecules. 
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The results agree reasonably well with those obtained by other methods, allowance 
being made for the inherent uncertainty of several percent. , 

(e) Other methods. In the case of reversible reactions, equilibrium data have been 
much used to calculate energies of dissociation by means of the van’t Hoff isochore. 
It is also possible to calculate D for a neutral molecule.by combining D for an ionized 
state with ionization energy data. For a few very simple atomic linkages, D has 
been calculated by exhaustive wave-mechanical or other theoretical treatment, as 
in the case bf the H—H bond (James & Coolidge 1933; Cook 1945). Finally, there is 
a semi-empirical relationship deduced by Sutherland, (1938, 1940), for the inter¬ 
dependence of interatomic distance, force constant and dissociation energy, from 
which a rough value of the latter may be derived if sufficient data are available. 
These methods do not closely concern us here and need not be discussed further. 

In order to avoid confusing the bond energy E with the energy of dissociation D, 
consideration must be given to the precise quantity provided by the method in 
question. Only for diatomic molecules can D and E sometimes be equated. Although 
in the case of polyatomic molecules the two quantities may on occasions approximate 
quite well, it needs to be emphasized that they are not identical and frequently differ 
• by large amounts. It is seen that D depends on the states of the products, whereas 
E, like the bond length, has a fixed value. 

3. The two heats of sublimation of carbon 

It is of primary importance to remember, when employing heats of formation 
to calculate the sum of the bond energies in molecules containing di- and tetravalent 
carbon, that the molecules must be regarded in the two cases as having been built 
up from carbon atoms initially possessing fundamentally different energy levels 
(Norrish 1934). The ground state of the carbon atom corresponding to a valency of 
two is s a p a , S P, the lowest corresponding to a valency of four being sp z , s 8 , which is 
at a considerably higher energy level. The energy change in the 6 $-» 3 P transforma¬ 
tion has not been directly determined for C, although the corresponding 'changes 
have been observed for N + and 0 ++ . By an extrapolation method, the value for C 
has been estimated by Bacher & Goudsmit (1934) to be about 4-3 eV or 100 kcal., 
but, more recently, TJfford (1938) has placed it at about 73 kcal. If the latent 
heats of sublimation of graphite into monatomic vapours consisting entirely of 
atoms in the 3 P and °S states be designated by L 1 and L% respectively, then, 
assuming the former figure quoted to be correct, L z -L 1 = 100 koal./mol. However, 
we believe the difference between L z and L x to be considerably less than this amount 
for reasons which will be discussed later. 

Neither L x nor L z is known with certainty. Whereas some authors support a value 
for L x of about 125 kcal./g.-atom (Herzberg 1937, 1939, 1942; Goldfinger & Jeune- 
homme 1936), others advocate a much higher figure around 170 kcal. (Gaydon & 
Penney 1945; Kynch & Penney 1941; Baughan 1941). Clearly, since carbon in most 
of its compounds is tetravalent, the figure with which thermochemical data 1 are 
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normally concerned in the first instance is L z rather than L x . This point has escaped 
many investigators, including Pauling (1939), whose table of bond energies con¬ 
sequently contains values deficient in the case of links involving carbon. For example, 
if the average bond energy in methane were known, L % could be calculated from the 
following set of.equations: 

koal. 

CH 4 = C (graphite)+ 2H 2 — 17-87 
2H 2 = 4H -208-2 

C (graphite) = C{ S S) — L 2 

~ CH 4 = C( 6 #) + 4H -(£, + 226-1) 

Thus L % + 226-1 kcal. could be placed equal to four times the average C—H bond 
energy and L % evaluated directly. 

On the other hand, if one considers the total energy required to rupture the four 
bonds in methane by successive steps, one would here be primarily concerned with 
L x if the carbon were able to revert to the divalent state with the rupture of 
the second bond. That the carbon in CH 2 is indeed in the divalent state is indicated 
by the experimental work of Pearson, Purcell & Saigh (1938) and Barrow, Pearson 
& Purcell (1939). If the energy absorbed by the four steps were a, b, c and d respec¬ 
tively, then 

CH 4 - C( 3 P) + 4H - (a +6 + c + d). 

The value of a has been determined to be 102 kcal. (Andersen & Kistiakowsky 1943; 
Kistiakowsky & Van Artsdalen 1944). One would expect b to have the same order 
of magnitude but for the fact that during the step CH 3 ->CH 2 +H—2>, the carbon 
changes to the divalent state with the liberation of energy. This energy may be 
regarded as being divided into three parts: one part is liberated during the removal 
of the hydrogen atom, which means that b -will be smaller than the mean bond energy 
in free methyl, whereas the other two parts are absorbed in the weakening of the two 
remaining bonds. The value of d, the energy of removal of the last hydrogen atom, 
is known to be 80 kcal., having been recalculated by Herzberg (1939) from published 
spectroscopic data (Shidei 1936). There is nothing to support the view of Berriman 
& Clark (1938) that d is %(L Z —L X ) less than the mean bond energy in methane, 
c would be expected to have about the same magnitude as d, and a theoretical treat¬ 
ment by Voge (1936) indicates that the difference is only about 0-05 eV. Thus, in 
the calculation of L v c could be placed equal to d as a first approximation. If were 
known, therefore, L x could be determined from the two foregoing equations and 
the relationship 

C(*S) = Q{*P) + L Z -L X . 

Although b is not known, it has long been recognized that its value is probably 
considerably less than a (Meoke 1930). This is questioned by Baughan (1941), 
however, who puts forward the following two arguments in support of the higher 
value 170 kcal. for L x : 
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(a) The first is based on the work of Voge (1936), who calculates that the energy 
required for the successive removal of hydrogen atoms in methane does not vary by 
•any large amount. Voge’s conclusions, however, rest on the quantities 17-0 and 
4-0 eV for the atomic heats of formation of CH 4 and CH respectively. Considerable 
uncertainty must be attached to the former figure, and the latter is now known to 
be over 0-5 eV less than the value employed (Herzberg 1939). Furthermore, it is 
now known that the process CH 4 -> CH S 4 H requires 101 kcal. or 4-38 eV at absolute 
zero (Kistiakowsky & Van Artsdalen 1944), and, combining this value with Voge’s 
equations (20) and (22), a new value of 1 • 16 eV for his integral N sg . is obtained, which 
in turn leads to the estimates 14-25 and 9-87 eV respectively for the energies of for¬ 
mation of CH 4 and CH 3 from free atoms. These figures lead to a low value for L v 
even if the fact that they include zero-point energy be neglected. Thus Voge’s 
calculations are not compatible with the value 170 kcal. for L v 

(b) The second argument rests on the observation that the energy exchange in 
the successive replacement of hydrogen atoms in methane by halogen atoms is 
approximately constant for any one halogen. This does not seem to us, however, to 
be a relevant argument, since in every case the carbon atom remains saturated and 
there are no free valencies or divalent state to consider as in the case in question. 

We will now examine the arguments of Kynch & Penney (1941) who also support 
this value of 170 kcal. for L v claiming agreement for several independent methods 


as follows: 

method L 

kcal. 

(i) spectroscopic determination of D 0 (CO) 168-8 

(ii) rate of sublimation of carbon in vacuo 176* 

(hi) heat of reaction 2CH 4 ->C 2 H e + H t 170 

(iv) Birge-Sponer extrapolation for CO ~ 176 

(v) absorption-band limits of (a) butadiene, (6) hexatriene, (c) benzene 168-173 


On close examination, however, it becomes apparent that some of these methods 
provide a value for L x and some for L 2 . 

Methods (i) and (iv) lead to L x , but the value selected for D 0 (CO) is only one of 
several possible values, others of which, for example, lead to L x = 125 or 108-5 kcal. 
Method (iv), as has been pointed out by Herzberg (1942), usually provides values 
20-40 % too high for long extrapolations such as are involved here, thus supporting 
= 125 kcal. rather than L x - 170 kcal. 

Method (ii) is due to Marshall & Norton (1933) who determined the rate of loss in 
weight of carbon at high temperatures in vacuo, and calculated that the conversion 
of solid carbon to monatomic vapour requires 177 kcaL/g.-atom. Since solid carbon is 
in the tetravalent state, it cannot be assumed that the vapour is produced directly 
in the 3 P state, though doubtless some atoms quickly revert to this. Only, therefore, 
in a method which permitted the establishment of equilibrium conditions could 
one feel sure that, allowing for the additional complication of the presence of C 2 

* Misquoted by Kynch & Penney. The experimental figure is 177 kcal. 
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molecules, a measure of L x was being obtained. Here is a dynamic method, 
which, if the carbon vapour were initially produced in the 5 S state, would provide 
a value for L 2 . That the vapour, or at least the major part of it, is not initially pro¬ 
duced in the 3 P state is indicated by the wide disagreement in values provided by the 
equilibrium and dynamic methods (§ 5). The manner in which carbon vapour leaves 
a solid surface is not known, but several suggestions have been made (Herzberg, 
Herzfeld & Teller 1937; Herzberg 1937; Kynch & Penney 1941). If Herzberg’s 
considerations of a ‘potential hill’ apply, then the dynamic method should provide 
a value between L x and L % . It must be concluded, therefore, that in the absence of a 
precise knowledge of the mechanism of sublimation of carbon, the method of 
Marshall & Norton cannot provide an experimental value for L 1; but might be more 
rightly regarded as furnishing a lower limit for L 2 . 

Method (iii) provides an approximation to L 2 . Since L z is numerically equal to 
twice the energy of the single C—C link in solid carbon (§4), and since this link is 
rather stronger than the C—C link in ethane (§ 4), the value 88-2 kcal. calculated 
for the latter link (Baughan & Polanyi 1940; Baughan 1941) leads to a value for L 2 
nearer 180 than 170 kcal. But for this calculation Baughan tacitly identifies bond 
energies with dissociation energies as will be discussed in greater detail in the next 
section. 

Likewise, when discussing bond energies, Kynch & Penney fail to realize that the 
figures they quote refer to L % and not to L v If method (v) is valid, it determines 
L z ; but, without stating their reasons, Mulliken & Rieke (1942) consider it to 
provide no basis for deciding upon the true value of the heat of sublimation of carbon. 

In conclusion, therefore, the apparent agreement obtained by Kynfch & Penney 
is seen to be unreal and misleading. Inasmuch as the higher value (170 kcal.) is 
based on arguments leading to L 2 , there are no grounds in these considerations of 
Kynch & Penney for regarding this quantity as incompatible with L y = 125 kcal., 
the value these authors are trying to refute in their belief that Z> 0 (CO) =’ll-leV 
and L x — 170 kcal. Nevertheless, though the figure 170 kcal. may be regarded as 
not altogether an unreasonable estimate for L 2 , in our opinion it still needs some 
modification to comply with published experimental data (§ 5). 

4 . Variation or bond strengths in the normal paraffin series 

Until 1933, published values for the heats of combustion of the series of straight- 
chained parafiins showed no irregularities outside the limits of experimental error. 
There was thus no reason to believe the C—C and C—H bond strengths were other 
than constant (Sidgwick & Bowen 1931). However, more accurate measurement 
has indicated a deviation in bond strength towards increased stability of the first 
five members of the series (Rossini 19346), the deviation decreasing from methane 
to %-pentane. 

Van Artsdalen (1942) has calculated the values of 

Z>(CH 3 —CH s ) and D(C 2 H 5 —C a H 5 ), 


22-2 
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obtaining a difference of about 3 kcal., to which he attaches a qualitative rather 
than quantitative significance in view of the probable errors. A similar decrease 
with increasing chain length has been reported by Stevenson (1942). Unfortunately, 
Van Artsdalen, in common with Baughan (1941), confuses the issue somewhat by 
identifying the energy of dissociation with the bond strength. In the case of the 
C—C link in C 2 H 6 , for example, the dissociation energy differs from the bond 
strength by six times the difference between the C—H bond strengths in CH S 
and C 2 H 6 , which may amount to several kcal. The difference between 

D(CH a — CH s ) and D(C 2 H 6 —C 2 H 5 ) 

is reduced to about 1 kcal. when the more recent figure for D(C 2 H 5 —H) (Andersen 
& Van Artsdalen 1944) is employed in Van Artsdalen’s calculations. Let us now 
proceed to investigate the actual variation with chain length of the average values 
for JP(C—0) and E( 0 — H). 

In both diamond and graphite the carbon is in the tetravalent state, and the 
sublimation of either solid form into monatomic vapour involves the energy of 
rupture of two valency links per carbon atom’(plus a small RT term which will be 
neglected). Thus the average strength of the C—C valency link is \L 2 . Since the 
difference in the heats of combustion of diamond and graphite is negligibly small, 
being only a few tenths of 1 kcal./g.-atom (Prosen, Jessup & Rossini 1944), the heats 
of sublimation are almost identical, and the C—C bond strength in diamond may 
be equated to \L 2 without appreciable error. 

The aliphatic 0—C bond is known to be slightly weaker than that of diamond, 
varying values for this difference having been suggested from time to time. The order 
of this amount is given by some of the later papers dealing with this point at 4 kcal. 
(Lasareff 1935; Schmid 1936). This figure, however, can be obtained with greater 
accuracy from the heats of formation of the paraffin series. For this purpose the 
difference in strength between the central C—C bond in the long-chained paraffins 
and the C—C bond in solid carbon will be equated to x kcal. The strength of the 
aliphatic bond then becomes \L 2 — x. The strength of the H—H bond is required for 
the calculation of absolute values, and this is known accurately. Herzberg (1939) 
gives it as 103-2 kcal. at 0° K, which is equivalent to 104-1 kcal. at 25° 0 and constant 
pressure when the appropriate adjustment of 0-94 kcal. (Giauque 1930) is made. 

One cannot, of course, calculate absolute values for the average bond energies 
while L % remains undetermined, but by combining the foregoing values with the 
heats of formation of the paraffins it is possible to obtain relative values, the variation 
being independent of L 2 . The heats of formation of the lower homologues from 
methane to a-pentane have been calculated (Rossini 1940) direct from the heats of 
combustion (Rossini 1931, 1934a). For the higher members of the series, from 
ra-hexane to re-dodecane, the heats of formation have been calculated from the heats 
of combustion in the liquid state (Jessup 1937) and the latent heats of vaporization 
(Holcomb & Brown 1942). The accuracy will not be quite as high for the liquid 
paraffins, as the latent heats may be in error by a small percentage, but the error 
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thereby introduced in the bond energies will be very small as the latent heats are 
small compared with the heats of combustion. 

The heats of formation of the higher members of the series from w-hexane upwards 
show regular increments of 5-45 kcal. per CH 2 group, that is, the heat of formation 
of the CH 2 grouping is equal to this amount. Removing a CH 2 group from the middle 
of a chain to leave a molecule containing one carbon atom fewer eliminates one 
C—C and two C—H bonds. The sum of these bond energies is equal to the energy 
required to convert the CH 2 grouping into atoms, which may be simply calculated: 

kcal. 

CEL (grouping) = C (graphite) + H 2 — 5-45 

C (graphite) — C( 5 $) — L % 

H 2 = 2H —104*1 

CH 2 (grouping) = C( 5 £) + 2H - (L 2 +109-55) 

Hence $(0—C) + 2jB(C—H) « L 2 + 109-55 kcal. But E{ 0 -V)~\L 2 -x, from 
which it follows 

E{ C—H) = tL % + fy + 54-775 kcal. 

This value can be compared with the corresponding values for the paraffins 
themselves. The following set of equations is known for the case of methane (the 
third place of decimals, although of no significance in the actual bond-energy 
values, is necessary for the accurate computation of small differences): 

kcal. 

CH 4 = C (graphite) + 2H a - 17-865 

C (graphite) = C( 6 $) - L % 

2H 2 = 4H -208-2 

CH 4 « C( 5 fl) + 4H -(£* + 226-065) 

Thus for methane, E( C—H) — JL 2 +56-516 kcal. 

For the other paraffins allowance must be made for the C—C bonds. If the C—C 
bond energy, as a first approximation, is assumed constant at |JD 2 — x, the series 
of values given in the second column of table 1 is obtained. The difference between 
the average values of E( C—H) and that for the CH 2 group, when multiplied by the 
number of C—H bonds in the molecule, gives 8 , the total deviation from linearity 
of the heats of formation of the various hydrocarbons as shown in the third column. 
Since the deviation for n-hexane and the higher members is zero, the value of x 
is seen to be 0-93 kcal. Still assuming the C—C bond to be constant, the average 
energies of the C—H bond are compared in table 2. The figures in the third column 
are derived from the heats of formation at absolute zero as calculated by Pitzer 
(1940), and are given for comparison. The superscript in the symbol Z| refers to the 
absolute temperature. (The heat of vaporization data for the liquid homologues 
have not been obtained from the same source in columns 2 and 3.) 
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Table 1 


substance 

average E(C —H) at 25° C 

S 


kcal. 

kcal. 

CH 4 

Ji a + 56-516 + O-OOOa; 

6-96-2a; 


Ji a + 55-415 + O-107a: 

3*84 —2a; 

c 8 h„ 

Ji a + 55-144 + 0-250 k 

2-95-2a? 

w-C 4 H 10 

Ji a + 55-022 + 0-300* 

2-47-2a? 

«-c 5 h u 

Ji a + 54-945 + 0-333a 

2-04-2a? 

w ‘C 6 Hu 

Ji a + 54-908 + 0-3670! 

1-86-2a; 

7l-CgH^3 

Ji a + 54-878 + 0-389as 

1-86-2a; 

WfCigHgg 

Ji a + 54-847 + 0-423® 

1-86-2® 

CH 2 grouping 

Ji a + 54-775 + 0-500* 

— 


Table 2 



average E{ C—H) 

average E{ C—H) 

substance 

at 25° C 

at 0°K 


kcal. 

kcal. 

ch 4 

Ji 8 + 56-52 

Jig+ 55-57 

c*h 6 

Jig+ 55-57 

Ji« +54-50 

c s h 8 

4- 55-38 

Jig + 54-26 

»vC 4 H 10 

Jig+ 55-30 

JiS + 54-20 

n-C 6 H 12 

Jig+ 55-25 

Jig+ 54-16 

n-C 6 H u 

'Ji a + 55-24 

Jijj+ 54-16 

yi-CgHig 

Ji a + 55-24 

Jig +54-14 

n-CigHgg 

Jig + 55-24 

JiS + 54-14 

CH a grouping 

Jig+ 55-24 

Ji§ + 54-12 


For the higher members of the series the following relationship holds at 25° C: 

C—C) - 2 E(C —H) — lll*4koaL 

This relationship is independent of the heat of sublimation of carbon, and depends 
solely on accurately known heats of combustion and on heats of vaporization. 

The foregoing tables are based on the assumption that the 0—C bond strength is 
constant. It is far more reasonable to suppose that the C—C bonds also make a 
contribution to the deviation from linearity of the lower homologues. The pro¬ 
portion of the deviation due to each type of bond cannot be assessed with certainty. 
It seems reasonable to suppose that the variation in bond energy rests mainly in the 
contribution due to the carbon atoms, since the proportion of primary and secondary 
carbon atoms varies from molecule to molecule. This would lead one to expect that 
the variation in the average strengths of the C—0 bonds (involving two carbon 
atoms) would be about twice that of the C—H bonds. On this assumption the mean 
strengths of the two bond types for the series are compared in table 3. The maximum 
variation in the average bond strength is seen to be about 1-3 kcal. for the 0—H 
bond and 0*5 kcal. for the C—C bond. For the whole series the C—H bond shows 
appreciable deviation only in the case of methane. The deviation for ethane is very 
small, and for the other homologues is negligible (less than 0*1 kcal.), Thus the 
postulate of the additivity of bond strengths holds very accurately for the normal 
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paraffins with the exceptions of methane and, to a lesser extent, ethane. The differ¬ 
ence in E(C —H) in CH 4 and C 2 H 6 is seen to be about 1 kcal., and the C—C link in 
C 2 H 6 roughly 0-5 kcal. weaker than in solid carbon. The variation of D( C—H) for 
individual primary, secondary and tertiary hydrogen atoms is dealt with elsewhere 
(Brackett 1928; Eyring 1932; Conn, Kistiakowsky & Smith 1939; Smith & Taylor 
!939)- 

Table 3 



average E( C—C) 

average E(C —H) 

substance 

at 25° C 

at 25° 0 


kcal. 

kcal. 

ch 4 

— 

££ 2 +56*52 

c 2 h 6 

4^2-0-44 

i£ 2 + 55-49 

c $ h 8 

4&2-0-74 

£L 2 + 55-33 

«-c 4 h 10 

4^2-0-86 

4^2+ 55-28 

?vC 5 Hj.2 

4£ 2 -0-92 

4I>2+ 55*25 

.-C„H 14 , etc. 

4^2-0*93 

4i 2 + 55*24 


Shortly before going to press there has been published a revised set of values for 
the heats of formation of the paraffins at 25° C (Prosen & Rossini 1945) and at 0°K 
(Prosen, Pitzer & Rossini 1945). The most surprising feature about these new figures 
is that the first five members of the series no longer all deviate towards greater 
stability as originally indicated (Rossini 19346). Methane is still given as the most 
stable, but n-pentane, n.-butane and propane deviate towards decreased stability, 
the bond energies reaching a minimum in the case of propane. This lessening of 
stability is very slight but seems to exceed the limits of experimental error. With 
these figures the value of x required is 2-7 kcal. and the maximum variation in the 
average bond strengths is smaller, being about 0-7 kcal. for the C—H bond and less 
than 0-1 kcal. for the C—C bond. The value of E( C—H) is about 0-7 kcal. stronger 
for methane than for ethane. If accepted, this revision would not affect materially 
the conclusions reached in § 5. 

5. Evaluation of L l and L 2 

It has already been emphasized that D and E are not identical terms. When a 
polyatomic molecule is split into two'parts by the rupture of a chemical link, the 
molecules or radicals formed reorganize themselves. Whether one or more of the 
atoms undergo a change in electron configuration with the entailed transferen.ee of 
energy or not, some change in the bond energies of the remaining links is to be 
expected, and this will also involve the absorption or liberation of energy. Eor the 
net effect we shall use the expression energy of reorganization, a term originally 
defined elsewhere (Norrish 1934). Only if the energy of reorganization is zero will 
D be equal to E. 

As already mentioned, the experimental value of D(CH S —H) at 25° C is 102 +1 
kcal. (Andersen & Kistiakowsky 1943; Kistiakowsky & Van Artsdalen 1944). This 
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implies that D(CH 3 —H) and D(H 2 ) differ but slightly (about 2 koal.), in good agree¬ 
ment with Patat (1936), who came to the conclusion that the reaction 

CH 4 +H«=CH 3 +H 2 

is almost thermoneutral on the grounds that the forward and reverse processes 
require approximately equal activation energies. 

The dissociation energy of the C 2 H 5 —H link is about 3 kcal. less than that of the 
CH 8 —H link (Andersen & Van Artsdalen 1944). Since the actual C—H bond strength 
in the ethane molecule is only about 1 kcal. weaker than in CH 4 (table 3), this implies 
a difference of about 2 kcal. in the energies of reorganization of the ethyl and methyl 
radicals. No great quantitative significance should be attaohed to this figure as it is 
subject to relatively large experimental error. The value is reasonable, since it implies 
that D(CH 3 —CH 3 ) is 1-2 kcal. greater than D(C 2 H 6 —C 2 H 5 ), whereas a lessening 
of 1 kcal. in the reorganization energy difference would make D(C 2 H 6 —C 2 H 6 ) 
greater than D(CH S —CH 3 ), which scarcely seems likely in consideration of the 
fact that stability decreases rather than increases with increasing ohain length. 
Since it might be expected that the energy of reorganization of the ethyl radical 
would be larger than that of the methyl radical, the observed difference infers 
that energy is liberated by these radicals at their formation from ethane and 
methane. Thus one would expect the energy required to remove the first hydrogen 
atom from CH 4 to be rather less than the average C—H bond energy, E(C —H) 
being slightly greater in CH 3 than in CH 4 . It follows that the value of 102 kcal. for 
the energy of removing the first hydrogen atom from the methane moleoule may 
be regarded as a minimum value for E( C—H), corresponding to a minimum figure 
of 182 kcal. for L z . Sinoe there is no change in the valenoe state of the oarbon atom 
when one hydrogen atom is removed, and sinoe the difference in electronegativity 
of carbon and hydrogen is small, no large energy of reorganization for the CH 3 
radical is to be expected, and the difference in E(C —H) for CH 4 and CH 3 will be 
small. Our reasoning that the bond energy is the greater in CH 8 is supported by 
considerations brought forward by Van Vleck (1934). The aotual bond energy in 
CH 4 cannot be fixed precisely, but it is not likely to differ from the weighted 
value of 104 koal. by more than a small number of kilocalories in either direction. 
This figure leads to 190 kcal. for L z . Since any variation in L z correspondingly 
affects E(G —H) by one-quarter of that amount, the uncertainty in L t is four 
times that in the C—H bond energy. The permissible limits for L z will be considered 
later. 

If the estimate of Bacher & Goudsmit (1934) of 100 kcal. for the 5 $ -* 3 P conversion 
is correct, the value here suggested for L z implies a magnitude of about 90 koal. 
for L v Since this would imply an equilibrium vapour pressure for carbon very much 
higher than has ever been experimentally indicated, it seems probable that Bacher 
& Goudsmit’s figure is in excess of the true value. Reference has already been made 
to the alternative figures 125 and 170 kcal. for and it seems impossible to reconcile 
the higher of these with the foregoing observations; indeed, the value 170 kcal. 
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appears to be even less likely than a value lower than 125 kcal. The next lower value 
possible for correlation with the CO spectrum is 108-5 kcal., but even this value is 
very difficult to reconcile with the observed vapour pressure of carbon. On the other 
hand, a dimension of the order of 225 kcal. for L % would necessitate bond-energy 
values very much higher than those normally assigned to carbon compounds. The 
difference between L % and L x is therefore in all probability considerably less than 
100 kcal., and L x = 125-0 kcal. at 0°K, corresponding to 9-144eV for D 0 (CO) 
(Herzberg 1939) and 27-20 kcal. for the heat of formation of CO at 0° K (Wagman, 
Kilpatrick, Taylor, Pitzer & Bossini 1945), still seems the most likely. 

The employment of electron impact phenomena by Hagstrum & Tate (1941) to 
determine D(CO) has*furnished the value 9-6 eV, necessitating about 136 kcal. for 
L x . If the estimated appearance potential of the C + ion is in error it is in all prob¬ 
ability high, and the result may be regarded as an upper limit. To reconcile the figure 
with that advocated by Herzberg from spectroscopic data presupposes an error of 
0-5 eV, an amount exceeding that which Hagstrum & Tate are inclined to allow on 
the grounds that agreement with spectroscopic data is much closer in the case of 
other molecules: on the other hand, electron impact experiments have elsewhere 
indicated a somewhat lower value (8-8eV) for D(CO) (Savard 1937). In any case, 
this evidence weighs decidedly against 170 kcal. as a possible value for L x , and 
even more convincing is the photodecomposition of carbon monoxide by ultra¬ 
violet radiation of wave-length 1295 A with a quantum yield of unity (Faltings, 
Groth & Harteck 1938), which, as pointed out by Herzberg (1942), would appear to 
set a definite maximum of 135 kcal. on L x . 

Further confirmation that 125 kcal. is the most probable value for L x is to be 
found in the observations of Barrow (1940) concerning the linear relationship 
between D 0 and the intemuolear distance for a series of diatomic molecules, each 
consisting of one atom in group IV and one in group VI (6 subgroups) of the Periodic 
Table. If this relationship is valid for the whole series, D 0 (CO) = 11-11 eV, corre¬ 
sponding to L x = 170 kcal., would appear to be far too large to be permissible, 
9-14eV being the most satisfactory value. Undue emphasis is not placed on this 
point since the linearity is entirely empirical and only six of the values indicated 
were determined by rotational analysis, but attention is drawn to it as good 
circumstantial evidence. 

The triple point of carbon has been determined by Basset (1939,1942) who passed 
an electric current through a thin graphite rod under a varying pressure of argon 
until it either sublimed or melted. The co-ordinates of the triple point were found 
to be about 4000°K and 100 atm. Below this pressure the carbon sublimed without 
melting. Goldfinger & Jeunehomme (1936) have calculated the vapour pressures 
of carbon corresponding to each of the three values 107, 124 and 169 kcal. for L x . 
For monatomic vapour the expected pressures at 4000°K are 151, 20 and 0-065 atm. 
respectively. The observed value is intermediate between the figures provided by 
the two lower values of L x , agreement being best for L x = 107 kcal., but lies close 
to the total-pressure curve for L x =124 kcal. for which the pressure of C 2 molecules 
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has been taken into consideration. It is to be regretted that Basset does not provide 
an experimental sublimation curve. Presumably maximum temperatures, corre¬ 
sponding to the onset of sublimation, would have been observed at lower pressures, 
and his apparatus would have been suitable for carrying out the required measure¬ 
ments. Instead, he constructs a provisional phase diagram by combining his result 
with the readjusted figures obtained from measurements by other workers of the 
temperatures of the positive crater of the carbon arc at pressures of 1 atm. and below. 
The sublimation curve suggested cannot be correct, since, as can be demonstrated 
by the Clausius-Clapeyron relationship, it necessitates a heat of sublimation which 
increases rapidly with the temperature, reaching an impossibly high value long 
before the triple point is approached. The same author reports having obtained 
temperatures in the carbon arc considerably above the sublimation temperature 
at 22 kg./cm. 2 pressure, and this supports previous criticisms of the arc method for 
determining the vapour pressure of carbon, on the grounds that the pressures 
indicated are considerably lower than the true equilibrium pressures. 

Two of the rough measurements of Thiel & Ritter (1923) are derived by 
essentially equilibrium methods, and also support the intermediate value 125 kcal. 
for L x . All the other experimental data referred to by Goldfinger & Jeunehomme 
(1936) either concern the dynamic method whioh, for reasons given in §3, cannot 
be expected to provide direct information about L v or the arc method, in which 
true equilibrium conditions are not obtained. 

The foregoing leads to the conclusion that the order of difference between L t 
and L x is . about 65 kcal. and not 100 kcal. as estimated by Bacher & Goudsmit 
(1934). This is in accord with the theoretical calculations of Ufford (1938), who 
places the excitation energy of the 5 S carbon atom at about 73 kcal. It is also in 
accord with the conclusion reaohed by Burton, Davis, Gordon & Taylor (1941) 
concerning CH 2 , namely, that if it has a molecular (unpromoted electron) structure, 
the heat of formation is only slightly above that of the radical (containing 
tetravalent carbon). The 65 kcal. liberated by the carbon atom in passing from the 
latter to the former structure is largely absorbed by the weakening of the two 
C—H bonds. Having taken E(C —H) for CH 4 to be 104 kcal. and that for CH S 
nearly 1 kcal. stronger, we would expect the two bonds in CH 2 to change from about 
105 kcal. (or more) to about 80 kcal. (§ 3), thus absorbing approximately 50 kcal. 
In consequence, the energy required to raise the CH 2 molecule to the radical struc¬ 
ture would be only some 15 kcal., in agreement with Burton et al. 

Experimental evidence regarding the formyl radical also lends support to our 
interpretation. CHO, although not very stable, has been shown to exist at 100° C 
(Burton 1938). For the process 

CHO^H + CO, 

Style & Summers (1946) calculate an activation energy of at least 16 kcal. Else¬ 
where the actual energy absorbed by this process is given as 26 kcal. (Gorin 1939). 
Whether these figures can be accepted uncritically or not, there is strong evidence 
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that CHO possesses a definite stability which could scarcely be the case if L 1 — L x 
were as much as 100 kcal. The value of E(C —H) in CHO is not known with precision, 
but that it is very probably not more than 100 kcal. is indicated by the following 
facts. Atomic hydrogen reacts very readily with formaldehyde (Geib 1936) removing 
a hydrogen atom, but does not react with methane (Bonhoeffer & Harteck 1928), 
from which it appears that the dissociation energy of the first C—H bond has a smaller 
value in formaldehyde than in methane. Assuming that no considerable amount 
of energy is liberated by the reorganization of the CHO radical, it follows that the 
C—H bond strength in formaldehyde is likewise less than in methane. Since the 
force constants for the C—H bonds differ by some 10 % in the two compounds 
(Linnett 1945), being smaller in the case of formaldehyde, this may be regarded as 
a confirmatory indication that the C—H bond energy in CH a O is appreciably weaker 
than in CH 4 . In consequence our assumption that the reorganization of the CHO 
radical does not liberate more than a small amount of energy appears to be justified. 
Now the energy of dissociation of the first C—H bond in methane has been fixed at 
102 + 1 kcal. (Kistiakowsky & Van Artsdalen x 944). The foregoing evidence indicates 
that the corresponding dissociation energy in formaldehyde is somewhat smaller, 
and we regard it justifiable to assume that it is about 100 kcal. or rather less. Thus 
since the reorganization energy liberated by the CHO radical is small (or negative), 
it would also be expected that the values of E{ C—H) in both CH 2 0 and CHO do 
not exceed 100 kcal. 

When the hydrogen atom is removed from CHO, not only will energy be liberated 
by the switch of the carbon atom to the divalent state, but an additional amount 
released by the change in strength of the C=0 linkage. This latter quantity is not 
small (Pauling 1939) and almost certainly exceeds 20 kcal. That the energy associated 
with this linkage is greater in CO than in C0 2 or the carbonyl group is an accepted 
fact, and further could be predicted from the shorter bond length, according to the 
observations of Wrinch & Harker (1940), who regard ‘definite lengths as connoting 
definite energies’. In addition, Walsh (1946) has drawn attention to the existence of 
a smooth gradation of properties of the carbonyl bond in the series CO, C0 2 , CH a O, 
CHjCHO and the ketones, even though the carbon in CO is divalent. The total 
variation is considerable. From the foregoing it is clear that if L z — L 1 = 100 kcal., 
the total energy available would exceed considerably that required to rupture the 
C—H bond, and CHO must needs be a very unstable and endothermic substance. 
But, on the contrary, the process 

CO + H-> CHO 

is very probably exothermic, since it is regarded as a necessary step in the formation 
of formaldehyde and glyoxal which occurs when mercury-sensitized mixtures of 
hydrogen and carbon monoxide are subjected to ultra-violet irradiation (Groth 
1937; Faltings et al. 1938). The faots are very difficult to reconcile with a value higher 
than about 75 kcal. for L 2 -L x . Unless L x has a value other than 125 kcal., this 
would place an upper limit of about 200 kcal. on L 2: in good agreement with our 
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previous estimate of about 190 koal. for L z . The lower limit, as we have shown, 
is about 182 kcal. Thus to our figure of 190 kcal. for L % must be attached an 
uncertainty of some 10 kcal. in either direction. The corresponding value of 
E(C —0) is 95 ± 5 kcal. in diamond (§ 4) and 94 + 5 kcal. in the normal paraffins 
(table 3). 

Further light on the difference between L z and L x is forthcoming from the relative 
bond strengths in CO and C0 2 . That the bond strength is definitely weaker in C0 2 
is in accord with much experimental evidence, including the known facts regarding 
force constants, bond lengths and ionization potentials of the pir electrons on the 
oxygen atom (Walsh 1946). Pauling (1939) explains this difference in terms of 
resonance energy, but his explanation cannot be accepted as it stands sinoe he has 
not taken account of the energy difference in the valence states of carbon in the 
two compounds. Now the value we have accepted to be by far the most probable 
for Z) 0 (CO) is 9-144 eV or 210-8 kcal. (Herzberg 1939). The heat of combustion of 
carbon monoxide, corrected to 0° K, is 66-77 kcal./mol. (Wagman et al. 1945). These 
figures can be combined with the value of D 0 (O 2 ) (Herzberg 1939) to calculate the 
mean bond energy in carbon dioxide at 0°K: 

kcal. 

CO + -^0 2 — C0 2 + 66-77 
C( 8 P) + 0 = CO +210-8 
O = |0 2 + 58-6 
C{ 5 S) = C(*P) + 65 

C( 5 $) + 20 = C0 2 + 40 + 2. 

This is reasonable as it corresponds to an average value of 200-6 kcal. for E( 0=0) 
in C0 2 , that is, some 10 koal. less than in CO. Had we taken C ( S S) - C( 3 P) = 100 kcal., 
the bond energy in C0 2 would have assumed a mean value of 218*1 koal., a figure 
exceeding that for CO. Thus, here again, experimental evidence is definitely against 
an estimate of 100 kcal. for the energy required by the 3 P-> 5 $ transformation, and 
indicates that the value 65 kcal. here suggested cannot be more than 10-15 koal. 
below the true figure. 

In like manner the strength of the carbonyl bond in formaldehyde can be estimated 
if a mean value is assumed for E(C —H) in this compound. The heat of formation 
of gaseous formaldehyde according to Del6pine & Badoche (1942) is 25-7 kcal./mol. 
after a slight readjustment for the most recent data published on the heats of forma¬ 
tion of C0 2 and H 2 0 has been effected. The slightly different value 27-7 kcal./mol. 
can be calculated from the figure for the heat of combustion at constant volume 
reported by von Wartenberg & Lerner-Steinberg (1925). The former cl aim greater 
accuracy, and the value adopted here as the ‘best’ in the absence of more precise 
data is 26-2 kcal./mol., which becomes 25-3 kcal./mol. at 0°K when allowance is 
made for the change in heat content. Combining this figure with other thermo¬ 
chemical quantities, the atomic heat of formation of formaldehyde at 0°K can be 
calculated as follows: 
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kcal • 

C (graphite)+ H 2 + £0 2 = CH 2 0 (gas) + 25-3 
0 = £0 2 ' + 58-6 

2H = H 2 +103-2 

C( S P) = C (graphite)+ 125-0 
C( 5 S) = C( 3 P) + 65 

C( 5 $) + 2H + 0 = CH 2 0 (gas) +377-1 

Taking the value ~ 100 keal. for the strength of the C—H bonds in formaldehyde, 
the implied strength of the carbonyl bond is ~ 177 kcal. Again, this is very reason¬ 
able, and far more so than the higher value provided by employing the old figure 
for the B S -> 3 P transformation. 

Finally, we wish to consider the work of Cherton* on acetylene which has come 
to our notice since we first deduced that L t is about 190 kcal. From a study of the 
products of decomposition, Cherton (1941) deduced that the C 2 H 2 molecule initially 
loses a hydrogen atom in the electric discharge. Subsequently, it was shown that 
ultra-violet radiation has the same effect (Cherton 1942), and from the wave-length 
at which continuous absorption commences it was calculated that 121 kcal. are 
required to remove this hydrogen atom. This figure is reasonable, as here the C—H 
bond length is considerably shorter than for saturated hydrocarbons. Further, it 
agrees very well with the value supplied by an extrapolation of vibrational terms 
according to the method of Rydberg (Funke & Lindholm 1937), but, as might be 
expected, is considerably lower than that furnished by the Birge-Sponer extra¬ 
polation method. From this figure Cherton proceeds to calculate that the heat of 
sublimation of diamond to free atoms in the B S state is 190 kcal. At first sight this 
might appear to be excellent support for our value of 190 kcal. for L z , but we are 
unable to proffer it as such as Cherton’s calculation involves certain tacit assumptions. 
First, the atomic heat of formation of acetylene is calculated by adding the dissocia¬ 
tion energies of the various linkages, the value taken for the C=C bond being that 
derived from predissociation data (Price 1935). Quite apart from the doubt which 
has been cast in recent years upon the reliability of dissociation energy values 
obtained from predissociation in the spectra of polyatomic molecules, the treatment 
of dissociation energies as additive quantities is unsound. Only if the energies of 
dissociation are nearly equal to the bond strengths, that is, only if the energies of 
reorganization of the C 2 H and CH radicals are small, will the result be a good approxi¬ 
mation. Secondly, it is tacitly assumed that Prioe’s evaluation of the energy 
required to rupture the C=C linkage refers to a dissociation in which the carbon 
remains in the tetravalent state, that is, to the change 

C 2 H 2 = CH(*F) + CH(*F), 
and not to C 2 H 2 = CH( 2 77) + CH( 2 i7) 

* We are indebted to M. Cherton for kindly providing us with reprints of his three papers, 
the original journals being unavailable in this country. 
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as supposed by Price. It is not impossible that Price’s value does refer to the former 
change, as, allowing for the ohange in C —H bond strength, the energy level of the 
state will not exceed that of the a /7 state by a prohibitively large amount. The 
energy required for the latter dissociation has been calculated to be 137*9 kcal. 
(Henkin & Burton 1940). 

Thus Cherton’s calculation is not rigid and does not provide closer limits for £ 2 . 
As we have shown, however, the figure he puts forward is of the right order, and 
furthermore, the bond energies calculated from it are compatible with experi¬ 
mental data on the pyrolysis of numerous hydrocarbons, as discussed in a third paper 
by the same author (Cherton 1943). 

6. Conclusions 

When the energy associated with the tetravalent state of carbon is systematically 
taken into account and a careful distinction made between bond energies and 
energies of dissociation, it is possible to bring order out of the relative state of chaos 
which has been associated hitherto with the thermochemistry of carbon. Practically 
all the experimental data from a wide variety of sources are now reconciled, and the 
value 190 ± about 10 kcal. for L 2 , the latent heat of sublimation of carbon into free 
atoms at the lowest energy level of tetravalence (•£), provides a scheme of bond 
energies for carbon compounds which is compatible with all the more important 
established quantities. This dimension for L 2 , in combination with a considerable 
weight of other evidence, rules out the high value contested for L x (170 kcal.), a 
value supported from erroneous premises by those who fail to take into acoount the 
energy absorbed in the 3 P-> 8 £ conversion. There is very good evidence to indicate 
that this change involves considerably less than 100 kcal, the figure hitherto 

a + < f?l ed ’ and by far the most Probable and satisfactory value for L x is 125*0 kcal. 
at 0 K. The evidence may conveniently be summarized as follows: 

evidence 

Marshall & Norton’s vapour-pressure 
measurements (dynamic method) 

Voge’s calculations and D(CH 8 —H) 

Van Vleck’s calculations and D(CH 3 —H) 
consideration of JD(CH 3 —H), £>(C 2 H 6 —H) 
and energies of reorganization 
electron impact measurement of D(CO) 
photodecomposition of CO 
Barrow’s empirical relationship 
triple point of graphite 
Thiel & Hitter’s vapour-pressure measure¬ 
ments (equilibrium method) 
structure of CH 2 
stability of CHO 

relative £(C=0) in CO, C0 2 and CH a O 
pyrolysis data 

(spectroscopic determination of D(CO) 


deduction 

kcal. 

£a*~m 

£^170 
£ a > 182 

£ 2 = ~190, L x *4 170 

L x > 136 
135 

£ x = ~ 125 
£ x = /v 125 
£ x = ~ 130 

£ 2 -£ x «UOO 
£2 — £ x >• 7 5 

£2 £ x ^ 80 

£2 = ~ 190 
L x = 125) 
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The values of C—C and C—H bond energies for the various hydrocarbons, 
calculated as shown in table 3 assuming L 2 = 190kcal., are, in our view, the most 
probable values, taking all evidence into account, and must be regarded as 
superseding bond energies calculated assuming other values for L 2 , as, for example; 
in the recent paper of Skinner (1945). 

Appendix 

Considerations arising from the interpretation of the ON spectrum by Schmid, 
Gero & Zemplen (1938) have suggested a more precise value for the quantity we have 
termed L 2 . The CN" dissociation limits, which are entirely experimental, having 
been obtained from short extrapolations, led these authors to the assignment of 
energy levels for the products of dissociation to agree with the belief that the 
excitation energy of the 5 S carbon atom is in the neighbourhood of 100 kcal. 

In accord with our estimate (65+ 10 kcal.) for the excitation energy of C( 5 £), a, 
reassignment of energy levels to the dissociation products of CN(A 2 II), namely 
C( 8 P)+N( 2 D) has indicated that the 5 S energy level for carbon is situated at about 
24,200 cm. -1 or 69-2 kcal. above the ground-level. Further details will be forth¬ 
coming in a later paper. These considerations are purely tentative, but, if correct, 
would provide the improved value 194-2 + 4 kcal. for L 2 . In round figures this 
corresponds at 0°K to 104+1 kcal. for the mean C—H bond energy in methane 
and 97 + 2 kcal. for the single C—C link in solid carbon. The corresponding value 
for the dissociation energy of the C—C link in cyanogen is about 116 kcal., a very 
reasonable figure lying between the highly discordant extremes published in the 
literature. The acceptance of the foregoing brings the spectroscopic determination 
of D( CN) into alignment with Herzberg’s determination of D(CO). The calculation 
of D(NC—CN) is based on the old accepted value for the dissociation energy of N 2 
(Herzberg 1939). If, instead, we accept Z>(N 2 ) = 225 1 kcal., the new value proposed 
by Gaydon & Penney (1945), the extremely high and unlikely value 171 kcal.-results 
for D(NC—CN). We have already shown that the interpretation Gaydon & Penney 
assign to the CO spectrum is incorrect, and the indication is therefore that the same 
probably applies to their interpretation of the N 2 spectrum. Excellent confirmation 
of the forementioned value 116 kcal. for D(NC—CN) is forthcoming from the long 
wave-length limits of the second regions of continuous absorption at 1600 and 
2100 A respectively in the spectra of CH 3 CN (Herzberg & Scheibe 1930) and ICN 
(Badger & Woo 1931; Mooney & Reid 1931), these regions corresponding to photo¬ 
dissociation in which, as demonstrated by fluorescence, CN radicals are produced 
in the excited B 2 E state (Neuimin & Terenin 1936; Yakovleva 1938). 
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The experimental study of the blast from bombs 
and bare charges 

By G. Grime, M.Sc. and H. Sheard, M.Sc. 
{Communicated by Sir Edward Appleton, F.R.S.—Received 3 October 1944) 

The paper gives an account of investigations on the blast from bare and cased 
charges of explosive ranging in weight from a few pounds to several thousand 
pounds. 

The measuring technique, involving the use of piezo-electric gauges with cathode- 
ray oscillographs, is described, and features of theoretical interest or of practical 
importance are illustrated. 

It is shown that, at any rate at distances large compared with the dimensions of 
the charge, the scale relationship, deduced from simple dimensional theory, holds 
' * good over a wide range of charge weight. The importance of this finding in relation 
to model and full-scale investigations of bomb behaviour is discussed. 

Comparisons of the measured velocity of the blast wave with that calculated, by 
the Rankine-Hugoniot formula, from the maximum excess, pressure behind the 
shock-front show that the recorded values are in good agreement with those 
deduced theoretically. Observed and calculated rates of decay of maximum excess 
pressure are also in reasonable agreement. 


Vol. 187. A. 


23 



358 


G. Grime and H. Sheard 


Introduction 

Just prior to the outbreak of war in 1939 the Home Office (A.R.P. Dept.) 
sought information from the Building Research Station of the Department 
of Scientific and Industrial Research as to the effect on buildings of the 
blast from bombs. A mathematical analysis, carried out by Dr E. N. Fox, 
showed that certain basic data were required. A searoh of the available 
literature yielded very little of value; the results of a few measurements of 
the blast pressure from explosive charges had been published (see ref. (1)), 
but most of the measurements had been made so far away from the charge 
that no use could be made of them in an analysis concerned with damage. 
To produce the required information, a research was therefore initiated, 
first, to devise accurate and convenient methods of recording the pressure¬ 
time curves near explosions, and, secondly, to use these methods to obtain 
blast data for a representative series of bombs and charges. 

The apparatus, developed as the result of work started at the Building 
Research Station, and continued at the Road Research Laboratory of the 
Department of Scientific and Industrial Research after the outbreak of war, 
has been used to measure the blast pressures from explosive charges ranging 
from a few ounces in weight to the largest bombs in Service use. Similar 
apparatus now provides a standard method of assessing the blast perform¬ 
ance of new munitions. 

The present paper, having described the apparatus, reviews some of the 
results obtained, up to the end of December 1942 , in the course of investiga¬ 
tions undertaken by the Road Research Laboratory, initially for the 
Research and Experiments Department of the Ministry of Home Security, 
and later for the Ministry of Supply. 

Experimental 

At the outset it was known that the initial pressure rise in a blast wave is 
very steep, and it was realized that mechanical methods of recording were 
likely to be unsatisfactory. The following requirements have to be met by 
a satisfactory recording apparatus: 

(1) the sensitive element or gauge must have a high natural frequency, 
since the initial pressure rise in the blast wave is very steep; 

(2) the gauge must be capable of use with cables at least 100 yd. long; 

( 3 ) the recording apparatus must deal with several records simultan¬ 
eously; and 

( 4 ) it must record without distortion the highest frequency accurately 
reproduced by the gauge and amplifier; 

( 5 ) it is essential that the whole apparatus be as simple as possible, since 
most of the work is done under field conditions. 
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Of several electrical methods of pressure recording considered, one 
depending on the piezo-electric properties of quartz was finally adopted, and 
the apparatus was designed to satisfy the above requirements. The piezo¬ 
electric quartz gauge, developed for the work, has a natural frequency of 
about 40,000 (type 1 ) or 70,000 (type 2) cyc./sec., and can be used with 
leads 500 yd. long; the recording apparatus, which is of very simple design, 
requires no external power supplies, and each recording unit gives photo¬ 
graphic registration of the output from three gauges on separate cathode- 
ray oscillographs. Several such recording units may be operated simul¬ 
taneously. 

The gauges . Aji appropriately cut piezo-electric crystal, when compressed 
or elongated, develops a charge on two of its faces; the quantity of charge is 
proportional to the applied load and is developed without appreciable 
time delay. To utilize the phenomenon, the charge, collected on electrodes 
cemented to the two faces, is applied to a condenser of known capacity and 
the resulting voltage is recorded. Quartz or tourmaline is generally used for 
pressure recording, and the gauges described below are designed for quartz 
crystals. 

Figure 1 is a drawing of the simplest form of blast pressure gauge (type 1), 
while figure 2 shows an improved type (type 2), with double the sensitivity 
of the first. Photographs of the two gauges are reproduced in figure 3 . 


Steel ring ® 




Sensitive 

face 


Figure 1. Piezo-electric blast pressure gauge—type 1. 


The main body (1) of the type 1 gauge is a cylindrical block of steel, 2 in. 
in diameter by l in. thick, through which a single-core shielded cable 
(Telcon K.I.C.) is brought and secured by a fitting ( 4 ). Two circular (X-cut) 
quartz plates are mounted on the front plane surface of (1) and are covered 
by a duralumin plate ( 3 ) of slightly greater diameter. Between the crystals 
is placed an electrode of copper foil, to which the central wire of the cable is 
soldered. The pile of disks, consisting ofthe duralumin plate, the two crystals, 
and the central electrode are all cemented together and to the block (1) 
with a high melting-point bitumen. A steel ring (2), screwed to the block (1), 
fits round the plate ( 3 ), the annular space between the plate and ring (about 
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Figure 3. Piezo -electric blast pressure gauges, 
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Figure 2. Blast pressure gauge—type 2. 
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1/1000 in. wide) being filled with a very viscous oil, which serves the double 
purpose of forming an airtight seal and of providing damping for the 
crystals. 

The lowest natural frequency of 40,000 eye./sec. from a gauge of this type 
is very probably due to flexural vibration of the steel block or ring, since the 
frequency of the longitudinal front-to-back vibration is found by calculation 
to be more than twice this figure. 

Type 2 is similar in essentials but has two pairs of crystals, one on either 
side of a central steel plate. The crystals are connected electrically in 
parallel, so that for pressures the charges reinforce one another; as regards 
vibration of the central plate, however, the two pairs act in opposition, and 
no net charge results. The natural frequency of the type 2 gauge is about 
70,000 eye./sec. 

Both types of gauge are used with their sensitive faces parallel with the 
direction of propagation of the blast. 

When bare gauges are relatively near to a charge there is some trans¬ 
mission of heat from the blast wave to the sensitive face of the gauge. This 
tends to cause distortion of the crystal pile, giving rise to parasitic effects. 
A layer of vaseline over the face of the gauge hinders this heating and 
eliminates the trouble. 

The recording unit. The complete recording unit, including three amplifiers 
and oscillographs, a drum camera and all battery supplies, is contained in 
two wooden boxes measuring respectively 35 x 22 x 15 in. and 31 x 18 x 6 in- 
(figure 4 ). 

The arrangement of the electrical circuit of one of these triple units is 
given in figure 5 . 

The two-stage resistance capacity coupled amplifiers employing high- 
frequency pentodes (Mullard S.P.2’s) give a voltage amplification of about 
8000 . The good low-frequency response, necessary to record accurately the 
long-duration blast waves from large bombs, is obtained by separating the 
anode and screen supplies to the first and second stages; all three first stages 
are fed from one battery and the second stages from another. The high- 
frequency response is adequate in relation to the characteristics of the 
gauge, the loss at 10,000 cyc./sec. being about 4 %. One other feature of 
the amplifiers calls for comment; in the first stage of each amplifier, it is 
necessary to have a valve of high grid-filament resistance, to reduce leakage 
from the piezo-crystal to a minimum. Valves are considerably improved in 
this respect by under-running their filaments, and a good high-frequency 
pentode with a 3-ohm resistance in one valve leg, as shown in the circuit 
diagram, is very satisfactory, and will operate in a stable manner with a 
grid leak as high as 200 megohms. The arrangement has the further advan¬ 
tage of providing grid bias for the first stage. A 2 V accumulator supplies 
filament current for the three amplifiers, and three 120 V dry batteries 
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supply anode current, one for the first stages, and two for the second stages. 
The amplifiers provide a substantially linear output of about 100 V. 

The oscillographs at present in use (G.E.C. V.C.R. 138’s) have 3J in. 
photographic screens. A high-tension voltage of 900 V is provided from dry 



CATHODE RAY TUBE CIRCUIT 



batteries housed in a separate wooden box, which also contains a 100 V 
battery for the operation of relays. The fluorescent spots of the three 
oscillographs are normally suppressed by the negative bias on the intensity 
control electrode (figure 5) until the moment of recording, but, during the 
recording period, they are brought up to full intensity by a relay, which 
short-circuits the resistor which provides this negative bias. The relay coil 
has a resistance of about 1000 ohms and may be operated from any con- 
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venient distance, since the resistance of any reasonable length of connecting 
cable is small compared with that of the relay coil. 

The recording spots are deflected in a horizontal direction only, and a 
time axis is provided by registering all three records on a 4 in. wide strip of 
photographic film or paper fastened round a 7 in. diameter drum in a 
removable camera. The camera is fitted with a dark slide, which, when 
open, allows the spots to be focused on the film by Kodasoope F 1-6 lenses 
of 2 in. focal length. The drum is driven by a 6 V Klaxon motor, geared down 
to a speed of 2 rev./sec. 

Synchronization of the recording and firing is accomplished by a motor- 
driven switch with rotating contacts (figure 4), which first operates the 
brightness control relay and then fires the explosive charge. 

Calibration. Two methods have been used for the calibration of gauges. 
In the first air pressure is suddenly applied to the gauge. The apparatus 
(figure 6) consists essentially of two chambers separated by a thin diaphragm 
of cellophane or similar material. The gauge, coated with vaseline, is 
clamped over a hole in the bottom of the lower chamber (type 2 is placed 
inside the chamber), and is connected to a standard condenser and to the 
oscillograph in the usual manner. The upper chamber is pumped up by means 



Figtjbe 6. Diagram of calibration apparatus. 
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Figure 7. Typical calibration records. 
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of a bicycle pump, and the diaphragm is then punctured by a sharp point 
operated from outside. The diaphragm shatters and the pressure is applied 
suddenly to the gauge, the value of the final steady pressure being read off 
on a pressure gauge of the Bourdon type connected to the lower chamber. 
In order to ensure that the pressure change on expansion is substantially 
isothermal, and to damp out the natural frequency of vibration of the air 
in the apparatus, the lower chamber is packed fairly tightly with rag, when 
a trace of the form shown in figure 7 is produced.. The vertical distance 
between the initial zero line and the deflected line is the deflexion due to the 
final steady pressure read from the Bourdon gauge. This gauge has been 
calibrated against a mercury column, and found to be accurate to within 
1/10 lb./sq.in. at all values of pressure. 

In addition to providing a gauge calibration, the method has the advan¬ 
tage that the slope of the oscillograph trace after the application of the 
steady pressure gives information about the time constant of the whole 
assembly—gauge and amplifier. 



Figure 8. Electrical eirouit of valve voltmeter used in static calibration. 

Instead of making use of the recording equipment for the calibration, it 
is generally more convenient and rather more accurate to determine the 
sensitivity of the gauge alone, that of the recording equipment being 
registered automatically in the manner described in the next paragraph. 
The gauge to be calibrated is subjected to a steady pressure, either by 
placing known weights-on the sensitive face, or by applying known air 
pressures with the apparatus illustrated in figure 6; the latter method is 
preferable, since, for highest accuracy, it is essential to apply the calibrating 
pressure uniformly. The resulting voltages, developed across a standard 
condenser in parallel with the gauge, are measured by means of a valve 
voltmeter; a suitable circuit is shown in figure 8. For successful operation, 
the grid-filament resistance of the valve employed, and the insulation 
resistance of the gauge should be very high, so that errors due to the leakage 
of charge from the gauge during calibration are negligible. 
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Each time a record is made, the amplifier and oscillograph sensitivity are 
checked by an automatic calibrating circuit, which, immediately after the 
oscillograph spots are brought to full brightness, injects a damped sinusoidal 
voltage of known value into the earth lead. The calibrator consists of a 
choke, a condenser, and a 2 Y cell, all in series with a resistor of a few ohms 
inserted in the earth lead common to all the amplifiers in use. It is aotuated 
by a delayed relay in parallel with that bringing the spots to recording 
brightness. 

In addition to its function of defining the sensitivity of the amplifier and 
oscillograph, the calibrating oscillation at the commencement of each record 
furnishes a datum point for the measurement of time, and, since the frequency 
of oscillation is known, it also enables the time scale to be calculated. 

Accuracy of measurement. Factors influencing the accuracy of measure¬ 
ments of maximum pressure are: 

(1) The natural frequency of ike gauge. Calculations of the amplitude of 
the oscillations at the natural frequency Of the gauge are rendered difficult 
by the fact that the lowest natural frequency appears to be due, not to a 
thickness vibration of the crystal pile, but to a flexural vibration of the steel 
housing, excited by the impact of the blast on the gauge. In circumstances 
favourable to its excitation, however, the characteristic frequency may be 
detected on the record. To reduce errors oaused thereby, a thin layer of 
sorbo rubber is wrapped round the curved surface of the gauge, leaving the 
faces carrying the sensitive disks exposed, when the amplitude is reduced to 
about 1 % of the maximum deflexion and is too small to be measured 
accurately. (This precaution is not always observed in bomb trials, where, 
as shown later, the maximum pressures may be relatively unimportant. 
Figures 9 and 10, for example, were obtained without sorbo screens on the 
gauges.) 

(2) The diameter of the sensitive disk. The normal method of setting up a 
blast pressure gauge being to suspend it with the sensitive face or faces 
parallel with the direction of travel of the blast wave, it is clear that the 
larger the diameter of the sensitive disk, the poorer is the reproduction of 
the fine structure of the blast wave. The extension of the gauge along the 
direction of travel of the blast results in a reduction of the slopes of lines 
and a rounding off of peaks in the blast record. In particular, the recorded 
maximum pressure, assuming no error due to gauge frequency, is always less 
than the true peak pressure. 

The magnitude of the correction to the peak pressure to take account of 
the disk size has been estimated by assuming, for the positive phase of the 
blast wave,* a shock front followed by an exponential decay curve. 

Then, if the decay curve is represented by 

p = p ie -"*, 

* See next section. 
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where p is the pressure at time t after the arrival of the shock front and p x 
is the maximum pressure in the wave, the recorded maximum pressure 


Pr=Pl 



approximately, 


where a is the radius of the sensitive disk, and c the velocity of the shock 
wave. The approximate correction given above is sufficiently accurate for 
the small corrections which are required in practice; as might be anticipated, 
the correction is mainly determined by the time taken for the shock front 
to pass over the disk in relation to the initial slope of the decay curve. 

(3) The frequency response of the amplifier. Lack of response at high 
frequencies in the amplifier gives rise to a rounding off of peaks in the 
pressure record. An analysis, by A. R. Bryant (see ref. (2)), enables an 
estimate to be made of the reduction of the maximum value of the signal 
from the gauge in its passage through the amplifier. 

Starting, as before, with a pressure wave of the form# = p 1 e~ nl , he shows 
that the peak output voltage 

v m = v g e{k)~ n t/tt-™-), 


where v Q 
e 

T 


/« 

k 


peak input voltage from the gauge, 

amplification factor at the middle of the frequency range, 

for a single-stage amplifier, 


for a two-stage amplifier with similar stages, 

v'*YJ 0 

upper frequency at which the amplification is 0-707e, 
1 — nr ct 


1 + 


wr 2a 


(l_ e -2o/cr)_ 


For small corrections, nr and e-~ 2a/CT are negligible compared with unity, 
and the expressions may be simplified to 



The combined correction for gauge size and frequency response is therefore 

/. an\ /.,1c \~ nT 
- ^ 1 ( c ) ( + 2 an) 

Unless very sharp peaks occur in the record, the corrections are of 
importance only for small charges; for example, in a particular test with a 
500 lb. M.O. bomb, at a distance of 40 ft., it was found that n = 1100 and 
c = 1800 ft./sec. ajwas 0-5 in., and/„ was 30,000 cyc./sec., so that • 

Pr — Pi x 0*974 x 0-989 
= 0-965p x . 
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(4) Transmission-line phenomena in the cable. Mention must also be made 
of transmission-line phenomena, as, at first sight, they might appear to 
be of some importance in tests of large bombs, where it is necessary to use 
long cables to connect the gauges to the amplifiers. The usual transmission¬ 
line formulae are not directly applicable to the problem, as they assume a 
constant voltage generator of sinusoidal wave-form, whereas the piezo¬ 
electric gauge produces a transient charge. Calculations, based on # the 
cable constants, of the velocity of a transient along the cable, however, 
indicate that line phenomena are unlikely to be of major importance even 
when long cables are in use. With the particular cable employed, this 
velocity is found to be about 490 x 10® ft./sec. The time taken to traverse 
the longest cable in use, 500 yd. in length, is therefore about 3//sec. As¬ 
suming similar reflecting conditions at each end of the cable, the natural 
frequency of a 500 yd. cable is therefore about 166,000 oyc./sec., and the 
effect of the cable is to introduce into the amplifier disturbances recurring 
at this frequency. As the time of rise to maximum voltage input to the 
amplifier is about 1/12,000 sec., that is, about 14 times that taken for 
the wave to travel to and fro in the cable, the elimination of these line 
oscillations by attenuation in the amplifier is unlikely to be attended by any 
serious loss of accuracy. 3 

The faotors dealt with in the preceding paragraphs lead to systematic 
errors for which corrections have to be made. The various operations of 
calibration and recording also give rise to random errors, the magnitudes 
of which have been examined by carrying out these operations many times. 
The standard error of a single measurement of maximum pressure, deter¬ 
mined in this way, was found to be about 2-8 %. 

With regard to the measurement of positive impulse, that is, the time 
integral of the positive phase, unless special precautions are taken, by far 
the most serious source of error is likely to be the generation of parasitic 
charges by violent movements of the cable connecting the gauge to the 
amplifier. Much can be done to reduce this by the correct choioe of cable, 
and, in particular, by avoiding cables insulated with plastics; with the cable 
used in the present work, the errors due to cable signal are negligible except 
at positions very near to large bombs, where the gauges may be displaced 
several feet by the blast. 

When pressure waves of considerable duration are recorded, it is desirable 
to arrange that the time constants of the gauge and amplifier circuits shall 
be long. It may readily be shown that if the positive phase is triangular, 
with a duration t v and the gauge has a parallel capacity O and resistance JR, 
i.e. a time constant CJR, the ratio of the recorded impulse l r to the impulse I 
delivered by a gauge with infinite time constant is 

I r i 2 *,1 if 

I = 1 ~ ZCB + 2 055* approximately, 
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assuming no distortion in the amplifier. A similar expression describes the 
behaviour of each stage of the amplifier, C in this case being the interstage 
coupling capacity and B the sum of the anode and grid resistances. 

The time constants of the gauge circuit and of each stage of the amplifier 
are each about 4 sec. Tor a 500 lb. M.C. bomb, where the duration of the 
positive phase may be about 15 msec., the ratio 7 r /7 = 0-9975 for the gauge 
circuit. The overall error in the impulse measurement, including the 
contribution of the amplifier, if no correction were applied, would therefore 
be about 0-75 %. 

A closer determination of the experimental error may be made for impulse 
than for maximum pressure, and, assuming negligible cable signal, the 
standard error of a single observation of the positive impulse from a bomb 
has been found to be ±3 %. 

Results 

Measurements have been made of the blast pressures produced by bare 
charges up to 2000 lb. in weight, by German bombs and mines weighing 
from 60 to 1000 kg., and by British bombs of all sizes. 

Typical records. The normal type of pressure-time curve from a bare 
charge at all distances at which records have been obtained, and at con¬ 
siderable distances from a cased charge or bomb, consists of a shook-fronted 
positive phase, roughly triangular in shape, followed by a suotion phase 
having a duration several times that of the positive and a lower maximum. 
The suction phase usually approximates in shape to one-half of a damped 
sine wave, but frequently departs from this normal form. Figure 9 illustrates 
pressure-time curves of this type. 

* Near a cased charge or bomb it is unusual to reoord a positive phase of 
this simple form; instead, the positive may consist of two or more shook- 
fronted waves superimposed (see figure 10), or may even be made up of a 
series of short-duration shock-fronted waves superimposed on a rounded 
pressure pulse. As the wave travels outwards, however, it gradually assumes 
a shape similar to that characteristic of a bare charge. 

All records of the pressure from cased charges exhibit, in addition to the 
main features discussed above, numbers of small bow waves due to the 
fragments of the case. At all distances where measurements have hitherto 
been made, the fragments are ahead of the blast, so that the fragment bow 
waves are always recorded before as well as with the main blast wave. 

The scale relationship. From dimensional theory, it can be shown that, for 
geometrically similar charges of the same composition and density, the blast 
pressure-time curves from different charges should appear identical if the 
units of distance and time adopted are proportional to the linear dim ensions 
of the charge. It follows that, if the maximum value of the excess pressure is 
plotted against the distance from the charge, taking the charge diameter as 
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the unit of distance, the results for similar oharges of different weights should 
all lie on one curve. The durations of the positive and negative phases at 
corresponding distances, i.e. at the same number of diameters from the 
charge, should be proportional to the respective charge diameters. Thus if 
the durations, divided by the appropriate charge diameters, are plotted 
against distance in charge diameters, the points should again fall on one 
curve. The impulse, i.e. the area under the pressure-time curve, clearly 
scales in a manner similar to the duration. 

The scale relationship has been found to hold well, at any rate at distances 
large compared with the dimensions of the chafge; the results from a series 
of bare charge® of 70/30 T.N.T./C.E. are quoted below as an illustration of 
the agreement of the practical results with theory. 

Each charge was in the form of a cylinder whose length was equal to its 
diameter, and each was exploded on the ground with its axis vertical. A list 
of the sizes and weights of the charges is as follows: 


diameter of charge 

weight of charge 

in* 

lb. 

4 

2| 

7 

15 

9 

32 

10 

44 

12 

76 


Blast pressure records were taken at six distances from each charge, the 
gauges being hung about 4 ft. above the ground. 

Reproductions of the blast pressure curves from some of the charges are 
given in figure 11. 

Figure 12 shows the variation of the maximum excess pressure with 
distance (in charge diameters) from the various charges. Owing to the way 
in which excess pressure varies with distance it is convenient to plot on 
logarithmic scales, and this has accordingly been done. Figure 13 is a 
similar plot but with linear scales, of the maximum values of the negative 
pressure or suction. In figure 14 the positive durations, divided by the 
appropriate charge diameters, have been plotted against distance in charge 
diameters, and in figure 15 the positive hydrostatic impulses have been 
graphed in the same manner. 

' The maximum positive pressures and the impulses are seen to lie fairly 
well on single curves. The maximum negative pressures and the positive 
durations show greater variability but can also be represented by single 
curves. The variability of the experimental points in figure 13 is accounted 
for by the difficulty of measuring accurately the small deflexions repre¬ 
senting the suctions, and, in figure 14, is largely accounted for by irregu¬ 
larities in the pressure-time curves, due probably to reflected or diffracted 
waves from slight elevations or depressions ih the ground. 
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Figure 11. Pressure-time curves from (a) 2f lb. T.N.T./C.E. charge, 
and (6) 44 lb. T.N.T.-C.E. charge. 



Figure 13. Maximum suction from T.N.T./C.E. charges. 
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The scale relationship in bomb testing. The "scale relationship is of great 
importance in bomb testing, since it enables predictions of the theoretically 
attainable performance of new bombs to be made from the results of tests 
with geometrically similar bombs already in service, thus providing a 



Figtorb 14. Duration of positive pressure from T.N.T./C.E. charges. 



standard by which the performance of a new bomb may be judged'. In, 
practice it is found that, owing to irregularities in the pressure-time curves 
from bombs, the maximum pressures do not scale as accurately as the 
impulses; since, however, the impulses are, in any case, of greater importance 
in determining the damage produced by a bomb than are the maximum 
pressures, the assessment of bomb performance is based mainly on a con- 
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sideration of the hydrostatic impulses. An example of the soaling of the 
impulses from a series of bombs is given in figure 16, in which the results 
from German S.C. bombs weighing 260, 600 and 1000 kg. are plotted. In 
view of the fact that the bombs were not exactly similar the agreement is 
very good. 



Fxgxtbe 16. Positive impulses from German S.C. bombs. 

An approach may be made to many problems of bomb design by means of 
tests on a model scale, with consequent saving of time and labour. A question 
which has recently received first investigation in this way is the influence 
of case thickness on the blast performance of bombs. The charges, each 
consisting of about 8£ lb. of 60/40 R.D.X./T.N.T., were enclosed in cylin¬ 
drical steel or brass cases with flat ends, the thickness of the ends being 
equal to that of the case. The length of the cavity containing the charge was 
in all cases twice its diameter. One end of each case was screwed, to allow 
the charge to be inserted, and had a small hole drilled through it to allow an 
electric detonator to be inserted. The charges were initiated by exploders 
consisting of about oz. of tetryl. For comparison with the cased charges, 
the series also included two bare charges of the explosive. Particulars of 
the weights of the charges and cases and of the number of each kind fired are 
given in table 1, including the charge/weight ratio, that is, the ratio of the 
weight of charge to. the total weight of case plus charge, expressed as a 
percentage. 

Each oharge was fired with its axis vertical, and its base resting on a steel 
plate 3 ft. square by ^ in. thick, placed on the ground, the object of the plate 
being to eliminate the energy loss due to cratering of the ground. Nine 
piezo-electric gauges were placed at distances of 10 to 60 ft., six along one 
line radiating from the bomb, and three along a second line at right angles 
to the first. 

Curves showing the variation of positive hydrostatic impulse with dis¬ 
tance from the charge for each charge/weight ratio are reproduced in 




The experimental study of blast from bombs and bare charges 375 


Table 1. 

Particulars of containers 



* empty weight 

charge weight 

charge/weight 


,— 

i i i ii .ii 

" 

- ■v 

ratio 

charge 

lb. 

OZ. 

lb. 

OZ. 

% 

bare charge 1 

— 

— 

8 


100 

2 

— 

— 

8 

«* 

100 

cased charge 1 

1 

9J 

8 

8 i 

84*4 

2 

5 

24 

8 

5| 

61*9 

3 

25 

8* 

8 

7i 

24*9 

4 

80 

Hi 

- 8 

7 

9*5 

5 

148 

15 

8 

7i 

5-4 

6 

1 

94 

8 

H 

84*4 

7 

5 

3 

8 

H 

61*8 

8 

25 

5 

8 

7i 

25*0 

9 

80 

If 

8 

7i 

9*5 

10 

148 

15 

8 

8| 

5*4 


figure 17. From these curves, the ratios of the positive impulses from the 
cased charges to the positive impulses from the bare charges at various 
distances have been determined, and are tabulated in table 2. It will be 
observed that for any particular charge/weight ratio, the positive impulse 
is substantially the same fraction of the bare charge impulse at all distances 
from the cased charge. A single curve can therefore be drawn, for the par¬ 
ticular explosive used, giving the fractional reduction of impulse, for con¬ 
stant charge weight, as a function of charge/weight ratio. This has been 
done in figure 18. 

The application of these results to actual bombs, which differ in shape 
from the simple cylindrical form employed in these tests, will not be dis¬ 
cussed here, but it may be stated that, when allowance has been made for 
the difference in shape, the results have been found to agree well with those 
recorded in bomb tests. 


Table 2. Ratios of positive impulses from cased 

CHARGES TO THOSE'FROM BARE CHARGES 


charge/ 

weight 


ratio of positive impulse from cased charge 
to that from bare charge 

_ .. ...___ 


ratio 

% 

10 ft. 

15 ft. 

20 ft. 

30 ft. 

50 ft. 

^nean. value 

84*4 

0*870 

0*863 

0*865 

0-848 

0*831 

0*855 

62 

0*700 

0*692 

0*698 

0-677 

0*636 

0*681 

25 

0*465 

0*479 

0*478 

0-476 

0*424 

0*465 

5*4 

0*380 

0*399 

0*400 

0-396 

0*351 

0*385 


The velocity and rate of decay of the blast wave. Comparisons have been 
made (1) of the observed velocity of a blast wave with that calculated from 
the observed values of maximum pressure, and (2) of the observed rate of 
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Figure 17. Positive impulses from oased 60/40 R.D.X./T.N.T. 
charges of various charge/weight ratios. 


FRACTION OF BARE CHARGE IMPULSE 



Figure 18. Positive impulses from cased charges of various charge/weight 
ratios as fractions of the bare charge impulse. 
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decay of a blast wave with that calculated from the observed pressure-time 
curves. The results used were those obtained in the tests with T J8T.T./C.E. 
charges described in a previous section. 

The mean velocities of the blast wave over certain intervals can be ob¬ 
tained from the records by measuring the time interval between the arrival 
of the shock wave at the different gauges. The mean velocities may also be 
calculated, since there is a definite relationship, expressed by the Rankine- 
Hugoniot formula, between the velocity of a shock wave advancing into 
still air and the pressure immediately behind the shock surface. This 
formula has been expressed by Professor G; I. Taylor (see ref. (3)) in the form 

p—Po _ b 2 — a 2 2y 
Po ~ « 2 7+ 1 * 

where p — maximum pressure in the blast wave, 

p 0 = atmospheric pressure, 

6 = velocity of the shock wave, 
a — velocity of sound in undisturbed air, 
y = the ratio of the specific heats. 

Over the range 0<p<5 atmospheres y may be taken (see ref. (4)) as 
1-406, and the expression becomes 

P-Po = 1 b 2 -a 2 

p 0 0-866 a z 

Thus when the maximum pressure at a point is known, the velocity of 
the shock wave can be calculated. In figure 19 the variation of blast velocity 
with distance from the oharge has been calculated for the'T.N.T./C.E. 
charges, using the mean curve of maximum excess pressure (figure 12). 
Por comparison with the observed mean velocities the mean velocity over 



FiGtrKE 19. Velooity of shook wave from cylindrical T.N.T./C.E. charges 
calculated from pressures observed at various distemces. 
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the same intervals must be obtained from the calculated velocities at 
various distances. If r is the time taken by the shock wave to travel from 

r a to r, then t = J y , and the mean velocity b m = (r—r 0 )/r. This may be 

evaluated graphically. 

Table 3 gives a comparison between the calculated and observed values 
of the mean velocity for the T.N.T./C.E, charges. The agreement between 
the two sets of values is good. 


Table 3. Comparison op observed and calculated values 

FOR VELOCITY OP BLAST PROM T.N.T./C.E. CHARGES 



distance 

mean velocity (ft./sec.) 

charge 

from charge 
ft. 

observed 

calculated 
from pressure 

2f lb. (4 in.) 

' 5- 10 4 

2140 

2170 

10- 15* 

1930 

1830 


20- 30 

1200 

1250 

15 lb. (7 in.) 

15- 20 

1830 

1770 

30- 50 

1270 

1270 


50- 70 

1210 

1210 

32 lb. (9 in.) 

25- 40 

1440 

1430 

40- 60 

1260 

1270 


60-100 

1220 

1200 

44 lb. (10 in.) 

41- 50 

1290 

1300 


50- 70 

1220 

1270 


70-100 

1160 

1200 


41-100 

1200 

1260 

76 lb. (12 in.) 

25- 40 

1630 

1610 


40- 50 

1430 

1390 


50- 70 

1310 

1310 


70-100 

1150 

1220 


40-100 

1260 

1280 


When the velocity of the shock wave at any distance from the charge is 
known a calculation of the rate of increase of duration of the positive part 
of the blast wave with distance from the charge can be made, since the 
point behind the wave-front at which the excess pressure is zero travels 
with very approximately the velocity, a, of sound. Consequently, if the 
duration at any distance r 0 is known, the duration at any other distance r 
can be determined. 

If t 0 is the duration at a distance r 0 , the duration t b at a distance r is given by 
*> - 

To make the calculation applicable to all sizes of charge, tlie duration is 
expressed in seconds/charge diameter, and the distances in units of charge 
diameter. 
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The curve in figure 14 which is quite a good representation of the experi¬ 
mental observations was calculated in this way, the value of t b jd being taken 
as 7*2 x 10“ s at a distance of 30 charge diameters. 

Calculations of the rate of decay of blast waves have been made by Taylor 
(see ref. (5)) and by Penney (see ref. (6)). In the Ministry of Home Security 
Note No. R.C. 39 on the Propagation and Decay of Blast Waves, Professor 
G. I. Taylor has shown that when the maximum pressure is not very high 
[(p—Po)/Po> 0-4] and if the decrease in pressure behind the shock wave 
is approximatelylinear the rate of decay of maxi m um pressure in a spherical 
shock wave can be expressed approximately by the equation 

* + ! + 3£i£_ o i) 

dr r 4y L 

where z = -—^2 

Po 

r = distance from charge, 

L — length of the positive phase of the blast wave. 


The formula applies to all sizes of charge if r. and L are measured in units 
of charge diameter. If L can be regarded as constant, equation (1) can be 
integrated giving 

z 


z n r, 


o'o 


i + Z±i5£. log l' 

4y L °r 0 


where z 0 is the value of z at r = r 0 . 
Taking y = 1-405, this can be written 


* - ^ (l + 0-984?g- 0 log 10 ^J" 1 . (2) 

L is not, in fact, constant but increases with distance from the explosion. 
Formula (2), however, can be used oyer any distance which is small enough 
for L not to increase appreciably over that distance. Therefore, if values of 
Z 0 and £ at a distance r 0 are assumed, the value of z at a distance r can be 
calculated from equation (2), if r-r 0 is small. The value of L at r can then 
be found by rising the Rankine-Hugoniot formula to calculate the mean 
velocity b m of the shock wave between r 0 and r, and deducing the increase 
in L while the shock wave is travelling from r 0 to r from the formula 

£-£ 0 =(r-r 0 )( l-~). (8) 

Using these values of r, z and L, equation (2) can then be employed again 
to calculate the value of z at another distance and so on. 

The calculation has been carried out taking 55 charge diameters, where 
the maximum pressure is 5-9 lb./sq.in., as the starting point. The results 
are given in table 4. The calculated values are in fairly good agreement with 
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those derived from the mean curve of figure 12, but decrease rather less 
rapidly ■with distance than do the observed pressures. 

Table 4. Comparison oe calculated and observed 
MAXIMUM PRESSURES EROM T.N.T./C.E. CHARGES 


distance 

maximum pressure (lb./sq.in, 

from charge in 

^ 

- s 

charge diameters 

calculated 

observed 

55 

' 5*9 

5*9 

60 

5*1 

4*9 

65 

4-5 

4*3 

70 

4*0 

3*8 

75 

3*6 

3*4 

80 

3*3 

3*0 

90 

2*8 

2*5 

100 

2*4 

2*1 

120 

1*9 

1*6 

140 

1-6 

1*3 

160 

1*4 

’1*0 


The paper has been prepared by permission of the Department of Scientific 
and Industrial Research and the other Departments interested in the work. 
It was written following a suggestion by the Civil Defence Research Com¬ 
mittee of the Ministry of Home Security that a paper giving a description 
of the apparatus used in work for them and some results of the work should 
be prepared. The subject-matter includes data obtained in the oourse of 
investigations made for the Ministry of Supply and Ministry of Home 
Security.as well as for the Department of Scientific and Industrial Research 
itself. The authors wish to record their indebtedness to the Assistant 
Director, Road Research Laboratory (Dr A. H. Davis) under whose im¬ 
mediate supervision the work was conducted, and to Mr W. L. Cowley, who 
supervised the work in its early stages,* 
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Elastic constants of diamond 
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Employing the wedge method which has been developed by the authors, the elastic constants 
of diamond have been determined. The individual values are c n = 9*5, c 12 = 3*9, c 44 = 4*3 x 
,10 xa dynes/cm. 2 . Force constants derived from the observed spectroscopic data in respect of 
diamond account very satisfactorily for the results. 


' 1. Intbodttction 

A detailed study of the elastic behaviour of crystals is of great value for under¬ 
standing the nature of the solid state. Although diamond is of special interest from 
this point of view, its individual elastic constants have so far not been determined 
presumably because of the experimental difficulties in such determinations. Adams 
( 1931 ) and Williamson ( 1922 ) obtained the bulk modulus for diamond by piezometric 
methods. Pisharoty ( 1940 ) measured the Young’s modulus for an octahedral plate 
of diamond by the usual bending methods. 

In this paper the individual elastio constants of diamond, which are determined 
with the help of a new method, are given. The method has been developed by us 
and depends on the measurement of ultrasonic velocities in crystal plates of known 
orientation.* 


2. The wedge method 

Associated with a given direction of propagation in a crystal plate there are three 
acoustic waves, one of which may be called the quasi-longitudinal and the other two 
quasi'torsional. The velocities of these waves depend upon the elastic constants of 
the crystal. If a crystal plate of thickness d and infinite lateral dimensions is taken 
and a sound wave of frequency / is started at one surface, on reaching the second 
surface, it is partly reflected and partly transmitted. The reflected Wave in con¬ 
junction with the incident wave forms a standing wave if v = 2df, where v is the 
velocity of propagation of sound. Under such ciroumstances the plate can be said 
to resonate to the frequency/. Prom what has been said above it is clear that a 
crystal plate generally resonates to three frequencies, f v / 2 and/ s . The plate can then- 
be regarded as performing thickness-longitudinal or thiokness-transverse vibrations 
according as the frequency to which it resonates is essentially a longitudinal or a 

'* For details of the .method and its application to other substances, reference may be made 
to Proc. Indian Acad, Sci . 20, 298 (1944). A preliminary report of some results* regarding 
diamond was published in Nature, 154, 546 (1944). * 
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transverse one. Alternatively, the plate may be regarded as a medium capable 
of transmitting sound waves possessing those frequencies with the highest 
efficiency. 

A determination of such frequencies permits us to evaluate the characteristic 
values of v for the thickness direction. These values enable us to calculate the 
corresponding elastic constants, a number of such determinations with plates of 
different orientations being usually sufficient for evaluating all the independent 
elastic constants in any particular crystal. For plates of finite size edge effects set 
in, but it may be stated here that such effects have been found to be well within 
the experimental limits of error in our present investigations. 

For determining the transmission frequencies characteristic of a given plate, a 
suitably cut and silvered quartz or tourmaline wedge is used. The wedge in a high- 
frequency circuit generates continuously varying ultrasonic frequencies, and one 
of these wedges is laid on a crystal plate whose orientation is known and the fre¬ 
quency of the electrical circuit is varied till, at a certain value, the sound wave is 
transmitted to a maximum extent. This particular frequency is located by allowing 
the sound waves transmitted through the plate to pass into a liquid and observing 
positions of maximum intensity in respect of the usual Debye-Sears diffraction 
pattern. In practice, it has been found that the setting for maximum transmission 
is quite sharp and capable of being reset to within 1 or 2 %. The transmission fre¬ 
quency is then measured with an accurate wave meter. 

The transmission maxima thus recorded have to be sorted out and assigned to 
their appropriate modes. In an ideal case one would not expeot transverse modes 
to be communicated to a liquid medium so as to cause Debye-Sears patterns, but 
work in this laboratory (Bhagavantam & Suryanarayana 1945 ; Bhagavantam & 
Bhimasenachar 1945 ) had shown that such modes can be excited both in piezo¬ 
electric and non-piezoelectric crystal plates and communicated -to liquids in the 
form of consequential longitudinal strains produced by coupling due to edge effects 
or other inherent causes. Accordingly, thickness-longitudinal modes generally show 
intense Debye-Sears patterns, while the thickness-transverse modes show relatively 
weaker ones. Such a distinction furnishes a useful criterion by which the transmission 
maxima can be sorted out and associated with their corresponding modes. 


3. Elastic constants op diamond 

In these investigations one (112) plate and three (111) plates whose orientations 
were checked by X-ray methods have been used. The measurements are given in 
table b- c' of the last two columns stands for the effective elastic constant and is 
equal in each case to 4d*f 2 p. 

From the average values of c' 

i( c u + c i 2 + % c u) — 11*0, i( c n + 2 c 12 4- 4c 44 ) = 11-5, J( c ii — c ia + c 44 ) = 3*3, 
giving c n = 9*5, c 12 = 3-9, c 44 = 4-3 x 10 12 dynes/cm. 2 . 



i-l <N CO CO ^ ^ ^ 
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Table 1. Elastic vibration frequencies oe diamond elates 


plate 

number 


trans¬ 
thickness mission c' 

orienta- (mm.) density maximum . ,—- 


tion 

d 

P 

f (Mcyc.) 

intensity 

mode 

value 

, expression 

(112) 

0*83 

3-52 

10*66 

strong 

longitudinal 

11*03 

i(c u +c 12 + 2c 44 ) 

(111) 

1*42 

3-52 

6*35 

strong 

longitudinal 

11*45 

J(c n -h2c 12 4-4o 44 ) 

(HI) 

0-79 

3-50 

11*48 

strong 

longitudinal 

11*52 

i( c ii ■+■ ^ c i2+^ 44 ) 

(111) 

0-79 

3-50 

6*13 

very faint 

transverse 

3*28 

i( c ll““ c 12+ c 44) 

(111) 

0*87 

3*51 

10*42 

strong 

longitudinal 

11*53 

i( c n+^ c i2+4 c 44 ) 

.(HI) 

0*87 

3*51 

5*55 

faint 

transverse 

— 

— 

(111) 

0-87 

3*51 

11*14 

very faint 

transverse 

3*29 

J(c xl —c^+c^) 


overtone 


(Units of o' are 10 12 dynes/cm. 2 .) 


4. Lattice theory of elastic constants 

The earliest attempt in the direction of giving a theory of-elasticity from the 
atomic standpoint was that of Cauchy ( 1828 ). In reoent years Born ( 1914 ) developed 
the theory in some detail and showed that the elastic constants of a crystal can in 
general be calculated if the force fields are known. Further attention was paid to 
the particular case of diamond in the work of Nath ( 1935 ) and of Narasimharao 
( 1943 ). With a little effort, the following expressions can be obtained for the elastic 
constants in the case of diamond:* 

c lx = i[jr 1+ ;2X 8 +i2jr 8 ], 


C 12 

C 44 


3 d 


[K t -QK a + 6K 3 ], 


I 


d is the side of the unit cube. K x and K s are the force constants referring to any pair 
of atoms which constitute the nearest neighbours and next nearest neighbours 
respectively. K a is the force constant referring to a variation in the angle between 
any two valence bonds which meet at an atom. A satisfactory evaluation of these 
force constants could be effected only recently after a thorough investigation was 
made of the vibration speotrum (Nayar 194 a; Anna Mani 1944 ) and the normal 
oscillations (Bhagavantam 1943 ) of this crystal. If the diamond structure is regarded 
as built up of units with sixteen atoms per cell, it may be expected to exhibit eight 
normal modes of oscillation. Identifying (Dayal 1944 ) the observed values of Nayar 
and Anna Mani with the theoretically possible normal modes, we get the following 
force constants: 


K x = 3-14, K a = 0-197, Jl 3 = 0-39 x 10 5 dynes/cm. 


* Details of evaluation are of a routine nature and are not given here, as they may be 
obtained from the work of Bom, Nath and others quoted above. 
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X-ray determinations give us 3-56 A for d. Using these values in the formulae given 
above, calculate the elastic constants and thus 

c n = 9’5, c 12 = 4-0, c 44 = 4-4 x 10 12 dynes/cm. 2 . 

These compare very well with the values 

c u = 9-5, c 12 - 3-9, c 44 = 4-3 x 10 12 dynes/cm. 2 , 

which are the experimentally determined ones. 

5. Discussion of results 

The bulk modulus K = §(c n + 2c ia ) comes out as 5-8 x 10 12 dynes/cm. 2 if the values 
of c u and c ia obtained in this investigation are used. This result oompares favourably 
with Williamson’s value of 5-6 x 10 12 . Adams reported 6-3 x 10 12 for the bulk 
modulus, and this is rather high. Pisharoty obtained a value of 6-5 x 10 12 for the 
Young’s modulus with a (111) plate. This is very low compared with 9-3 x 10 12 , a 
value which should be expected for such a plate on the basis of our determinations. 

In conclusion the authors desire to acknowledge their indebtedness to Sir 0. V. 
Raman, Kt., F.R.S., for the readiness with which he lent the diamonds for these 
investigations from his collection. One of us (J. B.) would like to express his thanks 
to the authorities of the Andhra University for the grant of the Raman Fellowship 
which enabled him to work on the problem. 
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Algebra related to elementary particles of spin § 
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The algebra generated by the four matrices jS^ occurring in the relativistic wave equation of 
a particle of maximum spin n on the basis of the commutation rules for these matrices 
obtained previously by one of the authors has been investigated. Auxiliary quantities 
satisfying the equations (5) are introduced. These are given as polynomials in With 
the help of these, further auxiliary quantities are defined. It is shown that for 

half odd integral spin, the g’s and rj'a form two mutually commuting sets of symbols of 
which the 77 ’s satisfy the same commutation rules as the Dirac matrices. This proves that 
the algebra in the case of half odd integral spin is the direct product of the Dirac algebra 
and an associated g-algebra. For the special case of maximum spin f the ^-algebra has been 
studied in detail, and it is shown that this algebra has just three representations of orders 
1, 4, 5 such that l a *f 4 2 + 5 2 = 42 = rank of the algebra. Explicit representations are,given 
in the non-trivial cases of orders 4 and 5. The 4-row representation of the g’s gives a repre¬ 
sentation of the /S' s of order 16 which is likely to be of importance in connexion with Bhabha’s 
new theory of the proton. 

1 . Introduction 

One of ns (B. S.M.) has considered ( 1942 a, referred to here as I) the question of 
deriving commutation rules for the matrices /S^ appearing in the relativistic wave 
equation of elementary particles of arbitrary spin in the formj 

+;# = 0 , ( 1 ) 
and shown that this problem can be solved in the general case by postulating that 
the spin operator t p — is p satisfies the equation (I (9a)) 

( 2 ) 

The general commutation rules, valid for all spins, can then be written, (I ( 11 a)) as 

(/V < K/>) = (ftp (ftv> ftp)) = SpvPp ~ tippfip- (3) 

The special cases of spins f and 2 were considered in I and the restricted forms of 
(3), on the further assumption that the eigen-values of s^ for a particle of spin n are 
n,n— 1, to — 2, — M. + 1', —n, were also given there for these cases (I (26) and (34)). 

The imposition of condition ( 2 ), while it solves the problem of deriving commuta¬ 
tion rules, has also very far-reaohing consequenoes in that it makes the wave 
equation ( 1 ) itself of fundamental importance in obtaining properties of elementary 
particles. Equations of the form ( 1 ) for which condition ( 2 ) is satisfied can be con¬ 
sidered as natural generalizations, to general spin values, of the corresponding 
equations for the well-known cases of the electron and the meson. Bhabha ha® 
recently considered § ( 19450 , 6 , 0 )' the implications of the assumption ( 2 ), and set 

f The notation'adopted in this paper is the same as that of Kemmer ( 1939 ) with % denotirig 
the rest mass instead of his k. 

§ We wish to thank Professor Bhabha for allowing us to see a manuscript of his paper 
(1945 6 ) before publication. 
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up a general theory of relativistic wave equations of the type ( 1 ) wherein he has 
shown that the problem of finding all irreducible equations of the form ( 1 ) can be 
connected with that of finding all irreducible representations of the Lorentz group 
in five dimensions. He has further shown that on this theory, a particle of spin n 
must appear with n different values of the rest massf if n is an integer, and n + ($) 
values if n is half an odd integer, the higher values being simple rational multiples 
of the lowest value. 

On the basis of his theory Bhabha has considered ( 1945 ^, p. 261) in particular, 
the two possible equations of the form ( 1 ) for a particle of maximum spin §, and 
indicated that the equation given by one of the representations of the Lorentz 
group in five dimensions denoted by B s ( f, \) may possibly desoribe the behaviour 
of the proton. The degree of this representation, viz. 16, and an explicit expression 
for the same have also been derived by him. 

We have independently investigated the algebra generated by the symbols fi^ 
and 1 (unit element) governed by the commutation rules for the fi p and shown that, 
in the case of half odd integral spin, this algebra is the direct product of the Dirac 
algebra, and another associated algebra which we call a ^-algebra. In particular, 
for the case of spin | the corresponding ^-algebra is of rank 42, and the Dirac algebra 
being of rank 16, the original algebra is of rank 16 x 42 = 672. The circumstance of 
this algebra being a direct product simplifies the work to a great extent, and makes 
it unnecessary to enumerate the 672 linearly independent elements generated by 
the ftp and 1 , It is shown that the ^-algebra has three irreducible representations of 
orders 1, 4, 5 respectively, (42 = l 2 + 4 2 + 6 2 ), so that for the original algebra of 
spin | there are also three irreducible representations of orders (4 x 1 ), (4 x 4), (4 x 6 ), 
i.e. 4, 16, 20 . Of these the first refers to the well-known representation of the 
a-matrioes of Dirac. 

The commutation rules for spin f are likely to prove useful in investigations 
relating to the above theory of Bhabha for the proton, and the associated g-algebra 
which is easier to handle than the original ^-algebra might be used in calculations. 
We have obtained representation matrices for the g-algebra both of orders 4 and 5, 
such that the matrices are real and symmetric and thus Hermitian. A table of spurs 
of the elements of the basis of the g-algebra in both the representations is also 
appended. 


2. The auxiliary quantities 9 ^, ^-algebra for half odd 

INTEGRAL SPIN AS A DIRECT PRODUCT 

The commutation rules satisfied by the fi M are given by (3), and the further assump¬ 
tion that the eigen-values of the spin operator for a particle of spin n are ft,»— 1, 
..., -w+ 1 , —M-, or that satisfies the characteristic equation 

(alv-n 2 ) ( s ^- to - 1 2 )... - 0 

t See also Madhavarao ( 19426 , 1945 ). 



Algebra related to elementary particles of spin § 387 

leads, in virtue of ( 2 ), to the result that A also satisfies the same characteristic 

equation _ 

(#-»*)(#-»-1 2 )-.. = 0, (4) 

the last factor being A ° r (A —1/4) according as n is an integer or half an odd integer. 
This is an immediate consequence of the relations 

(A* A) = (A> V) = A; (V- A) = A 

I 

which follow from ( 2 ) and (3) (Bhabha 1945 a; Madhavarao 19426 , 1945 ). 

We now proceed to investigate the algebra generated by the symbols A satisfying 
the commutation rules (3) and (4). We first of all establish the existence of a symbol 
i)p satisfying the relations 

tf- 1 , 

aA+Aa =0 {p* v )> • (5) 

A»A = AA ( no summation),. 

Before proceeding to prove this, we might remark that the introduction of y^ is 
suggested by considering the possibility of passing from the wave equation ( 1 ) to 
the adjoint wave equation 

3> f A -xr = o (i + ) 

with the definition ijA = it/r*y t . This is possible if we assume, as is compatible with 
(3) and (4), that the A are HermitianJ (in analogy with the Dirac matrices), if 
y\ = 1, y t A = A?? 4 > and ifaA+Atf* - 0 (k = 1,2,3) which suggest the relations 
( 5 ). 

•As indicated by (4), the minimal equation for A is a polynomial of degree 2 n+ 1, 
and we take y^ = /(A) as a polynomial of degree 2 n in A> an assumption which is 
compatible with the relations (5). These relations further enable us to determine the 
coefficients of this polynomial. 

Taking A diagonal in an irreducible representation, the commutation rule (3) 
in the form 

(Ap(ApA))«A 

leads to the result that the matrix for A bas all its elements equal to zero except those 
in the diagonals above and below the principal diagonal. With this form for A 
the relation y ll fi y +A A = 0 shows, since the representation is irreducible, that. 

f(n) = -/(»-1) «/(»-2) = —/(» — 3) = .... 

Also 9/^=1 gives, since A is taken diagonal and y^ - /(A)> 

{/(»)} 2 = {/(^-l)} 2 =•••-!• 

J That this is so has been proved by Bhabha on general considerations (1945 c, p. 245). 
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Thus f(n) satisfies the conditions 

f(n)~ —/(«.— 1) =/(m-2) = ... = 1. (or — 1), 
i.e. f(n-r) = (-iy (r = 0,1,2, ...,2m). 

Ik 

Since f(x) is of degree 2n in x, it is uniquely determined by the above condition and 
can be written down at once, by using Lagrange’s interpolation formula, in the form 

{*-») (®-»+l)...(* + »-1) (* + ») 1 , fl v 

= -(5oI-r |(*-»+r)* (6) 

3?or the case of half odd integral spin n — \, this gives 

fM _ 2®(a 2 -l/4) (x 2 — 9/4)... (s*-2m-~l 2 /4) » /2m-1\ 1 , 6< _v 

/( } (2m-1)! AU-W(® 2 -2F3I 2 /4)’ ( } 

while for integral spin n 

fM _ (® 2 -1 2 ) (® 2 —2 2 )... (a 2 -m 2 ) 2a; 2 (a; 2 -l 2 )... (a 2 -m 2 ) " / 2m \ 1 . 

(m!) 2 (2m)! r =i\m— r) (x 2 — r 2 )' 

Equations (6a) and (66) show that rj^ contains only odd powers of ft^ in the half odd 
integral, and only even powers in the integral case. This fact, together with 
V fifty+ ftyVli = o, shows that 

y/iVv+VvVfi = 0 for half odd integral spin, 

y^v-y^ii = 0 for integral spin, 

* ’ 

i.e. rjn and y v commute or anti-commute according as the spin is integral or half odd 
integral. . 

The % introduced here is the same as the metric operator D of Bhabha (x 945 c (14)) 
given by D = e i ” a ' > as the representative in five dimensions of the transformation 
of the Iiorentz group reversing the axes 1,2,3 and interpreted as a rotation in the 04 
plane through the angle n. Here similarly we can interpret as the rotation in the 
po plane through an angle n. 

We next introduce a second auxiliary symbol defined by 

ip. = Vpft/t = ftpVp (no summation). (8) 

’ Using rfy = I, this leads immediately to 

^/iV/i = y f&fi ~ ftfi • (®) 

Finally from yy.ft v +ft v y ? = 0 (fij=v) and (7), we have 

lf.y v -y v ifi — 0 for half odd integral spin, 
ifiVy+Vv^fi — 0 for integral spin, 

i.e. ^ and y v commute or anti-commute according as the spin is half odd integral or 
integral. 
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We tabulate below the several algebraic relations between the dp> and 

vl = i 

V ll fr+fipV /l = 0 
ypd'fi pVp lip 
VpUfl %>pVp dp 

t\=dl 

Vp%+VvVp = o VpVv -y„Vp = o 

Vpi>v £vVp = ® y^>vVp = ® 

for half odd integral spin for integral spin 

The proof that in the case of half odd integral spin the algebra is a direct product 
is now Immediate. Consider any expression which is a product of the powers of the 
several dp- Substituting dp = y u ^p = £pV fl , this expression separates out, in virtue of 

ZpVp = ypip ipy*-y»lp = <>, 

into the product 6 f two parts, one expressed in terms of the £’s alone, and the other 
in terms of the r/’s alone. Further, the same substitution reduces the commutation 
rules (3) and (4) into rules involving the g’s only, the rf s falling out by using the 
relations rfy = 1 and y fl y v +y v yp = 0 . These last relations however show that the 
qfs with their powers and products and the unit element 1 form a sub-algebra 
identical with the Dirac algebra, say D v and another generated by the £’s which 
might be called a g-algebra and denoted by Ag. Thus 

A=D v xA g . (12) 

3 . The £-axgebba eor the case oe spin f 
For the particular case of spin f , the characteristic equation (4) reduces to 

dp~idp+Te = Q= (13) 

and this and (3) constitute the set of commutation rules for the dp- These can be 
written in such a way that they contain terms consisting of products of four d ' s > 
on the one hand, and connect these with terms containing products of two and zero 
d’s on the other. Such types of rules can be derived from (13) by taking Poisson 
brackets with the successively, and using ( 2 ) and (3). There are five such types of 
rules depending on the number of equal and unequal indices appearing in them. 
All the types including (13) can be derived from a general commutation rule: (I (26)) 

2 (dpdjpde+dpdedpdp+dpdpdjp+djpdjp) 

= 3 (dpdr + djp) £pc + 3 idpde + dedp) *„ 

+ (dpde + dedp) u> + (dvdp + dpdp) $pe 
+ {dpde + dedv) &pp + (dpdp + dpdp) $ve 

— i{8pp8pe + $pp$p« + 8pp8fie)- , (1^) 



Vol. 187. A. 


25 



390 B. S. Madliavarao, V. R. Thiruvenkatachar, K. Venkatachaliengar 

The individual types of rules are given in I, but for our present purposes, we write 
only two of them, corresponding to /i+v = P — e> and fi, v, p, e unequal, i.e. 

= ‘ < 15 ) 

and = (I 6 ) 

The commutation rule (15) suggests immediately that the auxiliary symbol tj^ 
can be taken, in virtue of + $, 7 ^ = 0 , as 

V P = const. (4y?3-7^) 

and ify — 1 gives, using (13), this constant equal to ± We therefore take 

^ = i(4(17) 

which is also obtained from (6 a) by putting n = 2 in that equation. 

The auxiliary^ is given by ^ and, using (17) and (13), this gives g^ = 

and, since g? = fi\, we have 

' " • (18) 

which is a very important equation since it materially simplifies the g-algebra. 

We can now derive the commutation rules for the ^ by substituting 
ftp = g^ = ify&p in the commutation rules for the ^ and removing the 1]^ by using 
the relations rfy = I, V/iVp+VvV/i = 0 a nd — 0- This can be done for all 

the types of rules derivable from (14), but it is however remarkable that by using 
(18) and the general rule (3) expressed in terms of the g’s, all these types of com¬ 
mutation rules are identically satisfied with the single exception of (16). The com¬ 
mutation rules for the g^, therefore consist of (18) and ( 3 ) and (16) expressed in terms 
of the g’s. Using the notation (a, b)=ab —ba and [a, b]sab+ba, (3) expressed in the 
g’s gives the two rules 

[£/.>[£/.>£*]] = £„ Ca+v) and (gp, [£,, g,]) = 0 (p,v,p*), .(19a, b) 

and (16) in terms of the g’s becomes 

Z,(.U P Z-U P Zp) - (I v t P i-U P ip)t P (20) 

with p, v, p, e unequal. 

(18), (19) and ( 20 ) constitute the commutation rules for the g’s. We can write them 
in further abbreviated form by writing 

jp/a> P £ftipvip p and (Ijppp) = (^>pvp is P irjt)i 

and using a similar notation for products containing two or four terms. The rules 
then become ■ 

&jiv {ft 4 s V)> 

{£pvp) ~ = (£ppv) 

£p{£vpe) “ {.^vpe) £p {ft 4 s ^ 4=p 4* S) • . 


(21 Or-d) 
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It is now easy to enumerate the number of independent elements of the algebra 
Ag. In virtue of (21 aj there are only twelve elements of the type From ( 21 c) 
we see that there are eight relations among the twenty-four products g w for which 
and hence there are only sixteen elements of this type. Also the elements 
g w for which two or more indices are equal would be enumerated under g or g^ 
according to (21 a , b). Similar remarks apply to g we when two or more indices are 
equal. We have therefore to enumerate such terms when all the indices are different. 
The number of relations among the twenty-four products g we can be enumerated 
by writing (21 d) using (21 c) in the form 


= My = (gu 


( 22 ) 


with similar relations having g„, g p5 g e in place of the g p , and giving in all four sets of 
five relations of the type ( 22 ). It is, however, easily verified that of these four sets, 
any one can be obtained from the remaining three by mere addition, so that there 
are only fifteen relations among the g pj , pe and hence only nine independent elements 
of that type. 

The complete list of independent elements of Ag in consonance with ( 21 ) is thus 
given by the table: 

element number of type 

i i \ 

ir 

^><ivp 

&p>pe 

total number 


4 

12 

16 

9 

42 


(23) 


Hence it follows from (12) that the number of independent elements of the original 
algebra A is 16 x 42 = 672, the Dirac algebra being of rank 16. 

Let us find the elements of Ag which commute with all the others. We write 




(24; 


= 2if,p»] ; 

the indices being unequal in each of the summations. By successively postulating 
commutability with each of the we find that the following expressions have the 
desired property: . 


/ (the unit element), M = a—ft, N = 2y—S.. (25) 


25-2 
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Any further expressions which might be shown to commute with all the forty-two 
elements can be proved to be linear combinations of 1, M, N, We also note that the 
elements a, /?, y, 8 form a commutative sub-algebra with the following relations: 


a® = a+/3+ 3 
2/32 = 2,3+25+9 
4y 2 = l5a+5,3—4y—45+45 
452 =—20/3+165+45 

from which follow the relations 

if 2 = f - 
MN = - 

#2 = 226.. J 

The primitive idempotent elements of the centre of the ^-algebra e v e 2 , e 3 satisfying 


2 a/? = 2 /?a = 3 a+ 2 y 
4/?y = 4y/3 = 15a+2y 
2 ya = 2ay = 5/?+2y+25 
a5 = 5a = y 
2/?5^= 2 5/3 = 5/3-45 
4y5 = 45y = 15a—4y 


(26) 


■jf-jy. 


( 27 ) 


^1 + ^2+63 — 1, — e 2 e 3 — 

are given by 30c! = 2 N +15, 

48e 2 = QM — 2N +15, • 
— 80e 3 = lOJf+ 2N— 15., 

As the algebra Ag has the unit element 

1 = ei + e 2 +e 3 , 


(28) 


where e t e k = S ik e k (i, h = 1, 2 ,3), 

it follows (see van der Waarden 1931 , II, p. 161, ex. 4) that A { is the direct sum of 
the left ideals Age t , Agt z and Are s , and hence from the principal theorem relating to 
semi-simple rings (ibid. p. 156) we conclude that- Ag is semi-simple. 

Therefore the number of irreducible representations is equal to the rank of the 
centrum which is three in our case. If %, n 2 , n z be the degrees of these representations 
we have 

n\+nl+n\ = 42, (29) 

the algebra Ag being of rank 42. The equation (29) has the unique solution in integers 
given by % = 4, n 2 = 5 , n 3 = 1, and thus the algebra has three and only three 
inequivalent irreducible representations D x , D it D 5 of degrees 1 ,4 and 5 respectively. 

The left ideals Age 1} Age z and Age 3 are of ranks 16, 25 and 1 respectively as could 
be easily verifie Thus the representations of order 1 ,4,5 are generated respectively 
by the idempotent elements e 3 , e v e 2 . 
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4 . Representations, and corresponding spurs 
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We now proceed to give the explicit representations of degrees four and five of 
Ag. The one-dimensional representation in which every £^ is represented by — \ 
leads just to the Dirac matrices for the representation of A , and need not be specially 
considered here. 

Fourth order . The eigen-values of £^ are given by (21 a) as and §, and taking 
£ 4 diagonal, we will show that consistent with the commutation rules ( 21 ) the form 
of £4 is uniquely determined by taking the eigen-value — | repeated thrice and § 
appearing only once. 

Taking £ 4 diagonal, we can write it in the form 


£4 = 



M 

O 

1 EnJ 


where E mm denotes the m x m unit matrix, and m+n == 4. Let 

k- 


m j -®mn\ 

c^TdJ’ 


where denotes a matrix of i rows and j columns. Prom the commutation rule 

(21 ft) or (19a) 

k-&,&,&]] and 


(29 a) 
(296) 
(29c) 


and, using the above matrix forms for and k, we get the conditions 

D__ = 0, 

7171 ? 

^nm = 

in deriving which use has al^o been made of £f = £ 14 - f. 

From (296) we obtain that C nm B mn must be of rank n; hence i.e. in a D 4 , 
— J must appear at least twice as an eigen-value of £ 4 . We prove that it must occur 
thrice, for if it occurs twice, m = n = 2 , and we have from (296) and (29c) 

@nn ~ %-^nn ^D.d A nn — \B nn B nn \F> nn ~ E nn , 


i.e. £ x is of the form 


£1 = 


-®22 ! 

_£\ 

&X- 1 ] 

0/ 


Arguing similarly with £ 2 , £ 3 in place of £ x these would be of the form 

4 = 


/ -®22 

r\ 

.\ ? _ 

/ -®22 

.3 

\fr-i 

> &3 

0 / 

w- 1 

0 1 


Using the commutation rule (21c) or (196), we have (£ 4 , [£ 1? £J) == 0 which gives. 
X+7 = 0. Similarly (£4, [£ 2 , £3]) = 0 and (£ 4 ,[£ 3 >£ a ]) = 0 give T+^ = 0 and 
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Z+X = 0 . Thus X = P = Z = 0 , but this contradicts the fact that the minimal 
equation of ^ is j = 0 . Hence m = n = 2 is not possible and the only possible 

case is m = 3 , n = 1 so that — £ appears thrice and f only once in § 4 . 

We notice that this choice is in consonance with the representation of order 16 
given by Bhabha (1945 c, p. 261) and denoted in the five-dimensional notation as 
B 5 ( f, |). As shown there, the eigen-value of a 0 (corresponding to our /? 4 ) taken in 
the diagonal form as §, — § which occur 2 , 6 , 6 , 2 times respectively. 



3 

0 

\ I/ 


we can now write [h = 1,2,3), using (29), in the form 

r _pM-p?3s i im\ 

k \ ce.PoT 

where = f. As we wish to take a real, symmetric (Hermitian) representation 

we take C ( $ = (the dash denoting the transpose) and obtain 

l2P k F k -\ •; PA 

(30) 

/M 


where P k - is a one-column matrix P k — I q k I, 

\rj 

and Pj,. its transpose, satisfying the relations 

■Pfcffc = §» -^i^k ~ i (i+fe), (i, k = 1,2,3), 

the latter being a consequence of (£ 4 , [g 4 , £*.]) = 0. 

We make a particular choice of the p, q, r, and derive the representation: 


/- 


• 

-\ 

|L 

— £ 

• 

A 

L 


-i 

L 


• 

-i 

• 

* 

i 

• 

c 

c 


/-j 

• 

• 



c 

* 

c 


* 


$ 

\. 

c 

5 

• J 


. tt J5-1 

s — sm— = 2 :-• 

10 4 ’ 



• 

• 


• 

-i 

■ • 

* 

• 

• 

-1 

* 

^ * 

. 

. 

1 


2tt J5+1 

COS— = 2 L_-, 

10 4 


where 









395 


Algebra related to elementary particles of spin § 

In the above representation £ 4 is taken as diagonal. We can also derive a non¬ 
diagonal representation of our £’s by making use of the following considerations. In 
virtue of ( 2 ) the along .with the t p form ten infinitesimal transformations I KL 
(see Bhabha 19456 , §2, and 1945 c, p. 244) of the nucleus of an irreducible repre¬ 
sentation of the Lorentz group in five dimensions with K and L taking values from 
1 to 5 (or in Bhabha’s notation, from 0 to 4). The division of these ten transformations 
into two sets of four and six is achieved by merely writing I * 5 = fi p i.e. denoting the 
set I 15 , 7 25 , 1 35 , 1 46 by fi l9 /? 2 , jS B) /? 4 . A completely equivalent way of the subdivision 
of the I KL would be to take 7 12 , 7 13 , 7 14 , 7 15 in place of the In the notation of 
our ^-algebra, this means that in place of Sv U i 3 , L as fundamental symbols 
generating the algebra, we might take £ la -[£ l5 £ 2 ], - [£ 1? £ 3 ], -[£i,£ 4 ]. We now 
write in the form (30) and make a suitable choice of the p, q, r appearing therein, 
and thus obtain the matrix for For example a particular choice yields 

ij& V5 \ 

2 2 \ 


-1 
i 

~2 

The matrices for £ 2 , g 3 , £ 4 are then obtained so as to be in consonance with the fact 
that the £ 1# - [£ t , £ 2 ], - g 3 ] and - [£ l3 £ 4 ] satisfy the same commutation rules 

as £ 1? § 2 , £ 3 , g 4 . The representation thus obtained is.non-diagonal. 

By taking the direct product with the Dirac matrices rj p we can obtain from (33) 
and (33') two equivalent types of representation matrices of order 16 for the in 
one of which /? 4 is diagonal and not so in the other. By a permutation of rows and 
columns, we have been able to show that the matrices of the former type for can 
be brought to the form given by Bhabha (1945 c, p. 251, (35)) in the case of general 
spin (with a° diagonal). For the case of spin § in particular, BhabKa has further 
given (1945 c, p. 261, ( 75 ), (76)) representation matrices for the fi k expressed in terms 
of the u and v matrices introduced by Dirac ( 1936 ) and Fierz ( 1939 ). Writing these 
matrices in numerical form using the expressions given by Fierz (ibid. Appendix) 
we can derive the corresponding 16 x 16 matrices of the representation in which y ? 4 
is not diagonal. It is also possible to show that the second type of matrices which we 
obtain from ( 33 ') would be equivalent, but for permutation of rows and columns, 
to the above matrices derived from those given by Bhabha. 

Fifth order . Procee ding as in the case of the fourth order representation, and t aking 
diagonal, we deduce that, consistent with the commutation rules, the form of £ 4 
is uniquely determined by. taking the eigen-value — f as appearing thnce and § 
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twice. This is also in consonance with Bhabha’s result (1945 c > P- 259) that the eigen¬ 
values of jff 4 in the diagonal form are f, £, -f appearing 4, 6, 6, 4 times respec¬ 
tively. Thus we write 

2£ 4 = diag (— l 3 , 3 2 ), 


and find that the (Jc = 1,2,3) are given by the same expressions as (30) where 



-p —a 

-£l -s F.-& 

) — q a—b) 


with a, b, p> q, subject only to the conditions 

a 2 +6 2 — ab = p^+q^—pq = J,"] 
2 (ap + bq) = aq+bp. J 

We make the particular choice 

p-v-jv 



(35) 


so as to obtain the matrices Hermitian (in fact real and symmetric). This gives 



(36) 


Similar remarks apply here, as regards non-diagonal representations, as for the 
fourth order. 

We next consider the spurs of the independent elements of the basis of the algebra 
A. Since the spurs of all the basis elements of the Dirac algebra D v except I are zero, 
it follows from (12) that the only elements of the basis of A which have non-vanishing 
spurn are those which have non-vanishing spurs among the g’s. We therefore list 
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below the spurs of the elements of the basis of the ^-algebra in the three irreducible 
representations: 


representation 

1 -row 

4-row 

5-row 

spur I 

1 

4 

5 

spur ^ 

-1 

0 

l 

spur 

i 

0 

-!■ 

spur 


i 

-1 

spur 

T t 

-i 

TS 


By means of these, we can write down immediately the spurs of all combinations 
of the ft’s by using the algebraic relations ( 11 ) and the fact that all elements of D v 
except I have zero spur. Thus for example, the spur calculations relating to products 
of powers of the several fi given by Booth & Wilson ( 1940 , pp. 498-9) can be carried 
out with less labour in our case with the aid of the £’s than in the case of the 10 -row 
representation of the meson algebra. Similarly for spur calculations relating to 
Bhabha’s new theory of the proton, it would not be necessary to use the 16 x 16 
^-matrices, but only the 4x4 ^-matrices. 

m 

We wish to thank Professor Bhabha for helpful discussions. 
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Some thermodynamical properties of gaseous 
sulphur dichloride 

By C. A. McDowell astd E. A. Moelwyn-Htjghes 


(<Communicated by Professor A. B. Todd, F.B.S.—Received 29 October 1945) 


The fundamental vibration frequencies of sulphur dichloride have been estimated from 
the geometry and dimensions of the molecule. These vibration frequencies and the known 
molecular data have been used to calculate statistically the various thermodynamic pro¬ 
perties of gaseous sulphur dichloride. 


On account of its inherent instability, sulphur dichloride, S.C1 2 , has proved to be a 
difficult compound to investigate. Scepticism has, in fact, prevailed concerning its 
existence, which has not long been firmly established (Lowry, McHatton & Jones 
1927 ; Lowry & Jessop 1929 ; Naik & Jadhov 1926 ). Calorimetric data are still 
largely lacking, but recent electron-diffraction investigations (Palmer 1938 ) make 
it possible to estimate theoretically the magnitude of. some of its thermodynamic 
properties. The results of such estimates are given in this paper. They are intended 
as provisional values, which serve to fill a gap in the literature until they can be 
superseded by direct calorimetric measurements, or by calculations based on more 
extensive spectroscopic data. 

We are primarily interested in the Helmholtz free energy, the Gibbs function 
and the entropy, which are derivable for an ideal gaseous system of A molecules in 
terms of the effective partition function,/: 

Helmholtz free energy: (A°-E g) = -NkTkaf; ( 1 ) 

Gibbs function: (G°-E° 0 ) = - Ayfc?Jln/- j j; ( 2 ) 


EntrQ py ; s ° ==Nk { ]nf+T ^ : w) r }- (3) 

The effective partition function, /, is related to the absolute partition function by 

means of the degeneracy, g 0 , and the residual energy, e 0 , which characterize the 
molecule in its ground state: 

/absolute ~ ’ ^ 4 ) 

Translational motion. The molecular partition functipn for the translational 
motion of a molecule in the standard ideal gas state is given by the equation 

so _ g(2nmkT)ikTe 

/trans. h z P° 9 (5) 


where Boltzmann’s constant, k = 1-372 x 10 -16 erg/degree;, Planck’s constant, 

h = 6-552 x 10 -27 erg-sec; = 1-014 x 10« dynes/cm.*; and m, the mass of SCL 

2 


[ 398 ] 
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molecule, is 16-982 x 10~ 23 g. By analogy with OCl 2 (Mulliken 1935 ) the quantum 
degeneracy, g, is assumed to be unity for SC1 2 . 

Rotational motion. The partition function for the rotational motion of a triatomic 
angular molecule such as SC 1 2 is given by the equation 

_ nHWkT)m A I B I c f 

/rot. _j ,3 > \y) 


where I A , I B and I c are the moments of inertia of the molecule, and cr, the symmetry 
factor, is 2 for SC1 2 . Electron diffraction data give the S-Cl distance in both SC1 2 
and S 2 C1 4 as 1-99 ± 0-03 A (Palmer 1938 ). The covalent radius of the sulphur atom is 
1-04A (Moelwyn-Hughes 1940 ), and for the chlorine atom the covalent radius is 
0-98 A (Pauling 1942 ); hence the S-Cl distance is 2-02 ± 0-01 A. Taking the S-Cl 
distance as 2-02A and the valency angle as 101 ° (Palmer 1938 ), then the three 
moments of inertia, I A , I B , I c , will be (60-11, 284-2 and 344-3) x 10 _ 4 °g.-cm . 2 respec¬ 
tively. 

Vibrational motion. The vibrational partition function for a non-linear triatomic 
molecule is {=3 , 

Aib.= n(l-e-W)- 1 . (7) 

1=1 


There are, unfortunately, neither infra-red nor Raman data known for SC1 2> but as 
this is an angular symmetrical triatomic molecule its fundamental vibrational 
frequencies could be calculated provided one had some knowledge of the force 
constants for the three fundamental types of internal motion. The force constant 
for the S-Cl link may be calculated from the empirical relation (Badger 1934 ) 

On 


b = 


( r e~ 


( 8 ) 


b = force constant, r e = interatomic distance, and C if and d i} are constants which 
depend on the position of the constituent atoms in the periodic table. 

For sulphur dichloride then 

b = (2-02-MS) 3 = 3-14 x 10 s dynes/cm. 

As a check on this value the following independent method of calculating the 
force constant can be used. Assume the potential energy <fi of the two atoms to be 
represented by the equation ^ = Ar- n -Br~ m , ( 9 ) 

then it can be shown (Sutherland 1938 ) that the force constant, b, is given by.the 

mnD. 


relation 


b = 


( 10 ) 


where D e — —<j> e , the minimum value of <j>, and r e is the corresponding value of r, 
the interatomic distance. From certain unpublished experiments it has been 
estimated that the energy of fission of the S-Cl link is 71 kcal./g.mol.; hence taking 
r e as 2-02 x 10 -8 cm. then b = mnx 1-20 x IQ 4 dynes/cm. Now it can be demon- 
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strated from experimental information on diatomic molecules that, mn for S-S is 
23-7, and for Cl-Cl is 29-3. Taking mn for S-Cl as 26 then b = 3-12 x 10 5 dynes/cm., 
which is in good agreement with the value obtained from Badger’s relation. Therefore 
b = 3-13 x 10 ® dynes/cm. may be accepted as a probable value for the force constant 
of the S-Cl link. 

To dete rmin e the fundamental vibrational frequencies it is necessary to know 
the potential energy of the molecule as a function of the interatomic distances of 
the constituent atoms. In general, this function is not known, but by analogy with 
diatomic molecules, it may be assumed that the increase, AV, in the potential energy, 
relative to a zero value in the equilibrium state, can be written as the sum of three 

quadratic terms: dF = i{ 6 1 (^ o6 ) 2 + 6 2 ( ( Jr 6 c ) 2 + 6 a (to) 2 }. ( 11 ) 

Sr and 8 a denote the small differences produced in the interatomic separations 
(r^ and r bc ) and in the valency angle (a), for the system displaced very slightly from 
the equilibrium state; and b l9 b 2 and b a are the corresponding force constants (Cross 
& Van Vleck 1933 ; Penney & Sutherland 1936 ). For a symmetrical triatomic molecule 
like SC1 2 , r ab = r bc = r e and b 1 = b 2 — b; hence equation ( 11 ) becomes 

AV = %{ 2 b( 8 r e )* + b a ( 8 a)*}. ( 12 ) 

With a potential function of this form the fundamental vibrational frequencies 
can be shown to be given by the following equations: 



v v v 2 and v 3 are the fundamental vibrational frequencies; m a is the mass of the 
chlorine atom; m b is the mass of the sulphur atom; a the valency angle of SC1 2 ; b the 
force constant for the S-Cl link = 3*13 x 10 5 dynes/cm.; b a is the force constant for 
the valency vibration. The value of b a for CS 2 is 2*2 x 10” 11 dyne-cm./radian, and 
for ClaO it is 2*4 x 10 ~ n dyne-cm./radian (Cross & Van Vleck 1933 ); hence b a for 
Sd 2 may be taken to be 2*3 x 10” 11 dyne-cm./radian. Substituting the respective 
values for the parameters in the above equations it is estimated that the wave • 
numbers corresponding to the fundamental vibrational frequencies of SC1 2 are 
(o-l = 404 cm."" 1 , o ) 2 = 206 cm ."" 1 and = 461 cm.” 1 . As stated above, experimental 
confirmation of these frequencies is lacking, but they may be compared with those 
observed for sulphur monochloride, S 2 C1 2 , which are: 110 cm .” 1 (strong); 200 cm .” 1 
(medium); 247 cm .” 1 (weak); 451 cm .” 1 (very strong) (Kohlrauseh 1937 ). 

Employing the forms of the partition functions and the data given above we have , 
calculated from equations ( 1 ),' ( 2 ), (3) and (4) the effective Helmholtz free energy 
(A 0 —.Eg), the Gibbs function (G° — M g) and entropy S° for 1 g.mol. of SC1 2 in the 
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Standard gas state at 1 atm. pressure; these data are recorded in the most generally 
useful form in table 1 . In calculating the vibrational contributions we made use of 
the tables published by Wilson ( 1940 ). 


Table 1. The Helmholtz free energy, Gibbs’s function and entbopy of 

SULPHUR DICHLORIDE IN THE STANDARD GAS STATE AT 1 ATM. PRESSURE 



o° 

1 

o 




1 T ) 

l T ) 

s 0 

T° K 

cal.g.mol. “Meg.” 1 

cal.g.mol. ^deg.” 1 

caLg.moL'^deg. 

291*1 

59*32 

. 57*33 

67-57 

298*1 

59*55 

57*57 

67*87 

400 

62*65 

60*67 

71-62 

500 

65*19 

63*21 

74*67 

600 

67*32 ' 

65*34 

77*11 

700 

69*14 

67*16 

79*18 . 

800 

70*74 

68*76 

80*99 

900 

72*19 

70*21 

82*59 

1000 

73*53 

71*55 

84*07 


Other thermodynamic properties of sulphur dichloride. The internal energy E, the 
heat content H, and the molar heat capacity C° p of SC1 2 in the standard gas state 
have been calculated from the equations given below". The contributions of the 
vibrational motion to these quantities have been evaluated from Wilson’s tables. 
The internal energy is given by the expression 

{ 3 !hv \ fi—hvjJkT \ 

3+ ay irFwej- <»> 

The heat content (H° — E$) = (E°—E%) + BT; hence the molar heat capacity 

( d>H\ 

^ 1 is given by the expression 

” . (10 

Table 2. The internal energy, heat content, and molar heat capacity 

OF SULPHUR DICHLORIDE IN THE STANDARD GAS STATE AT 1 ATM. PRESSURE 


cal.g.mol. -1 deg. -1 



/E — E 0 \ 

1 

ts 

oo 

(H 0 -E°\ 



T° K 

\ T /vib. 

\ T ) total 

\ T /total 

(G a»)vib. 

oi 

291*1 

2*293 

8*254 

10*241 

4-58 

12*53 

298*1 

2*350 

8*311 

10*298 

4*64 

12*58 

400 

3*008 

8*969 

10*956 

5*16 

13*10 

500 

3*509 

9*470 

11*457 

5*43 

13*38 

600 

3*820 

9*781 

11*768 

5-59 

13*53 

700 

4*073 

10*034 

12*021 

5*68 

13*63 

800 

4*282 

10*234 

12*230 

5*74 

13*69 

900 

4*439 

10*400 

12*387 

5*79 

13*74 * 

1000 

4*577 

10*538 

12*525 

5*82 

13*77 
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The mechanism of ionospheric ionization. II 

By R. v. d. R. Woolley 

* 

(Communicated by 8. Chapman , F.R.S.—Received 18 December 1945) 

The available mechanisms for the production of electrons in the three regions of the iono¬ 
sphere, are discussed with special reference to the question whether it is possible to account 
for the observed electron densities without supposing that the sun emits far more energy in the 
remote ultra-violet spectrum than would be emitted by a black body at 6000°. The contribu¬ 
tions to electron densities made by metastable states of atoms and molecules are examined. 

It is concluded that the observed electron densities may be accounted for without requiring 
high solar energy in the ultra-violet if the effective recombination coefficient in the F 2 
region is 10 -11 . The F 2 region is supposed formed by the ionization of atomic oxygen, and the 
E region by the ionization of molecular oxygen. The electrons forming the F 1 region are 
supposed to be provided by metastable N 2 or by NO. 

1 . The electron density in the earth’s atmosphere considered as a function of 
height exhibits several maxima which are observed by the reflexion of radio waves 
sent out from ground-level. Broadly speaking three such maxima are observed; the 
neighbourhood of each maximum is called a region, and the regions are named E, F x 
and in order of ascending height. The E region reflects all waves having frequencies 
less than the critical frequency of the E region. Waves above this frequency and below 
the critical frequency of the F x region are reflected by the F x region, and waves of 
still greater frequency are reflected by the F 2 region. Waves of frequency greater than 
the critical frequency of the ^ region are not reflected at all. Since the critical 
frequency is proportional to the square root of the maximum electron density in 
the layer, the maximum electron densities ascend from E to F 2 . It follows that there 
may well be unobservable maxima in the electron density. t 

The mathematical theory of the formation of a single layer is due-to Chapman 
( 1931 ). Suppose that for a particular absorption spectrum in the atmosphere capable 
of ionizing an atom or molecule the absorption coefficient h(v) is independent of v 
for all frequencies greater than v 0 and is zero for v < v 0 . The number of electrons 
produced per c.c. from n atoms (or molecules) per c.c. is nq, where 

q~[ kS v (hv)- 1 e'- TSecz dv, 

J V 0 

where S v is the intensity of sunlight entering the atmosphere, r is the optical depth in 

4 • qo 

the atmosphere or t= 'Jcndx and z is the sun’s zenith distance: x is the height 
J X 

measured upwards. 

Now suppose that the atoms or molecules are distributed exponentially with 
height according to the law ' n = n 0 e~ x!H , where n 0 and H are constant, then 

r = Hkn 0 e~ xlB , Write f S^hv )- 1 dv = S. Then 
. J n 

nq — Skn 0 e~ xlH exp {— HJcn Q sec z e~ xlH }. 
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Let nq = <2. For a given zenith distance the maximum value of Q is Q m (z) occurring 
at x = xjz), where x m {z) = Hln(Hkn 0 seez), ' (Ml) 

and if N(z) is the value of n where the maximum occurs then 

HkN(z) = cosz. (M 2 ) 

Again Q m (z) = Skn 0 exp { - x m (z)/H -1} = S cos z/(eH). (M3) 

Writing f = (x m (z) — x)/H, then 

Q/Q m (z) = ex p{l + £-e£}. (1-14) 

The quantities concerned may also be referred to Q m (0), the maximum value of Q 
when the sun is in the zenith, or z — 0 . Then 


a; m (0) = H In Hkn 0 , 
HkN 0 = 1, 


( 1 - 21 ) 

( 1 - 22 ) 

.(1-23) 


Q m (0) = SI(eH), (1-23) 

and writing £ = (x m (0)-x)/H, 

QIQm(°) ~ exp{l+£-secze£}. (1-24) 

These expressions are due to Chapman. It may be shown that they are still approxi¬ 
mately true if k(v) varies appreciably with v. For example, if k(v) = 0 for v < v 0 
and k(v) = av~ 3 for v>v 0 , these expressions are still very nearly correct in the 
practical case where $„isa black-body curve for a temperature T' and hv 0 /(BT') > 20. 

2 . The electron density n e can be found from Q if the absorption spectrum is the 
only method whereby electrons are produced and if the recombination coefficient 
a is ■known; for then there are <xn\ recombinations per c.c. per second and 


= Q-ocnl 


Taking an average over 24 hr. it may be supposed that dnjdt is zero, and then 
Q = an*. This expression can be reduced to a special form if the recombination is 
radiative, that is to say, if it is the reverse of the ionization process, for there is then 
a relation between the absorption coefficient k and the recombination coefficient a 
as was shown by Milne. 

In full equilibrium at a temperature T between n e electrons, n atoms and n + ions 
per e.c., then, according to Saha, 


{-^r) T ~ = 2(2nmRT)ih- 3 7uex-p( — IIBT), 

where I is the ionization potential and w is the ratio of the statistical weights of the' 
ion and atom, m is the mass of the electron and B, h Boltzmann’s and Planck’s 
constants respectively. 
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Now in full equilibrium nq T = <x'n e n + (= anf), and in secular equilibrium 
' (dnjdt = 0), nq = a'n e n+. Hence in secular equilibrium 

n„n + 


n 


! It 


The value of qK(T)/q T has been investigated by Woltjer ( 1925 ) in a special case, 
namely, where the radiation intensity is a fraction (less than unity) of fall radiation 
at some temperature T’ while the temperature of the atmosphere (judged by the 
Maxwellian velocity distribution of the molecules) is T. less than T'. Woltjer’s 
equations have been applied to stellar atmospheres by Pannekoek ( 1926 ) and to the 
earth’s atmosphere by Bhar ( 1938 ). The subject is discussed fully by Pannekoek 
in the Handbuch der Astrophysik, 3/1, 288-291. 

o) 8nhv 3 1 


Let the intensity of the radiation be — B(v, T'), where B(v, T') = 

07 T 

is the intensity of full radiation at the temperature T'. Then 


^ = a>K(T, T') = ~K{T) 


I' 


k(v) B{v, T'){hv)~ x dv 


jifc(v) B{v, T) Qiv)~ x dv 


^2 qIivIRT' _][ 


(2-1) 


In particular, if k(v) = 0 for hv < I and k(v):: v~ 2 for hv > I, 

o)K(T, T') = 2{2nmR)iT^T' exp (- IjRT'). 


(2-2) 


If k(v) — 0 for hv<I and is constant for hv > I, the right-hand side of ( 2 - 2 ) must be 
multiplied by + 2 (^)‘j. (2 . 21) 

If there are rT negative ions per c.c. then, in place of ( 2 * 1 ), 


^ = o>K{T, T'), 

Tb 


(2*3) 


with, of course, values of I and m which differ from those in the positive-ion reaction. 
In the case of 0”, w is f and according to Vier & Mayer ( 1944 ) I = 3*07 V. Then with 
T = 6825°, T = 1000° and*> = 5*41 x 10" 6 


^ = 3x 10 12 . 
n 


Thus with n — 3x 10 10 and n e = 10 6 , representing conditions in the F% region, 
ri~ = 10 4 , giving one negative ion to about one hundred electrons. 

3. Before attempting to identify the various layers of the ionosphere with par¬ 
ticular ionization processes, note must be taken of a difficulty which is illustrated 
by the following theorem. Let there be a number of ionization processes and let 

26-2 
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v n be the lowest frequency capable of ionizing the atom or molecule in the %th 
process, numbered downwards in the order in which the maxima occurs in the atmo¬ 
sphere (e.g. ^=1,^ = 2 and E = 3, if these regions arise from the only processes). 
Let S n be the amount of light available for the nth process. Let cc n be the effective 
recombination coefficient in the region where the ionization due to the %th process 
produces a ma ximum electron density. Then in an isothermal atmosphere, if the 
quantities SJoc n form an increasing series, only one layer, the lowest, is observable . , 

This is since oc n (N 2 e ) n = (Q m {z)) n = S n cos zj(eH), 

so that if SJoc n increases with decreasing height, (Nf) n increases with decreasing 
Height and the lowest layer has the largest electron density and reflects all the radio 
waves capable of reflexion by any higher layer. Hence the higher layers cannot be 
observed. 

In the actual atmosphere, the temperature probably increases with height so that 
H is greater for F 2 than for E. On the other hand, a decreases from about 10~ 8 at 
E to about 10~ 10 or 10~ n at F 2 . With the former value (10~ 10 ), dN\ is roughly con¬ 
stant from layer to layer, and the quantities S n must increase with increasing height 
in the series of observed layers. 

If the solar-energy curve is at all like a black-body curve at 0000°, S v decreases 
* very rapidly with increasing v in the far ultra-violet, and a series of absorption head 
frequencies will give a series of values of S n which increase rapidly with decreasing 
v n unless the absorption heads are very close together. If each layer completely cuts 
'off the radiation capable of ionizing the next 

J v n 

C v n+i 

Values of S' n = lO -8 /?- 3 y 2 e-> dv are shown for relevant values of fiv n in table 1. 

J Vfl 

Table 1 . S' n 

fan 24 25 26 27 28 

S' n 142*3 56*7 22*5 8-93 3*53 

Since for T' = 6000° and hv = 13-54 V (the ionization potential of 0), fiv = 26-2, 
successive entries in table 1 correspond to potential differences of about half a volt. 
A series of values of S' n increasing with v n could only be obtained if successive ioniza¬ 
tion potentials closer than a quarter of a volt apart were available. In particular, 
the■ identification of two of the three layers with the reactions 

0 + ^ (>13-5V)->0+ + e, O^+hv (>12*5V)-^0 } + e, 

is not possible if ccN 2 is constant—unless, of course, one abandons the hypothesis 
that 8 (v) does not decrease with increasing v so rapidly as a black body at 6000° 
or so. If, however, a = 10 -11 for the F 2 region, in which case ccN% and, therefore, 
Q, is about ten times larger in both of the lower regions, S' n for the F % region has only 
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one-tenth of the value for a lower region, and from table 1 , fiv = 25 and flv = 27 
give approximately correct values of S' n . 

According to Appleton ( 1937 ) the value of oc for the F 2 region is 10 ~ 10 . This value 
depends upon afternoon minus morning differences in the F 2 critical frequencies 
which are attributed to recombination. According to Martyn ( 1945 ) tidal motion 
of charged particles is a main cause of the asymmetries in the diurnal ionization 
variations of the jj^ region: admitting Martyn’s hypothesis, the value of a cannot 
be determined with any satisfaction from diurnal variations in critical frequency. 

Now if then ^(ln n e ) = — an e . With n e = 10 6 , then — ^ ( 1 nn 6 ) = 10~ 4 

sec. -1 , or (3 hr.) -1 , if oc = 10 ~ 10 , and (28 hr .) -1 with oc = 10 -11 . According to Allen’s 
analysis ( 1946 ) of the correlations between a variety of solar and terrestrial pheno¬ 
mena, the F 2 region exhibits a mean period of recombination of order 1 or 2 days. 
This observation supports a = 10 “ u . The well-known lag (of the order of a day) of 
F 2 critical frequencies behind magnetic storms gives further support to the lower 
value of a. In the remainder of this paper a = 10 -11 will be used for the F 2 region. 

4. In this section the conditions under which two observable regions could be 
formed by the ionization of 0 and of N 2 is examined, waiving the supposition that 
the solar-energy curve is that of a black body if necessary. Suppose that the atmo¬ 
sphere is isothermal and n l9 n 2 are the numbers of oxygen atoms and nitrogen mole¬ 
cules per c.c. Let k x , Jc 2 be the continuous absorption coefficient of atomic oxygen 
and molecular nitrogen. Following Massey & Bates ( 1943 ) take k x to be independent 
of wave-lengths from 912 A downwards: and suppose k 2 to be independent of wave¬ 
lengths from 661A (the beginning of the strong absorption of N 2 ) to shorter wave¬ 
lengths. 

Let S x = [\{hv)~'dv and S 2 = S v {hv)~'dv, 

J V J. J v t 

where cv x ~ x = 912 A and cv 2 -1 = 661 A. 

Lastly,Jet n x = n x e~ x!H i and n 2 = n 2 e~ xlH K 

Then H 2 — j$H x . Now 
Q = ’S x h x n\ e~ xlH i exp {—j r f x k x sec zn\ e~ xlH ^} 

' 4 - S 2 {k x n\e~ xlE *+k 2 nl exp{- H x Jc x sec zn\e~ xlH i — H 2 k 2 n% sec ze~ XIB 2 }. 
Write S 2 /S x = s } k 2 nl/k x n x = ft and H x k x n\secz = A. Let xlH x = £. Then 

Q/(S x k x n 0 x ) = exp { — Ae _s } [1 4 - s(l 4 * exp (—fAyffe~*£)]. (4*1) 

According to ( 4 * 1 ) two maxima of Q can occur. Reckon n x and n 2 at the point where 
one of these maxima occurs: then one maximum is at £ = 0 , giving 

0 = (A — 1) {1 4 - s( 14- yff) 2 exp (— jAfi)} 4- sj3{f5 4-J) exp (—fA^). (4-21) 

Let the other maxim um occur at £ = — h and write Ae h = A', J3e ih = ft'. Then 

Q = (A' — 1) {14- s( 14- /?') 2 exp (— yA'y?')} 4- 4- J) exp (— jA r fi f ). (4-22) 
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The ratio of the two maxima is given by 

QolQ-h = exp{A'-A -h}{ 1 + 5(1 +fi) e~W}{l + s(l (4*23) 

From ( 4 - 21 )/( 4 - 22 ) and (4-23) the location of the two maxima in the atmosphere 
can be computed, and the ratio of their intensities, given the fundamental data A , s 
and J3. Conversely, any two layers can be examined and the values of A, s and /? 
required to account for them. Since nothing is known about s the latter course will 
be pursued. # 

Now from ( 4 * 21 ) and ( 4 - 22 ) both A and A' (which must be positive) are less than 
unity, so that solutions which are well separate (e h appreciably greater than 1 ), 
A must be small. Suppose as a first approximation that A' = 1 . Then A = e~ h and 
( 4 - 21 ), (4-23) give a pair of equations for s and /?. When the solution has been made it 
can be verified from (4-22) that 1 — A' is small. 

First suppose that Q 0 = which may be supposed to correspond to the 

jF 2 and F x regions with a = 10” 11 in the upper region. No solution (with positive 
values) is obtained unless n 

-^exp{A + A-A'}>l, 

w-h 

so that if QolQ- h = 10 “\ h > 3*265. Thus 

for h = 3*401, y? = 258 and 5 = 0*074, 

for h = 3*912, /? = 142 and s = 0-031. 

On« the other hand, suppose that the recombination coefficient is 10~ 10 in the F% 
region so that QJQ- h = 1 , then 

for h = 3, J3 = 36*7 and s = 0*485, „ 

for h = 2*303, y? = 19*0 and 5 = 0*460. 

These figures sho*w that j3 is in all cases so large that unless Jc 2 is very much larger 
than (which is not likely, as the oscillator strength of the O absorption is high) 
the nitrogen absorption contributes mainly to the upper maximum. Bhar ( 1938 ) 
supposes that N 2 forms the lower of the two regions. He is in this way able to evade 
the difficulty described in § 3, although he supposes that the solar energy curve is 
that of a black body:* but his result depends on the assumption that radiation at 
661A is not absorbed by O. 

For a black body at 6000°, s is of order lO- 4 , if the absorption heads are at 912 
and 661 A. 

Of two layer solutions of this type, even admitting the high values of s required, 
it must be remarked that they demand a rather higher ratio of nitrogen to oxygen 
population than seems at all likely. (Parallel calculations assuming the nitrogen to 
be in the atomic rather than the molecular state also give high values of /?.) It may 
also be remarked that the solutions with Q 0 jQ_ h = 10 -1 are open to the objection 
that they require h greater than 3, which corresponds to a separation of about 
150 km. between the layers. Under many circumstances F 2 and F ± cpme much closer 
together than this. 
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5. The lines of Nf are actually observed in aurorae and in the light of the night 
sky, and to account for their excitation Saha ( 1935 ) postulated ‘ with a certain amount 
of hesitation’ that the solar spectrum exhibits the Lyman lines of H and the prin¬ 
cipal lines of He and other elements as intensely bright lines on a much feebler 
continuous background. Later, Saha ( 1937 ) repeated this postulate much more 
emphatically, concluding that solar ultra-violet light of wave-length 660 A is about 
a million times as intense as that given out by a black body at 6500°, and stating 
that it was difficult to see any alternative to the result. 

To obtain three observable layers one must have the spectrum from 661A 
onwards including the He line at 584 A about one-tenth as bright as the spectrum 
from 912 to 661 A, and that spectrum in turn half as bright as the spectrum capable 
of ionizing 0 2 (at 12*5 V). The Lyman a and ft lines will not ionize 0 2 in its ground 
state. 

Very bright lines are impossible if the solar atmosphere is in radiative equilibrium. 
Without going into great detail one can say roughly that if the bright lines are formed 
by the cyclic process described by Rosseland ( 1926 ) n b bright line can emit more 
energy than a black-body spectrum appropriate to the colour ^temperature of the 
star integrated from the frequency of the line to infinity. (Admitting Rosseland’s 
principle, any small volume of the atmosphere can add no more energy to a prin¬ 
cipal line that it absorbs in higher frequencies.) It is certainly not necessary to 
suppose that‘principal lines of a spectrum are bright at all (let alone intensely 
bright) merely because subordinate lines (in eruptions, such as Ha) appear bright. 

On the other hand, the phenomenon of very high excitation in coronal lines has 
not yet been justified on any theory of radiative equilibrium, and in fact Saha 
( 1945 ) has given a theory of the excitation of these lines by nuclear processes*. It 
may therefore be felt that any objection to the postulate of bright lines based on the 
supposition that the solar envelope is in radiative equilibrium is not a fatal objection. 
However, in succeeding sections various mechanisms will be examined which may 
account for the observed ionosphere without invoking this postulate. 

6 . Suppose that the ionization of atomic oxygen in its ground state 

0( 3 P) + Av^0 + + e (6-1) 

forms a simple Chapman layer. Then from ( 1 * 12 ) HJcN(z) = cosz. From Massey & 
Bates ( 1943 ) & = 4*5 x 10 ~ 18 . Suppose that the temperature of the atmosphere is 
1000°, then H = 52-6 km. for oxygen, and taking cosz = \ to represent average 
conditions then for the number of oxygen atoms per c.c. at the height where the 
maximum electron production occurs 

N = 2 x 10 10 , 

which is the same order of magnitude as the number of particles per c.c. in the F 
region as determined by observation (Martyn & Pulley 1936 ). Supposing that the 
reaction, ( 6 * 1 ) actually forms either the F x or the F 2 region, one cannot use the 
Pannekoek dilute equilibrium formula to get the electron density, because the 
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radiative recombination coefficient corresponding to ( 6 - 1 ) is of order 10” 12 (Massey 
& Bates 1943 ), while the observed value of cc is of order 10~ 8 for the F 1 region and 
10” 10 or 10" 11 for the F % region (§ 3 ). Since there are few negative ions per electron 
at such low densities (§ 2 ) then n e = w^andot' = a so far as reactions of type 0 ->0 + e 
are concerned. Massey & Bates ( 1943 ) attribute the observed high recombination 
to the reaction + 0~ O' -f- O'' 


in which a positive ion combines with a negative ion to form two excited oxygen 
atoms. This reaction has so high a probability that it is important despite the com¬ 
paratively low negative-ion population. 

Let the number of transitions occurring per c.c. be defined as follows: 


Then 


o + +cr^o'+0" 

oc"n + n , 

0' + 0"^0 + + CT 

A n'n", 

0 ~+Av-s- O + e 

. n~q„ 

O + e -*-0 ~+ hv 

cTnn e , 

0 fhv -»■ 0 + +e 

nq , 

0 + + e O+hv 

oc'n + n e . 



a nn e — a"n + n — n.q + A n'n", 


dt 


= — a nn e + nq + n q — a'n + n e . 


Adding 


~(n +n e ) = nq + \n'n"— oc'n e n + — a''n+n , 


and in secular equilibrium n +n e is constant, so that 

nq + Xn'n" = n + (<x'n e + af'n~). 


If the atmosphere is electrically neutral, n + = n e + n , and if n e ^>n , then n + = n e 
nearly- Thus M + A »V - «X+«X»'. ( 6 - 2 ) 


In full equilibrium the two processes balance independently, that is, nq~ oc'n* and 
Xn'fi” = a"n e n~. In dilute temperature equilibrium, q will be multiplied by a 
dilution factor ajSw. If both populations of the excited states n' and n" are of order 
o) in comparison with their full equilibrium values, the product n'n" is of order <y 2 , 
and A n'n" can be neglected in comparison with nq, giving 


Q = ocn\, (6-3) 

where a is now the effective recombination coefficient, equal to a'+—a": its value 

. n e 

may be taken to be 10 -11 from observation. 

If, however, one of the excited states is metastable, one population n' or n" is> 
not of order w‘ and the product n'n" is of the same order as q (the first order in <y), 
and since a"n e n~ is much greater than a'n% A n'n" must be correspondingly greater 
than nq. The electron density will then be given by 


A n’n" — an*. 


(6-4) 
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To investigate this point further the populations of metastable states in dilute tem¬ 
perature equilibrium must be examined. 

7. Consider the populations of a number of states of an atom in secular equili¬ 
brium. Let n t be the number of atoms per c.c. in the ith state and let nfA if be the 
number of transitions per c.c. per sec. from state i to state j. In secular equilibrium 
among m states ^ A _ _ . ' 


WJLUV4.JLC. #*</ KJWWVWKJ J _ a 

2 = S n^A#, 

i * j 

both sums being from 1 to m with i = j excluded. Defining A u by 

An + 2 = 0 

3 

with j = i excluded from the sum, equation (7*11) becomes 

m 

'Ln i Ay = 0. 

1=1 


(7-11) 


(7-12) 


Let there be (%) r atoms per c.c. in $tate i in thermodynamical equilibrium 
at some temperature T (for a given number of atoms per c.c. in all states), and let 
n i — ( n i)T x h- Write {n i ) T A ij = (ij). Then n i A ii = t i (ij) and equation (7-12) 
becomes m 

S*<(V)-0. (7-13) 

i-1 

There are m such equations and m — 1 unknowns (the ratios tjt x etc.), so that the 
determinant (1I) (21) (ml) 

(12) (22) (m2) 

(lm) (2m) (mm) 

must vanish and the quantities t l9 t 2 , etc., are proportional to the minors of any row 
in the determinant. 

In thermodynamical equilibrium (ij) = (ji) and = t 2 — ... = t m = 1 . Under 
any other circumstances, if E$ > E i9 (ji) is an atomic constant (for bound states) 
and (ij ) is proportional to the intensity of the radiation promoting the transition. 
In dilute radiation 

(ij) = ^Ui), 

and in a dilute radiation field which is weakened by absorption 

(ij) = 

To investigate the population of a metastable state at least three atomic states 
must be considered: the ground state i = 1 , the metastable state i — 2 and a third 

state * = 3 . Then ^ (1 2). (3 i) + (i2),(32) + (13).(32) 

j. ■ /cvT\ /oi \ . /*>o\ i /on /oo\ v* * 


tj (12). (31)+ (12), (32)+ (13) .(32) 
t x (21). (31) + (21). (32) + (31). (23) 

_ A)V 12 + -Bci/r 13 
~ r A + B(t)'r \ 3 ’ 


(7-21) 
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where w' ~ oy/Sn, A = ( 21 ). (31) + ( 21 ). (32) and B = (31). (32). If the transition ( 21 ) 
is a normal one, tjt x is of order oj\ but if state 2 is metastable and A is small compared 
with Bo)\ 

(7-22) 


h 

h 


'13 


Thus the population of a metastable state is unity, not o', at the top of the atmosphere 
(compared vsith its population at the solar temperature): but the metastable atoms 
are not distributed exponentially with height. That the population of a metastable* 
state is of order unity in dilute equilibrium was first pointed out by Rosseland ( 1926 ). 

8 . Rates & Massey ( 1943 ) list eleven possible pairs of excited states 0' and 0". 
Of these six may show a large coefficient a". They are 

1 S + ^S, 3 P + 5 S°, 3 P + 3 S°; 3 P + 5 P, 3 P + 3 P, l D + 5 S°. 


Of these the last three are ruled out if the value of the detachment potential is 
3*0 V, as given by Vier & Mayer ( 1944 ). The states X S and X D are metastable. It is 
uncertain which pair of states gives the highest value of a" (and A), but since in one 
pair both the states are metastable, the product A n'n" must be greatest for that pair, 

namely> 0 + +0~->0( 1 S) + 0( 1 S). 

Recognizing that more than one pair of excited states is possible one may write ( 6 * 4 ) 


BX; s n r n s = ocn% (8*1) 

For each pair in full equilibrium 

X rs (7l r 7l 8 )/p = 0C rs (7l^)j r, 

and writing X rs (n r n s ) T = y r8 ZX ra (n r n 8 ) T 

(8*1) becomes = ^VrsMs* (8*2) 

The quantities y rs are not, strictly speaking, independent of T, as the cross-sections 
for mutual neutralization of 0 + and 0“ (the quantities a" s ) are not independent of T. 
In writing an equilibrium value of n e one supposes that n is given. 

Despite its approximate character equation ( 8 * 2 ) exhibits the important points 
of the argument. If t r = t s = 1 , and if the r, $ pair exhibits the largest coefficient so 
that y rs is nearly equal to unity, n e will be equal to the number of electrons per c.c. 
in equilibrium with n oxygen atoms per c.c. at the solar temperature without any 
dilution factor. While y rs may have a high value, even approaching unity, it is 
doubtful whether t r and t s attain high values on account of absorption (the term 
r lz in (7*22)) and because in this case (the 1 S state of 0) the condition A Bo) r is not 
satisfied. If t r and t s are very small equation ( 6 * 2 ) reduces to ( 6 * 3 ) rather than ( 6 * 4 ). 
The result may be expressed in terms of the solar temperature required to produce 
the observed electron concentration. Making no allowance for day and night 
averaging, and taking n e = 10 6 and n = 2x 10 10 , then (by day): 

Zyrstys x 10 - 3 4 x 10 - 4 10 - 4 

Solar temperature 5000° * 5500° 6000° 


0 

6500* 
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The entry 6500° for 2y rs t r t s zero assumes a = 10~ n : other entries are unaffected by 
the choice of a. If a = 10" 10 and the metastable states make no appreciable con¬ 
tribution, a temperature of 7100° is required. 

If the solar atmosphere is in radiative equilibrium one would expect a lowering 
of the visible solar curve in the far ultra-violet, especially beyond 912 A, where one 
would expect very strong Lyman absorption. In the visible region radiation is 
received from, depths considerably below, and therefore considerably hotter than, 
the extreme surface, which is at 4830°. An effective temperature in the Lyman 
continuum not much greater than 5000° might be expected. The populations of the 
metastable states of O are supported by radiation on the long-wave side of 912 A, 
so that the process 0( X S) + 0( 1 S) -> 0+ 4- 0~ is favoured relative to 0 +hv-> 0 + + e if 
the solar-energy curve exhibits an absorption continuum at 912 A. 

In any event it appears possible to account for the observed electron density in 
the F 2 region by supposing that the electrons are supplied by the ionization of O 
to 0 + , either directly or by the double process 0( 3 S) + 0( 1 S) ->0 + + O” followed by 
0“-^0-be. With cl = 10 -11 the solar-energy curve required does not exceed the 
observed black-body curve at about 6800° in the visible spectrum, and a solar curve 
weakened below this will produce the observed ionization if the metastable states 
are abundant. 

9. If t remained constant (not necessarily unity) throughout the atmosphere, a 
metastable state would yield a higher value of Q than the ground state of the same 
atom, because 8 is greater for the metastable state. In general the absorption 
coefficient per gram of the atmosphere is much lower for absorption by a metastable 
state than for absorption by the ground state. The layer formed by the metastable 
state would therefore be below the layer formed by the ground state and com¬ 
pletely screen it from observation. With the ground state distributed exponentially 
with height and with t constant, in fact, only one layer would be seen, formed'by that 
metastable state which gave the highest v&lue of 8. This does not, however, occur 
in practice because t is hot constant as it contains the absorption term r 13 . If r 13 is 
sufficiently small, the metastable state will not form an observable layer because the 
population of the metastable state has not reached sufficiently larg$ values to form 
a maximum'electron density above the region where collisions become important. 
Below, say, 100 km. or so, collisions become more important than radiative processes 
in determining the populations of the metastable states. They will therefore be 
appropriate to the temperature of the earth’s atmosphere and will not yield the full 
value of Q given by S/eH. 

The two reactions 

0( 1 D 2 ) + ^(ll-6V)->0 + + e, N( 2 D°) + ^(12ay)~>3ST + +e, 

I 

fall into this class. When the centre of the line l->3is blacked out, r lz is proportional 
to *, so that n 12 is proportional to n\ and still distributed exponentially. But the 
value of n 2 is still too small to produce an observable layer when % = 10 13 , and 
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higher values of % probably do not exist as collisions inhibit the dissociation of 
molecules into atoms. 

Metastable molecular nitrogen offers possibilities. In a homonuclear molecule, 
vibration bands are forbidden by the rule, so that all the vibrational states of 
the lowest electron state x cannot perform a spontaneous transition to the ground 
state x , v" = 0 . For states with v">6 the energy necessary to ionize the molecule 
is less than 13-5 V, so that ionization, can be accomplished by radiation which passes 

the bamer 0( s P)+Av(13-5V)->0 + + e. 


If v"> 16 the energy of the x x E^ state is greater than that of a 1 II U state so that 
v" > 16 is not metastable. An observable layer may be formed by 

l6>v">Q) + hv(< 13*5 V)->N^ + e. (9-1) 

Too little is known about oscillator strengths concerned to subject to a quantitative 
test the hypothesis that (9*1) is responsible for the F x layer. 

According to Mulliken ( 1932 ) molecular nitrogen should exhibit a HI g state, 
which would be metastable if it lay below X JJ U . The x TJ g state has not been observed. 
The strongest unidentified band in the night-sky spectrum occurs at 3556 A. If this 
is the forbidden transition, 1 II g -> 1 E g , the state has an excitation potential of 3*5 V 
and requires 12 V to become ionized. Such a metastable state would be excellently 
placed for forming the F x layer. 

One may at this point discuss briefly another source of the electrons in the F 1 
layer, namely, NO. The first ionization potential is 9*1 V, but the ionization con¬ 
tinuum has not been observed (Price 1943 ). Since, however, examination of the N 2 
absorption spectrum with high dispersion by Worley & Jenkins ( 1938 ) has revealed 
an ionization continuum at the first ionization potential which was at one time 
thought not to exist, or to be very weak (Price & Collins 1935 ) it may be supposed 
that higher dispersion may reveal a continuum for NO. A single band in the spectrum 
of NO + has been observed by Duffieux & Grillet ( 1936 , 1937 ). The band head is at 
5999 A. If this band is a transition to the ground state, the second ionization 
potential of NO is at 11 *2 V. 

Like every other constituent, NO would be distributed exponentially with height 
in an isothermal atmosphere in which there was no change in the intensity of photo- 
dissociating radiation. The population of NO in the actual atmosphere will accord¬ 
ingly be on an exponential curve at great heights at which both 0 2 and N 2 are highly 
dissociated. The population of NO will fall off from this curve at just that point 
where absorption of the radiation which dissociates N 2 begins %o be appreciable. 
This may be expected to occur somewhere near the height of the F x region. 

10 . Suppose that the electrons which form the F 1 region are supplied by absorp¬ 
tion of light with energy below 13*5 V, the absorbing agent not being distributed 
exponentially with height. It is possible that several of the processes mentioned in 
§ 9 contribute to the electron density. Radiation of energy 12*5 V will be diminished 
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in intensity, but the diminution need not be so great as to exclude the straight- ■ 

forward reaction 1 

0 % {x z Z gi v" = 0 ) + hv (12*5V)->0 2 f + e 

from forming the E region. As in N 2 , vibration bands are forbidden and a number of 
vibrational levels are metastable. In addition the state 1 E g is metastable, according 
to Mulliken. There is no doubt that 0 2 can supply enough electrons to form the 
E region: the only difficulty is to explain why it does not supply so many that the 
E region will screen the upper layers. But the E region is at a considerably higher 
pressure than the upper regions, and it may be supposed that collisions are no longer 
negligible at this level, but prevent the metastable states of 0 2 from building up 
too high a population. 

The writer acknowledges with pleasure the assistance he has derived from dis¬ 
cussing ionospheric problems with Dr D. F. Martyn and Dr C. W. Allen. 
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The statistical aspect of fatigue of materials 
By A. M. Frbudekthal, D.Sc., Hebrew Institute of Technology , Haifa, Palestine 
(Communicated by H. J^Cough, F.R.S.—Received 10 January 1946) 


The phenomenon which is usually described as ‘fatigue’ of materials, but for which the term 
‘progressive failure’ would be more adequate, is the expression, on a macroscopic scale, of the 
progressive destruction of the cohesive bonds as a result of the repetitive action of an external 
load. It has the typical features of a mass phenomenon; both the cohesive bonds and the load 
repetitions are collectives in a statistical sense (Mises 1931)* By applying the fundamental 
rules of the theory, of probability many of the experimentally established relations between 
the principal variables can be theoretically deduced from the purely formal assumption of the 
existence of a statistical distribution function of the separation-strength of cohesive bonds. 


1 . Introduction 

The very extensive experimental research concerning fatigue of materials in general 
and of metals in particular has resulted in the establishment of certain relations 
between the principal variables, such as amplitude, frequency and number of load 
cycles sustained, type of stress, size of sample and of crystalline grains,-temperature, 
surface conditions and environment (Batelle Memorial Institute 1941 ). Attempts 
have not been lacking to formulate theories of fatigue, on the strength of which the 
principal facts and relations could be rationally explained (Gough 1926 , 1931 , 
pp. 207-227). However, the technique of fatigue testing is rather complex, and it is 
difficult to secure representative and reproducible results. Therefore, both the 
observations and the theories based thereupon have, to a certain extent, remained 
controversial. 

Gough ( 1933 , 1937 ), by accomplishing a synthesis of the accumulated evidence, 
has succeeded in presenting a rounded-off descriptive theory of fatigue. However, 
this theory, like all previous theories, falls short of the explanation of the essential 
problem of how the fatigue crack develops from the submicroscopic into the micro¬ 
scopic stage. The available experimental evidence is concerned with the propagation 
of the crack, once it has been formed and has attained microscopic size, not with its 
initial formation. No working hypothesis has, so far, been proposed concerning the 
submicroscopic happenings which, necessarily, precede the appearance of the 
visible cracks, although Gough has recognized the statistical character of the 
process (Gough 1937 ). 

More recently Orowan ( 1939 ) presented a quantitative theory of fatigue which 
considers local plastic slip and subsequent strain-hardening as the principal cause 
of fatigue. He assumes that the c total plastic strain 5 , which is understood to be the 
sum of the absolute amounts of all positive and negative plastic strains, has a 
characteristic finite value. Since, for constant amplitude of the load cycle, this 
'total strain 5 is a function of the sum of the areas enclosed by the hysteresis loops 
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(damping), the above assumption very much resembles that of Ljunberg ( 1931 ), 
who contends that failure in fatigue is the effect of, or conditional upon the sum of 
the areas under the hysteresis loops of all load cycles sustained to reach a character¬ 
istic and finite value. However, this contention has never been supported by 
satisfactory evidence; on the contrary, the available evidence (Foeppl 1936 ) in¬ 
dicates that, under repeated loading, materials are generally able, to dissipate an 
infinite amount of strain energy without fracture. It is true that the results of X-ray 
investigations support the assumption that the lattice destruction caused by plastic 
distortion tends towards a limit (Gough & Wood 1936 ), but this limit is not neces¬ 
sarily a function of the fatigue strength, nor is the progress of the distortion neces¬ 
sarily a measure of crack formation, particularly in the initial stages. If this were not 
so, the recorded amount of damping, being an expression of plastic distortion, 
would be a direct measure of progressive failure; however, such correlation has not 
so far been established (Brophy 1936 ). More recent reports (Koerber 1939 , p. 26) 
even suggest that no extensive lattice destruction whatever occurs near the fatigue 
limit, but only accompanies the large distortions preceding single-stroke rupture. 
Furthermore, the assumption that fatigue is an effect of plastic slip and strain 
hardening is contradicted by the observation of a spreading fatigue crack in a 
perfectly brittle antimony crystal (Gough 1931 , p. 215), as well as by the behaviour 
of quartz oscillators under large amplitudes. 

It appears certain, therefore, that progressive failure is not inseparably associated 
with plastic slip but^ that the real fatigue effect is a large-scale expression of the 
progressive destruction of cohesive bonds (Gough 1926 , 1931 , pp. 207-227; Laute 
& Sachs 1929 ; Davidenkow &.Schewandin 1931 ). Plastic slip and strain hardening 
are essential features only as far as they modify both the intensity and rate of bond 
destruction. 


2 . The statistical approach 

It is assumed that long before any microscopic crack can be observed in a specimen 
subject to repeated load cycles, fatigue has already been initiated by the severance 
of a number of cohesive bonds. Moore (Batelle Memorial Institute 1941 , p. 90) 
reports that in salvaging bracked railway axles by turning them down to the next 
smaller size it was necessary to remove ^ in. below the apparent bottom of the 
crack. A specimen cut from the material which did not include the crack but included 
this ^ in. had a lower fatigue limit than the virgin material while, if the ^ in. was 
excluded the fatigue limit became normal. This observation suggests that the 
apparently sound material below the crack had already been damaged. Since such 
damage is neither revealed in metallographic examination nor through hardness 
tests or the examination of slip lines, and since it is not possible to trace all the local 
submicroscopic breakdowns which probably occur by any other means, such as 
X-rays, the only approach is to consider fatigue as an essentially statistical effect 
of happenings on a submicroscopic scale. 
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. It will be shown that the purely formal assumption of the, existence of a statistical 
distribution function of tile separation strength of cohesive bonds within a quasi- 
homogeneous material is sufficient to explain the principal features of the fatigue 
phenomenon and to deduce the relations obtaining, at least in the initial stage. This 
assumption appears justified because, on the one hand, it is known that even under 
small loads which apparently cause perfectly elastic strain, very high stress con¬ 
centrations of varying intensity occur within a poly crystalline substance as a result 
of dislocations and of the statistical orientation of the crystalline grains (Koerber 
I 939? P* 24); on the other hand, it is known that not only does the mechanical 
strength of a single crystal very widely differ in different directions, but as a result 
of inherent flaws and weak spots the separation strength in one and the same direc¬ 
tion is a highly statistical quality and depends essentially on crystal size and surface 
conditions, as demonstrated by the observation of very high, but considerably 
dispersed strength values of samples the size of which approaches the dimensions 
of monomolecular chains (Joffe 1935 ). 

A cumulative distribution curve of bond strength r has been presented in figure 1 ; 
the ordinate P 1 at the abscissa denotes the probability of occurrence within the 
material of cohesive bonds of a strength r ^ r r This curve is the integral curve of the 
frequency distribution curve p =f(r) (figure 2 ), where p denotes the probability 
that the separation strength of the* bond is between r and (r + dr), since the prob¬ 
ability P 1 that the bond strength has a value equal to or smaller than r x is 

j 1 Q P(r)dr=f 1 (r). 

As the bond strength cannot be less than zero the lower limit is zero instead of — 00 . 
If an external load S is applied to the material, causing a macroscopic homogeneous 
state of stress, the forces s actually induced in the statistically orientated individual 
bonds will be distributed statistically about their mean value s 0 . In one and the same 
bond the induced force s will vary with every repetition of the external load $ as a 
result of changes in the internal structure caused by the effects of load and 
temperature (permanent deformation, slip, crystal break-up, reorientation of 
crystalline grains, heat development, etc.). 



Figure^I. Cumulative frequency distri- Figure 2, Relative frequency distribution of 
bution curve of the strength of cohesive the stre ng th of cohesive bonds, 

bonds. 
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The probability that a bond is destroyed as a result of the action of the external 
load 8 is the product of the individual probabilities of occurrence in the bond of 
forces s distributed about their mean value s 0 (which is a direct function of the force 
8), by the respective probabilities that the bond strength r<s. This combination 
of the frequency distribution p = f(s) with the cumulative frequency curve P x = f x (r) 
results in a new cumulative distribution curve of the strength of cohesive bonds 
expressed in terms of the external load 8. 

In order to obtain this curve it must be considered that for every relation between 
the mean value s 0 of the forces s induced in the bonds and the bond strength r 3 the 
probability P of separation of a bond of strength r under the action of the load 8 
which causes a distribution of forces s with the mean s 0 , can be expressed as the sum 
of the individual probabilities of separation, that is as the sum of the products 
1*00 

/( 5 )/i( r )* Hence P = f($)f\{r)ds. By evaluating this integral for different magni- 

J o 

tudes s 0 or S the ordinates of the new distribution curve P = F X (S) are obtained 
(figure 3). Each ordinate expresses the probability of the bond being destroyed if 
the external load attains the value of the abscissa 8 ; it is, therefore, an expression of 
the bond strength in terms of the external load S. If all distributions are more or 
less normal (Gaussian), the shape of the curve F X {S) will rather closely resemble that 
of the cumulative distribution curve of bond strength fi(r). 



Sj Sj S3 


Figure 3. Development of the distribution curve of the strength of cohesive bonds in terms 
of the intensity of the external load, from the distribution of stress and strength in the cohesive 
bonds, A. Relative frequencies of forces in bonds p = f(s) for various means s 0 . B* Oumulative 
frequency of bond strength P = A(?*) - C. Cumulative frequency of bond strength in terms of 

r °° 

the external load P=F 1 (S ), where S = cs 0 . S n = J f(s ), / x (r) ds. 
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From the curve P = F X (S) the increase in the probability of rupture resulting 
from repetitions of the load 8 can be evaluated. If P is the probability that a cohesive 
bond will be destroyed by the action of the load $, (1 — P) is the probability that it 
will not be destroyed. The probability that it will not have been destroyed after N 
repetitions of the load.is, according to the rules of the theory of probability, (1 — P) N . 
Consequently the probability that the bond will not sustain N repetitions without 
destruction becomes [1 — (1 — P)^], which is larger than P, and for constant P 
increases with N. Hence, the probability of rupture of the individual bond steadily 
increases with the number N of load cycles. 

If, under a single-stroke load, the simultaneous severance of m bonds would result 
in a sudden total separation within the considered volume of the material, because 
the destruction of these m bonds would so considerably increase the forces in the 
remaining bonds that these would be rapidly destroyed, the probability that N 
load repetitions would not cause such separation since all m bonds remain undamaged 
is (1 — P) mN ; hence the probability of separation is [1 —(1 — P) mN ]. For a single¬ 
stroke load for which N = 1 this probability is [1 — (1 — P) m ]. 

It has been assumed that non-rupture requires that m bonds remain undamaged 
under N load repetitions. Actually, the element under consideration will remain 
unbroken even if a certain number of bonds, smaller than m, across the potential 
area'of separation is destroyed. The number of alternative states which may be 
defined as c non-rupture 5 is, therefore, increased, with a consequent increase of the 
probability of nbn-rupture accompanied by a corresponding decrease in the prob¬ 
ability of rupture:; 'Each of the alternative states is characterized by a different 
probability P, since the destruction of even a small number of bonds increases the 
mean stress intensity s 0 , and the probability of rupture of existing bonds becomes a 
function of the number of bonds already destroyed. The consideration of this fact 
would introduce considerable mathematical difficulties and prevent a simple 
statistical treatment of the problem; the probability of each alternative state would 
have to be computed separately since no statistical summation is possible. By 
carrying out this computation for theoretical samples consisting of a very small 
number of bonds and subject to a few load repetitions only, it can be shown that, 
under the assumption of a normal (Gaussian) distribution of individual bond strength, 
the numerical differences in the values of the probability of rupture obtained from 
the exact computation and from the expression derived from the assumption of 
non-rupture of all m bonds are relatively small, and do not materially affect the 
trend of the results. 

Submicroscopic happenings are the cause of the initiation of fatigue cracks; the 
propagation of visible cracks is the final stage of fatigue, and it appears from obser¬ 
vations that the test saniples will have sustained some 50-90 % of the total number 
of load cycles before a crack becomes visible (Batelle Memorial Institute 1941 , 
pp. 228-229) and large-scale happenings govern its further propagation. 
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3. Distribution curves of fatigue strength 


From the cumulative curve P = FfS) presented in figure 3 and assumed to be 
derived from a normal (Gaussian) frequency distribution, cumulative distribution 
curves 11(8) = [1 — (1 — P) m - V ] have been computed for values mN = 10 1 to 10 7 . 
These curves, together with their first differentials, which are the respective fre¬ 


quency distribution curves 


d 

dS 


n(8) = n(8) are shown in figure' 4. 


It can be seen 


that with mN increasing the expected (most probable) strength, .that is, the force S 
sustained without rupture during N load cycles which pertains to the highest prob¬ 
ability of occurrence and which, therefore, is the mode of the frequency distribu¬ 
tion, decreases; moreover, the dispersion of values expressed in terms of the standard 
deviation er of the distribution i t(S) becomes narrower, and the negative skewness 
of the distribution (mode > mean) more prominent. This skewness is a characteristic 
feature of almost all observational series of mechanical strength. 



Figxjbe 4. Cumulative distribution curves and frequency distributions of the strength of 
individual bonds and of groups of bonds under the action of repeated loads. 

The mode of the frequency distribution for N = 1 pertaining to the cumulative 
curve IT(S) = [1 — (1 — P) m ] indicates the expected (most probable) static strength. 

Comparing the frequency distribution curves for the larger values of mN, and in 
particular the abscissae of their modes, the conclusion may be arrived at from 
figure 4 that the differences between the abscissae of the modes of consecutive curves 
are very nearly proportional to the differences of the logarithms of the respective 
values of mN, or 

S N 0 - S 7H = — ^ (log mN —log mn) = -^logiV'-logra), 


( 1 ) 
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if S Nq and S Uq denote the most probable and therefore expected (modal) strength 
for N and n load cycles (N > n) respectively. For n = 1: 

= S To and s n 0 = S To -klogN, (la) 

the relation between the strength S$ Q un der the action of N cycles and the static 
tensile strength S Tq . Equations (1) or (la) have the well-known form of the experi¬ 
mentally established relation S(N) within the so-called unsafe range between the 
most probable or the average fatigue strength S Nq and the number of load cycles N 
sustained; this is the range within which a finite number of load cycles only can be 
sustained without failure. That the relations observed express the effect of a general 
mechanism of fatigue, and are more than purely empirical lines of best fit of large 
numbers of observations, is suggested by the circumstance that they are valid for 
practically any kind of material, whatever its deformational performance, be it 
metal (Batelle Memorial Institute 1941, pp. 45 - 137 ), plastic (Lazan & Yorgiadis 
1944; Batelle Memorial Institute 1941, p. 221) or textile fibre (Busse, Lessig, Logh- 
borough & Larrick 1942). This fact may be considered an additional support of the 
assumption that fatigue is not associated with deformation, and that plastic slip 
and strain hardening, while constituting a prominent modifying effect, cannot be 
its underlying cause. 

Equation (1) shows that the number m of bonds is irrelevant if samples of equal 
size are compared. For samples of different size and, consequently, of different 
number of bonds a definite size effect must be expected; as the probability of rupture 
under a definite load amplitude S increases with increasing number of bonds, the 
fatigue strength is bound to decrease with increasing sample size, a conclusion which 
is supported by experimental evidence (Batelle Memorial Institute 1941, p. 123 ). 

The size effect in the stage of the initiation of fatigue cracks is modified by an 
opposing size effect which pertains to the stage of crack propagation: at equal rate 
of propagation the smaller cross-section will be destroyed more rapidly. The 
resulting effect depends, therefore, on the relative importance of the stages of 
crack initiation and of crack propagation in the process of rupture in fatigue. 

The linear relation expressed in equation (1) is actually an approximation of a 
more complex relation; comparing the differences between the abscissae of the modes 
of consecutive frequency distributions 7 t(S) the value of k is seen to decrease slightly 
with increasing value of mN. The S Nq —log N relation is, therefore, not a perfectly 
straight line but a curve slightly convex towards the IV-axis; in the results of 
fatigue testing this convexity is sometimes more, sometimes less pronounced 
(Batelle Memorial Institute 1941, pp. 45 - 137 ). 

In order to ascertain the variation in the range of dispersion of the fatigue strength, 
distributions p (N) for the number N of load cycles of definite amplitude S k sustained 
prior to rupture have been derived from the cumulative curves II(S) of figure 4. 
Their ordinates are direct functions of the inclinations of the curves II(S) at the 
abscissae S k , and can be found by selecting out of the collectives U(S) of samples 
breaking at N v N 2 , ...,N k load cycles respectively, the collectives of samples breaking 



423 


The statistical aspect of fatigue of materials 

at a definite load amplitude S k or, actually, the group of samples breaking at a num¬ 
ber of load amplitudes within a finite interval. Two such grouped distributions are 
shown in figure 5 ; their shapes indicate that the dispersion of the number of load 
cycles of constant amplitude leading to rupture increases with decreasing load 
amplitude. This conclusion is borne out by fatigue tests of a scope sufficient for 
statistical interpretation; it explains the fact that the results of fatigue tests are as 
a rule very widely dispersed. 



P 


0*5 


. I . I i I i ! ■ ■ ■ I 

1 2 3 4 5 6 

log {mN) 



Figure 5 . Frequency distribution of the number of load cycles sustained prior to rupture 
under load amplitude S k . a. Load amplitude S k =S 0 —3‘5cr . b. Load amplitude S k =S 0 — 5'0(r. 
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The rate of decrease with N of the expected fatigue strength is, according to 
figure 4, a dir ect function of the standard deviation cr of the initial distribution P{S) 
and thus of its range of dispersion. The narrower this range the less rapid the 
decrease of strength as a result of load repetition. Every effect which tends to reduce 
the dispersion of the separation strength of the cohesive bonds will, therefore, 
increase the fatigue strength of the material. In metals, plastic slip followed by 
strain hardening is such an effect; the crystalline grains which initially are of various 
size, and are orientated at random, are gradually broken up to an approximately 
uniform size; t his effect, together with a certain preferential reorientation both of 
grains and lattice, raises the uniformity of the strength of cohesive bonds. In 
dielectrics dipole orientation produces a similar result. 
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If plastic slip is not rapidly retarded and checked by strain hardening it results in 
the formation of transcrystalline microscopic cracks following the direction of slip. 
These cracks act as stress-raisers, since certain cohesive bonds will be brought into 
a state of severe strain. 

The statistical fatigue mechanism illustrated in figure 4 is that of a brittle material. 
In metals showing plastic slip and strain hardening the progress of fatigue is 
retarded by the tendency of the initial cumulative distribution curve of the strength 
of cohesive bonds to become steeper as a result of the crystal break-up and re¬ 
arrangement; the probability P of destruction of a bond at a certain load amplitude 
is gradually reduced to P' by strain hardening (figure 6); at the same time the 
probability is increased by the repetition of the load. The interplay of these two 
effects produces the essential behaviour of metals in fatigue. The more rapid and* 
effective the break-up and reorientation of crystalline grains the more the 
destruction of bonds will be retarded. The capacity of a material for rapid rearrange¬ 
ment under relatively small loads appears, therefore, to be conducive to high fatigue 
performance. This suggests the existence of some correlation between fatigue 
performance and the shape of the relation between the damping capacity of a metal, 
as far as it is an expression of the extent of plastic slip and strain hardening, 
and the number of load cycles sustained. 



Figure 6. Schematic representation of the change of the cumulative distribution curve 
of bond strength as a result of plastic slip and strain harde ni ng. cr' = b-5(r. 

For metals this relation shows, according to Haigh (1928), three distinct stages 
(figure 7 ): the primary stage characterized by a brief evolution of heat and con¬ 
siderable but rapidly decreasing damping, accompanied by a substantial increase 
of hardness; the secondary stage during which some heat is still developed although 
both hardness and damping remain practically constant and the final, tertiary, stage 
immediately preceding rupture, during which damping steadily increases. The 
behaviour in the primary stage can be attributed to plastic slip retarded by strain 
hardening, that in the secondary stage to fatigue, that is to the progressive formation 
of submicroscopic cracks through severance of cohesive bonds, and that in the final 
stage to the propagation of microscopic and macroscopic cracks. Damping in the 
primary stage should be considered an expression of plastic slip and strain hardening 
not necessarily associated with fatigue; in the secondary stage it is a manifestation 
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of the transformation of potential energy into thermal energy as a result of thermal 
vibration set up by the sudden separation of bonds and, to a small extent, into surface 
energy of the crack areas; in the final stage it is an indication of increased plastic 
slip due to the rapid increase of the number and extent of visible cracks which act 
as stress raisers. In this last stage damping will be a direct function of the number of 
cracks and discontinuities per unit volume which, necessarily, increases with 
increasing amplitude of load cycles. 



Figttbe 7 . Relation between damping capacity and number of load cycles sustained 
for material showing plastic slip and strain hardening. 

It is reasonable to expect that although the three stages are different in character, 
there will be no definite transition points but rather overlapping and superposition 
of consecutive stages. 

It is probable that a material showing a conspicuous, but very short, primary 
stage (which would indicate a rapid and extensive internal reorientation resulting 
in a sharp reduction of the rate of progress of fatigue) and is accompanied by small 
damping during the secondary stage, will have a high fatigue performance. If, at 
a certain load amplitude, the reorientation is sufficient virtually to compensate the 
fatigue effect, this load amplitude delimits the safe range in which the probability 
of destruction of cohesive bonds has been reduced to such an infinitesimal value as 
to be practically nil even for millions of load repetitions. 

At elevated temperatures no safe range can be observed for metals and equation 
(1) remains valid throughout (Gough 1931, p. 217 ). This behaviour is probably due 
to the elimination of strain hardening and crystal reorientation resulting from the 
effect of high temperatures. The relatively high fatigue strength at such temperatures 
might be an expression of the healing of destroyed bonds through increase of the 
amplitude of thermal vibrations. 

4 . Damage through overstress 

If a load S x is repeated N x times and a load S 2 repeated N 2 times and the sample 
subsequently sustains N repetitions of the load S, and if the probabilities of rupture 
of cohesive bonds under the action of the loads S 2 , S x and S are P 2 , P x and P respec- 



426 


A. M. Freudenthal 


tively, the probability of non-rupture of m bonds in (N x + N 2 + N) load cycles is 
(1 -P 1 )^i (l-Pg)^ (1 — P) mN ; the probability of rupture is therefore 

7J 1= [1-(1- P x ftN x (1 _p 2 )miv a (1 _ p)mN ]. (2) 

The probability of rupture pertaining to N cycles of the load S which is 
II = [1-^(1 — P) mi ^] is increased by 

(1 _ P)mN [1 - (1 - i (1 - P 2 )^]. 

If [1 — (1 — P) wiv ] is considered a cumulative distribution curve of fatigue strength 
I 7 ($), the probability of rupture at every load amplitude S repeated N times is 
increased by N ± repetitions of the overload S 1 and the N 2 repetitions of S 2 , and a new 
curve IJ^S) is obtained. The mode of the pertaining relative frequency distribution 
indicates the expected fatigue strength under N load cycles of a sample damaged 
previously by N x load cycles of amplitude S ± and by N 2 load cycles of amplitude $ 2 ; 
it is evidently lower than the expected fatigue strength for N load cycles only. 

The progress of damage will, necessarily, be strongly affected by plastic slip and 
strain hardening. The more rapidly an internal reorientation proceeds, the more 
rapidly is the damaging effect of the overload reduced by the reduction of the 
probability of destruction of bonds. Metals of high performance under overstress 
will, therefore, be characterized by a shape of the relation between damping and 
number of load cycles whose primary stage is prominent but remains very short 
even under loads substantially exceeding the safe fatigue limit. On the other hand, 
a long-drawn-out primary stage of this relation is probably an indication of low 
resistance to damage by overstress, even if the amount of damping itself is con¬ 
siderable. 

Understress, that is N ± load cycles of amplitude S ± below the fatigue limit 8, 
remains practically without effect on the fatigue limit under N cycles of a brittle 
material if N x is smaller than N ; this conclusion can be immediately deduced from 
figure 4 . If the material shows plastic slip and strain hardening, the resulting internal 
orientation will even raise the initial fatigue limit, a conclusion which is supported 
by the available evidence. 


5 . Notch effect 

It has been assumed so far that an external load, producing a state of stress which, 
from the macroscopic point of view, can be considered as homogeneous, induces a 
statistically uniform distribution of the probability of destruction of cohesive bonds. 
Under an inhomogeneous state of stress, which may be caused by bending moments, 
notch effects, cracks or inhomogenetics inherent in the material, the probability of 
destruction of bonds becomes also a function of the geometrical co-ordinates. 

If the stress distribution produced by a sharp notch is approximated by a dis- 
ontinuous step function with two intensities, it can be assumed that a percentage 
ji of the m bonds is subject to the high stress intensity in the vicinity of the notch 
while the majority of bonds is in the field of the comparatively low homogeneous 
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stress. If we denote by P the probability of destruction of a bond in the field of low 
stress intensity and by P x this probability in the immediate vicinity of the stress 
concentration, the probability that all m bonds remain unbroken under N load 
repetitions becomes 

(1 -I 7 2 ) = [(1 - P) <*-»» (1 -P x y^. (3) 

The pertaining probability of rupture is therefore 

n % = 1 - [(1 - P) (1 - P x )a»»]Jv > jj, (4) 

where 17 = [1 - (1 — P) mW ], the probability of rupture without stress concentration. 


From 

then 

where a = — log 


I--Pi 

1-P 


r»j 


H — P~]ptmN 

(l- 77 2 ) = (l-i 7 )[^~—(5) 

log (1 il 2 ) = log ( 1 -/ 7 ) -jLimNoc, (6) 

(P-i — P) is a measure of the intensity of stress concentration. 


Hence the probability il 2 of rupture due to stress concentration in terms of that of 
the homogeneous field IT: 

IT Z = 1 — (1 — iT) e-* mN ( p i- p K (7) 

The probability increases rapidly with increasing value of jimNoc (figure 8), that is, 
with increasing number of stress-raising effects jim, with increasing number of load 
repetitions and with increasing intensity of stress concentration. According to 
equation ( 7 ) these influences are interchangeable: a similar increase in the prob¬ 
ability of rupture will be obtained either by increasing the number of stress raisers 
or by increasing the number of load repetitions. The severity of the notch effect in 
fatigue increases, therefore, considerably with increasing number of load repetitions. 
Even low-intensity stress concentrations characterized by a small difference between 
the probabilities P x and P are sharply magnified by the repetition of the load cycle, 
with the result that even a relatively small number of stress raisers of moderate 
intensity will be sufficient substantially to reduce the fatigue strength of a structural 
part, if the load is repeated frequently enough. This would explain the severe fatigue 
effect of one or a small number of tiny scratches or cracks on the surface of a polished 
sample, or of corrosion pits. Since the probability of rupture increases rapidly with 
♦the number of bonds affected by stress concentrations, the great number of corrosion 
pits and cracks explains their severe effect in reducing the corrosion-fatigue strength 
of the material, in spite of the low notch effect of the individual pit. The observed 
influence of the frequency of load cycles on the corrosion-fatigue strength, as well as 
the observation that there is no safe range in corrosion fatigue (Batelle Memorial 
Institute 1941, pp. 161 , 164 ) can be explained as a result of the fact that in the 
corrosion-fatigue test the number of corrosion pits increases with testing time; 
that time is evidently a function of frequency and number of load cycles. The 
damaging effect of the increase in the number of stress concentrations thus tends to 
compensate the beneficial effect of plastic slip and strain hardening. ( 
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With regard to stress concentrations plastic slip can have a beneficial but also a 
damaging effect, according to its extent. It has already been mentioned that 
extensive slip resulting from high stresses produces dislocations and cracks in the 
direction of the gliding surfaces; these act as stress raisers. As their number may be 
assumed to increase with every repetition of the load their effect could be estimated 
by introducing [i as a direct function of N. The relation obtained by substituting 
(l = cN into equation (7) indicates an intensification of the damaging effect of load 
repetitions, the probability of rupture increasing in relation to N 2 instead of N. 



Figure 8. Increase of probability of rupture in fatigue as a result of stress concentration. 


6 . Theory and experiment 

Although the distribution function of the separation strength of individual 
cohesive bonds cannot be directly observed it is still possible to correlate the 
theoretical results with experiment and observation. 

In order to obtain an undistorted picture of fatigue effects, plastic slip and strain 
hardening should be eliminated. This could be done by experimenting upon materials 
which, within the experimental range, are perfectly brittle or, when using technical 
metals, by either decreasing the testing temperature or increasing the testing speed 
sufficiently to ensure brittle behaviour. 

For engineering purposes, however, it will not be necessary to eliminate the 
effects of plastic slip and strain hardening by creating special test conditions, since 
the distribution curves obtained under normal conditions, which represent the* 
distribution of cohesive bond strength modified by plastic slip and strain hardening, 
represent the essential information required. In order that the pertinent curve of 
static strength should not be misleading as a result of the geometrical effect of local 
contraction which appears under normal test conditions, this test should be per¬ 
formed at the speed of the fatigue tests. 

The cumulative frequency curve of static strength, which can be easily derived 
from an observed frequency distribution, represents the curve 77 = [1 -(1 —P) m ]. 
From the recorded frequency distributions p(N) of the number of load cycles 
sustained to rupture at various load amplitudes S the cumulative distribution 
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curve H(S) can be derived for different values of N. The required collectives and 
their distribution IJ(8) are obtained by selecting from the observed frequency 
distributions p(N) of the collectives of samples breaking at different load amplitudes 
$1,S 2 , ...,S k respective^ the collectives of samples breaking at those amplitudes 
at a definite number or within a definite range of numbers N of load cycles. 

The curves IT(S) are then fitted through the computed ordinates at the selected 
abscissae S v S 2 , ...,S k . The procedure is the reverse of that adopted in deriving the 
curves of figure 5 from those of figure 4 . In the present case the former are observed 
and recorded and the latter derived therefrom. 

The principal practical use which could be made of the curves I7(S) so established 
is the evaluation of the damaging effect of various load amplitudes and numbers of 
repetitions, and of the effect of overstress by computing the appropriate curves 
IT^S) and il 2 ($) from the curves II[S). This is the main problem in the design of 
structures under repeated load cycles of varying amplitude; no other effective 
method is known so far, by which the fatigue effects of different load amplitudes 
and number of load cycles could be superimposed and the performance of structural 
materials under such conditions predicted on the strength of simple fatigue tests. 
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[Plate 6] 

When the hydrodynamic forces in a lubricant between two sliding surfaces are insufficient to 
carry the load between them, the condition which occurs is one of mixed boundary and fluid 
lubrication. From the point of view of damage to the surfaces and of resistance to sliding, 
the important part is the boundary friction, which can conveniently be studied only when 
isolated from fluid friction. There are two methods of obtaining relatively pure boundary 
friction: first, to ensure that the amount of lubricant present is only sufficient to provide a 
boundary film, or secondly, so to control conditions of load, speed and contact area that 
little or no opportunity is given for fluid film formation. The relative advantages of the two 
methods are discussed, and apparatus is described in which the second method is employed. 

In this apparatus one specimen is driven at a fixed velocity, and a second specimen is applied 
to it by a dead load. The force required to restrain the second specimen is measured by 
balancing against a variable dead load, instability being suppressed by fluid damping. 

A direct reading of coefficient of friction is thus obtained by a null method. Reproducibility 
of determinations is generally within 10 %, the limiting factor being the accuracy with which 
exactly similar surfaces can be reproduced. 

Introduction 

Kinetic friction between two solid surfaces is commonly divided into three 
categories: 

(1) Dry friction between chemically clean surfaces. 

(2) Fluid friction between surfaces separated by a lubricant film of such thick¬ 
ness that friction is determined solely by the hydrodynamic properties of the fluid. 

( 3 ) Boundary friction between surfaces separated by a lubricant film so t.hin 

that the hydrodynamic properties of the fluid play no part in determining the 
frictional behaviour. ° 

This work is concerned with kinetic friction occurring between surfaces in the 
presence of a lubricant. In such circumstances relative motion of the surfaces 
brings about hydrodynamic pressure on the lubricant which supports a part of the 
load between the surfaces. This hydrodynamic pressure may be derived only from 
a departure from absolute parallelism of the surfaces which results in the forma¬ 
tion of an oil wedge or wedges (apart from a small effect due to the inertia of the 
lubricant, referred to by Archbutt & Deeley (19 12 )). In a journal bearing such a 
wedge results from the difference between the diameters of the journal and the 
shaft, while in a Michell thrust bearing it is derived from the tilt of the pads. 
Between two plane 5 surfaces, the wedges are on a much smaller scale and result, 
as Karelitz (1940) points out, from the imperfections in the surfaces. In any of 
these circumstances the lubricant will exert a definite pressure at each point on the 

T 430 ] 



431 


Kinetic friction in or near the boundary region 

surfaces, tending to separate them. If the summation of all these separate forces 
multiplied by the area over which they act results in a force equal to the normal 
load between the surfaces, full fluid lubrication occurs. In these circumstances no 
damage to the surfaces can result from their relative motion, and the resistance 
to motion is provided entirely by the internal friction of the lubricant. If, however, 
the normal load between the surfaces exceeds the sum of the lubricant film forces, 
the surfaces approach one another until high spots are separated only by a boundary 
film of lubricant. In these circumstances damage to the surfaces may result, and 
resistance to sliding is derived not only from the internal friction of the lubricant, 
but also from the much greater boundary friction at the high spots. Thus, although 
the greater proportion of the contact area is still under fluid film conditions, it is 
the much smaller area, where such a film is absent, that is of interest from the 
point of view of damage to the surfaces and of resistance to sliding. Hence arises 
the importance of examining the frictional phenomena occurring under boundary 
conditions. The object of the present work was to design apparatus for examining 
such phenomena by measurement of the coefficient of friction under different 
conditions, and for comparing the boundary frictional properties of different 
combinations of surfaces and lubricant. 

The principles and design of the apparatus 

The first essentials of an apparatus to measure coefficierft of friction are that 
surfaces of two materials shall be brought into contact by a known normal force, 
that a definite relative velocity be imparted to the surfaces, and that the tangential 
force- between them be measurable. These requirements may most conveniently 
be met by driving one specimen and measuring the force required to restrain the 
other. The construction of an apparatus to fulfil these fundamental requirements 
and to constitute a satisfactory measuring instrument involves certain practical 
problems. These problems, and the manner in which they have been met, may be 
discussed under the following headings. 

( 1 ) Obtaining an approximation to true boundary conditions 

As has been noted above, in almost all practical circumstances boundary 
friction occurs only locally between two surfaces, fluid film conditions existing 
over most of the apparent area of contact. In order to study boundary friction 
it is necessary to isolate this phenomenon as far as possible by using conditions 
different from those of practice. This may be done by either of two methods, or by 
a combination of the two: 

(a) By so choosing the geometry of the surfaces that the real area of contact 
corresponds as closely as possible with the apparent area of contact (thus elimin- 
ating oil pockets), and by using very low sliding speeds. This technique has been 
used by a number of previous investigators (e.g. Bowden & Leben (1940)). 

(b) By applying to the specimens a film of lubricant of a thickness, corresponding 
to a small number of molecules. This may be done (i) by the Langmuir and Blodgett 
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technique described in Blodgett (1935) and used by Bowden & Leben (1940) and by 
Frewing (1942, 1943); (ii) by applying excess of lubricant and rubbing down with 
several changes of clean cloth (developed by Blodgett & Langmuir (1937), and by 
Germer & Storks (1939), and used by Dacus, Coleman & Roess (1944)); (iii) by 
deposition from a volatile solvent. In the presence of such a thin film of lubricant, 
fluid film lubrication cannot obtain, so it is possible (theoretically at least) to use any 
sliding velocity and still maintain boundary conditions. 

Certain difficulties are associated with the second method. First, the lubricant 
film applied by any of these methods may have different properties from that which 
occurs in practice as a result of excess being squeezed out under pressure (experi¬ 
ments described later show that such a difference does exist). Secondly, there is 
uncertainty as to the number of molecular layers which constitute a boundary film. 
Bowden & Leben (1940) have shown that a unimolecular layer of stearic acid 
suffices to give the minimum friction obtainable with this lubricant, whereas with 
cholesterol more than nine molecular layers are required. Thirdly, a t hin film is 
worn away during sliding, so when such a film is employed the same track must 
not be retraversed. This makes the study of running-in effects impossible, and, if 
tests at relatively high velocities are required, necessitates either a very rapid 
frictional determination or some experimental arrangement which allows for a 
long continuous run without the same track being retraversed. 

The use of high speeds and thin lubricant films is not, therefore, a very practical 
proposition for lubricant testing. The technique of applying thin films has, how¬ 
ever, as will be described later, been of considerable value in the present series of 
tests, when used in conjunction with tests with excess of lubricant. 

The use of low speeds and restricted areas of contact has been adopted with the 
present apparatus. The usefulness of this method depends upon a knowledge of 
the relationship between friction and sliding velocity, in order that deductions of 
the behaviour at relatively high velocities may be made from observations at low 
velocities. In Part II of this paper experiments designed to examine this relation¬ 
ship will be described. 

Of the various arrangements of specimen geometry by which a restricted area 
of contact may be obtained, that chosen was a hemisphere in contact with a flat 
plate. The plate was made the driven specimen, and the hemisphere the restrained 
specimen. 


(2) Movement of the driven specimen 

The driven specimen must move steadily at a velocity which is independent of 
the frictional force imposed on it by the restrained specimen, but which can be 
varied within wide limits. It was also considered desirable that the driven specimen 
should be capable of an indefinitely long continuous movement. This implies 
rotational rather than rectilinear motion. The method of drive adopted after a 
number of experiments was by a worm drive from an electric motor through a 
specially designed gearbox. 
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( 3 ) Mounting of the restrained specimens 

The restrained specimen must be so mounted that when measurements are made 
no significant force acts on it other than the frictional force and the restraint of 
the force-measuring system. The use of a single specimen involves introducing 
some means of counteracting the tilting force, so that it is difficult to comply with 
this condition. A better method is to employ three specimens placed at the corners 
of an equilateral triangle and fixed in a rigid holder. If the normal force is applied 
at the centre of this triangle, which is also made the centre of rotation of the 
driven specimen, then each specimen carries one-third of the normal load and, 
assuming the coefficient of friction to be the same in each case, the tilting and 
translational forces acting on the specimen-holder are balanced. The only resultant 
force is rotational. This arrangement of specimens is employed, with a slight 
modification, in that the sliders are placed at slightly different distances from the 
centre so that their tracks do not coincide. The radial force resulting from this is 
very small. 


( 4 ) Measurement of frictional force 

It has been noted under ( 3 ) that at the time measurements are made it is essential 
that the only forces acting on the restrained specimen should be the frictional force 
and the restraint of the force-measuring system. Under these conditions there is 
a tendency to instability in certain circumstances. This has been demonstrated by 
Bowden <fc Leben (1939), by Papenhuyzen (1938) and by Morgan, Muskat & Reed 
(1941). The instruments used by these investigators were essentially similar in 
principle. In each case the applied load is maintained constant, one specimen 
driven at a fixed velocity while the other is restrained by a spring system, and the 
changes in displacement of the restrained specimen are recorded. With this type 
of apparatus three types of behaviour of the restrained specimen have been 
observed: 

(a) It may take up a constant position, corresponding to a certain deflexion of 
the spring system and thus to a constant frictional force. 

( b ) It may move forward at a velocity equal, or nearly equal, to that of the 
driven specimen until a definite deflexion is reached, when it slides rapidly back to 
a position of smaller deflexion, then again moves forward and repeats the cycle. 

(c) It may vibrate in an approximately sinusoidal manner. 

Bowden & Leben believe that this behaviour is evidence that friction may, in 
some circumstances, be discontinuous, and associate it with the making and 
breaking of minute welds. Kaidanovsky & Haykin (1933) and also Blok {1939) 
have shown, however, that vibrations of either the "relaxation 5 or the sinusoidal 
type may be explained by the assumption that, under the particular conditions in 
which they occur, the frictional force decreases with increasing velocity. Under 
these conditions the equilibrium which may theoretically be established when the 
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frictional force is equal to the restraining force of the spring is unstable. For, 
consider the effect of a momentary slight increase in the frictional force. The rela¬ 
tive velocity of the two specimens is thereby reduced, further increasing the 
frictional force, so that the relative velocity of the two specimens decreases until 
it reaches the value corresponding to a maximum frictional force. The specimen 
then moves forward until the new value of the frictional force is exceeded by 
the increasing restoring force of the spring. The specimen then commences to 
slip back, and this increases the relative velocity, reducing the frictional force. 
The slip, therefore, continues until the restraining force of the spring again becomes 
less than the frictional force, when the cycle is repeated. The system is, therefore, 
of an inherently vibratory character. 

On the other hand, if conditions are such that the frictional force increases with 
increasing velocity, the system may be shown to be stable, so that the specimen 
maintains a constant deflexion. 

For any form of oscillation to be performed by the restrained specimen, it is 
an essential condition that the force-measuring system is in the nature of a spring 
so that the restraining force depends upon the displacement of the specimen. This 
system is not used in the present apparatus as the principal method of force 
measurement, for it depends upon accurate calibration and accurate zero deter¬ 
mination, both of which are difficult and must frequently be repeated. Instead, the 
method of balancing against a dead load is employed. The restraining force applied 
to the specimen is then independent of its displacement. Under these conditions 
instability will still manifest itself when friction decreases with velocity, for on 
any slight disturbance from equilibrium the specimen will move continuously 
forward or backward, according to the direction of that disturbance. 

Some means must therefore be employed to impose a damping force on the 
specimens. This force must be zero when the specimens are stationary, but change 
more rapidly than the frictional force with changing velocity, in such a way as to 
compensate for the change of frictional force. Experiments showed that adequately 
heavy damping could be obtained by rigidly attaching to the specimen-holder 
pistons moving in cylinders full of a viscous liquid, the clearances being fairly 
small. 

The dead load used to restrain the specimen has been made continuously variable 
by a water-siphoning system so that it may be adjusted to balance the frictional 
force, and so keep the restrained specimen stationary. This constitutes a null 
method of measuring coefficient of friction, in which the null point is represented 
by zero velocity of the restrained specimens. This method is entirely satisfactory 
when, as in most cases, the time required to take a reading is not an important 
factor. When rapid measurements are important, as when studying short-period 
variations in the coefficient, a small additional restraining force may be applied 
by a spring, the deflexion of which gives a measure of that force. Since this 
additional force represents only a fraction of the total restraining force, the 
possible inaccuracies of the spring method are proportionately reduced. 
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The construction of the apparatus 

Figure 1, plate 6 shows the general lay-out of the apparatus, while figure 2, 
plate 6 is a photograph of the friction-measuring instrument. 

A diagram of the instrument is shown in figure 3 , and letters in the description 
below refer to those in this figure. 




The driven specimen A , in the form of a flat annulus, is placed on a heavy gun- 
metal disk, B, and held in position by pegs. The disk, B, is mounted on ball races, 
and is attached to a hollow shaft, C , which is rotated by means of a worm-and- 
wheel mechanism, D. The shaft carrying the worm is rotated, through a five-speed 
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gearbox, by an induction motor. The disk, jB, is wound internally with nichrome 
wire, through which an electric current may be*passed to heat the driven specimen. 

The sliding specimens are in the form of hemispherically ended cylinders. These 
are mounted in a specimen-holder, F, which is a Dural disk machined to a thin 
section except at the rim and the centre. The rim contains three holes drilled at 
45° to the vertical in a tangential plane and at intervals of 120° round the circum¬ 
ference. The three sliders are inserted in these holes, which are at slightly different 
distances from the centre. The amount by which the sliders project from the under¬ 
surface of the holder is adjusted by means of the screws, F. When correctly 
adjusted the sliders are locked in place by grub-screws. Underneath the holder, 
and exactly at its centre, is a steel ball which fits into a cylinder and thus keeps 
the holder central. To the bottom of this ball is attached a hook, from which a 
weight is suspended. The specimen-holder fits into an annulus, 0 , and is locked in 
place. To the annulus, G , three radial arms are attached; which are in turn attached 
to curved arms carrying pistons, H , which dip in an annular bath, J. The bath, J } 
has a liquid-tight cover, complete except for three gaps through which the piston 
arms enter. The three separate covered portions thus formed are closed at one 
end, forming curved 'cylinders 5 of rectangular section in which the pistons move. 
The bath is completely filled with a viscous liquid of low vapour pressure. Rotation 
of the specimen-holder can thus only take place by leakage of the liquid between 
the pistons and the cylinder wall. Thus very powerful damping is obtained. The 
clearance between the pistons and the cylinder wall is about 0*01 in. at the sides, 
and 0*025 in. top and bottom. The adjusting screws, F, compensate for different 
thicknesses of plates and different lengths of sliders, which would otherwise affect 
the top and bottom clearances. Pointers indicate the correct position of the holder. 

The weight of the specimen-holder and the annulus in which it is placed is thus 
entirely supported by the sliders (with a small correction for the buoyancy of the 
pistons in the damping medium). Additional normal load is applied through a thin 
steel wire, M , attached to the ball under the specimen-holder, and passing through 
the centre of the apparatus. 

Three small bolts are inserted into the outer rim of the annulus, arranged at the 
comers of an equilateral triangle. To these bolts are attached threads, N, which 
pass over pulleys to the corners of a very light wooden triangle, from which is 
suspended a light aluminium container. The triangle with the container and its 
contents form the friction-balancing load. The pulleys are mounted on ball races, 
and the frictional drag they introduce represents less than 2 % of the friction- 
balancing load. A glass tube, independently suspended, passes almost to the 
bottom of the container and is connected through a stopcock to a measuring 
cylinder mounted above the vessel. The only other outlet to the measuring cylinder 
is through a two-way stopcock, whereby the cylinder may be connected alter¬ 
natively to a pressure or vacuum receiver. The pressure and vacuum receivers are 
connected to the high- and low-pressure sides of a reciprocating pump. Thus 
according to the way the two-way stopcock is turned, water may be forced from 
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the container to the measuring cylinder or from the cylinder to the container. Thus 
the friction-balancing load is rapidly and continuously variable. 

As mentioned above, there is a subsidiary method of applying a restraining force 
to the specimen-holder, utilizing a spring. A short steel spring, Z, is attached 
radially to the rim of the annulus, O, with flat silver contacts on each side of its 
free end. Forward or backward movement of the specimen-holder brings this 
spring into contact with one of the silver-tipped bolts, L } fixed in brass blocks and 
insulated from the instrument. Contact of the free end of the spring with one of 
these bolts completes a circuit which lights a small lamp. When contact is esta¬ 
blished by movement of the specimen-holder, the friction-balancing force is reduced 
or increased by an amount which depends upon the deflexion of the spring. 

Two separate lamp, mirror and scale systems are included in the apparatus. 
The first of these is for measuring the velocity of the driven specimen. A hexagonal 
collar is attached to the shaft, <7, to each face of which is attached a mirror. One 
or other of these mirrors throws the image of a lamp on to a curved scale. The scale 
is calibrated in mm. movement of the table at the distance from the centre at which 
the specimens are placed. The velocity at any given gearbox setting can then be 
measured by noting the time for a given specimen movement. This lamp and 
scale system also enables any irregularity of movement of the driven specimen to 
be observed. 

The second optical system is for measuring the movement of the specimen- 
holder. A mirror is attached above the specimen-holder and at its centre. This 
mirror throws the image of a lamp on to a plane mirror, which in turn throws the 
image on to a scale mounted above the apparatus. A long optical lever is thus 
obtained. This optical system serves two purposes. First, it acts as a sensitive 
means of determining the position of balance between frictional force and friction¬ 
balancing load, at which position there should be no resultant movement of the 
specimen-holder. Secondly, when the spring system is in use, it serves to measure 
the movement of the specimen-holder and therefore the deflexion of the spring. 
The zero is established by moving the specimen-holder until the lamp just lights. 
Calibration of the spring is carried out by repeated observations on the same 
system of the deflexions at different values of the friction-balancing load. 

Operation op the instrument 

The specimens are placed in position and the height of the holder adjusted by 
the screws, F. The driven specimen is then set in rotation at a speed which depends 
on the setting of the gearbox. The friction-balancing load is then adjusted until 
no resultant movement of the specimen-holder takes place. In practice there is 
always some slight backward-and-forward movement of the holder due to minor 
fluctuations in the coefficient. The required friction-balancing load having been 
noted, the gearbox setting is changed, and a reading taken for each velocity. The 
velocities available are 00096, 0*0328, 0*122, 0*526 and 2*26 cm./sec. 
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Preliminary experiments with various materials showed that marked changes 
in the coefficient occur with repeated movement of the sliders over the same 
tracks. Accordingly, determinations of the coefficient at each velocity are made 
initially and after various numbers of completed revolutions. Since the specimens 
are at slightly different distances from the centre, each makes a track which is 
independent of that of the other two. A revolution-counter attached to the 
driving shaft serves to indicate the total number of revolutions. 

Tests above room temperature 

For tests above room temperature, current is passed through the winding in the 
disk, B, enabling temperatures up to about 150° 0 to be obtained. No thermostatic 
control is used, but a simple device in series with the heater provides compensation 
for variations in the room temperature and the mains voltage. This is found to 
maintain the temperature within ± 1° C of that required. Temperature is measured 
by a thin-wire thermocouple in sliding contact with the upper surface of the 
specimen, at the same distance from its centre as the specimens. 

Preparation of the specimens 

Sliders are, in general, prepared by dry machining in a lathe to give a hemi¬ 
spherical end with no subsequent treatment. Since they are set at an angle to the 
driven specimen (the plate) a freshly cut surface is exposed to it.* Various different 
methods are used for preparing the plate, the one generally adopted being to grind 
with emery cloth on the face-plate of a lathe, swab with caustic soda solution till 
complete wetting is obtained, then to dry with acetone or isopropyl alcohol. 

Reproducibility of results 

A difference between the frictional force and the friction-balancing load of 4 g. 
is sufficient to bring about a readily observable movement of the specimen-holder. 
With a normal load of 2 kg. and a coefficient of friction of 0-1, this represents a 
sensitivity of 2 %. In general, successive determinations of the coefficient at a 
definite velocity made upon the same plate, sliders and lubricant without repre¬ 
paration differ by less than this figure. If, however, a number of tests are made 
with the same materials but with the specimens reprepared by the same method 
for each experiment, results may differ by 10 % or, in a few cases, rather more. 
It is believed that this 4 scatter 5 of results must be attributed to the difficulty of 
obtaining similar surface finishes with successive repreparations, even though 
finishing methods are standardized as closely as possible. This degree of repro¬ 
ducibility is sufficient for most purposes, and, of course, more accurately repre¬ 
sentative figures may be obtained by taking the means of a number of tests with a 
fresh preparation each time. In some experiments it is possible to use the same 

* The tip of a specimen turned in a lathe to hemispherical shape is pushed aside rather than 
cut. Hence the advantage of setting specimens at an angle. 
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specimens, without repreparation, for a number of tests, for example when it is 
required to investigate the effect of temperature, or of thickness of the lubricant 
film. This method was widely used in a series of tests to be described in Part II. 
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Kinetic friction in or near the boundary region 

II. The influence of sliding velocity and other variables on 
kinetic friction in or near the boundary region 

By P. G. Forrester 

(Communicated by E. N. da C. Andrade, F.B.S .— 

Received 14 February 1946 .—Read 9 May 1946) 

An investigation has been made of the causes underlying change of friction with sliding 
velocity. The method adopted was to measure the friction of several different combinations of 
materials under three different conditions: dry, with excess of various lubricants, and with 
thin films of various lubricants applied by two different methods. The experiments made 
show that changes in friction with velocity may be derived from at least three sources. First, 
such a change may be derived from the properties of the clean metal surfaces. Certain 
combinations of materials show, when unlubricated, a decrease in friction with increasing 
velocity, and this tendency may remain in a modified form even when a lubricant is added. 
Various hypotheses to explain this tendency are discussed. Secondly, with a boundary film 
of lubricant present, friction may increase with increasing velocity, and the evidence 
suggests that this change is due to partial destruction of the boundary film, the rate of 
which destruction rises with increasing sliding speed. Thirdly, when there is excess of 
lubricant, fluid film effects may occur even with restricted areas of contact and sliding speeds 
as low as 0*5 cm./sec.; such fluid film effects bring about a decrease in friction with in¬ 
creasing velocity. This tendency is most marked when one component is a soft metal, and 
may well explain the good ‘antifriction’ properties of the ‘Babbitt’ and similar alloys. 

A brief investigation was also made of the effects of surface finish and of continual sliding or 
‘running-in’, and the results obtained are discussed in the light of information gained from 
the experiments on sliding velocity. 
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Introduction 


The apparatus described in Part I has been used for tests upon a wide range of 
materials and lubricants. These experiments showed that in many cases friction is 
dependent upon sliding velocity, and therefore that results obtained at low sliding 
velocities cannot be applied directly to conditions of high sliding velocity. Accord¬ 
ingly, an investigation was made into the fundamental causes of change of friction 
with velocity, with the object of finding some logical basis for the interpretation of 
low velocity tests. 

The friction of any combinations of materials and lubricant has also been found 
to be influenced by two other variables, namely, surface finish and amount of 
previous sliding or 4 running-in These factors affect not only the absolute values 
of the coefficient of friction, but also the form of the friction/velocity relationships. 
It has therefore been found convenient to combine with the investigation of change 
of friction with velocity a limited study of these other variables. 

Experimental methods 

The most obvious source of changes in friction with velocity is the existence of 
three types of friction, dry, boundary and fluid film, for if a partial transition from 
one to the other occurs as a result of changing velocity, a corresponding change in 
friction would be expected to result. Consequently, the method of investigation 
adopted has been to examine the friction of different combinations of materials: 
first, unlubricated; secondly, with very small quantities of lubricant; and thirdly, 
with excess of lubricant. 

The majority of tests have been made with tin-base Babbitt (containing 7 % of 
antimony and 3-|- % of copper) running on steel and with hard steel on phosphor 
bronze, these systems being characteristic of the two types found in practice— 
soft on hard metal and hard on hard metal. Two other pairs of metals have also 
been made the subject of a few tests, namely, cadmium-nickel on steel and mild 
steel on mild steel. The sliders were prepared by dry machining, no further treat¬ 
ment being given. Plates were prepared by grinding with emery cloth, swabbing 
■with caustic soda, washing with distilled water, then isopropyl alcohol, and drying 
quickly in an oven at 150° C. 

Thin films of lubricant were applied to the plate by one of two methods: 

( 1 ) By deposition from a dilute solution in redistilled petroleum ether. The 
concentrations of solution were so chosen that 1 c.c. contained sufficient lubricant 
to leave a layer of approximately known molecular thickness. 

Some assumptions were required for this purpose regarding the composition and 
orientation of the lubricants used, which were oleic acid, medicinal paraffin and 
I.C.E. (crankcase) oil. As regards orientation, Adam ( 1938 ) has shown that polar 
long-chain saturated acids when they form a condensed film on water occupy an 
area of about 25 sq.A per molecule, and that in this condition the molecules are 
closely packed with their long chains vertical. 
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Finch & Zahoorbux ( 1937 ) have shown that with long-chain hydrocarbons on a 
metal surface the molecules are also orientated vertically. It has therefore been 
assumed that all three lubricants orientate themselves vertically and with a spacing 
of 25 A per molecule. The average molecular weight of the paraffin and I.C.E. was 
taken as that of C 18 H 38 . This is probably considerably on the low side but would 
to some extent balance the error in estimating the molecular area arising from the 
presence of naphthenes which would be expected to occupy a greater area than 
corresponding paraffins. 

The methods described could clearly yield only a very approximate figure for 
the mass of lubricant required for a given molecular thickness, but even a large 
error would not materially affect the conclusions to be drawn from results. For 
the sake of convenience, amounts of lubricant added are quoted as calculated 
molecular thicknesses. 

The solutions described above were applied to the plate as evenly as possible 
from a 1 c.c. pipette, and the petroleum ether allowed to evaporate. An experiment 
was made to determine the effect of applying a similar quantity of the redistilled 
petroleum ether alone to a clean plate and allowing to evaporate. The resulting 
frictional value obtained was that of the clean plate. 

( 2 ) By adding excess lubricant and polishing off first with cotton-wool from which 
traces of grease had been removed by extraction with benzene then with ether in 
a Soxhlet apparatus, then with several changes of polishing cloth similarly treated. 

Unless otherwise stated, experiments were made at room temperature, with a 
normal load of 2 kg. (total) and with a plate finished with an 0 grade emery cloth. 
Tests were made at five different sliding velocities, namely, 0-0096, 0-0328, 0 * 122 , 
0-526 and 2-26 cm./sec. Throughout this paper the coefficients of friction at these 
velocities will be referred to as /q, y 2 , /t 4 or /i 5 respectively. 

Experimental results 
A. Unlubricated tests 

Friction/velocity curves for unlubricated Babbitt/steel, cadmium-nickel/steel, 
steel/steel and hard steel/bronze are given in figure 1 . Curves for fresh surfaces 
and also after a stated number of revolutions of the plate are shown. It will be 
seen that there is no significant change in friction with velocity in the case of hard 
steel/bronze but for Babbitt/steel and cadmium-nickel/steel (and to a lesser extent 
for steel/steel) there is a decrease in friction with increasing velocity. The curves 
for these pairs of materials become almost horizontal after running-in. Three 
possible explanations of the friction/velocity relationship for these latter materials 
may be considered. 

( 1 ) Bowden, Moore & Tabor ( 1943 ) have shown that a direct relationship exists 
between the observed coefficient of friction and the real area of contact between 
two surfaces. The real area of contact depends upon the normal load and the stress/ 
strain characteristics of the two materials, and it is known that the stress/strain 
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characteristic is dependent upon the time factor. It is possible that the extent to 
which the one surface conforms to the changing contour of the other is greater 
when sliding speed is low than when it is high, so that the real area of contact, and 
hence the observed friction, is greater the lower the sliding speed. This effect would 
be expected to be much greater for the softer materials than for the harder, for 
the stress/strain characteristics of the former are known to be much more in¬ 
fluenced by the time factor than are those of the latter. 



Figure 1 . Friction/velocity curves for unlubricated systems, initially 
and after a stated number of revolutions. 

While this explanation is at first sight attractive it leaves out of account the 
fact, referred to- later in detail, that very small quantities of lubricant can com¬ 
pletely eliminate the pjv slope. If area of contact were the controlling factor, it 
would be expected to be equally important whether or not the surfaces are 
lubricated. 

( 2 ) Unlubrieated friction is commonly believed to be due to the interaction of 
the surface forces of the two materials. Bowden et al. ( 1943 ) have also shown that 
the junctions formed between unlubricated metals may be stronger than the metals 
themselves, so that shearing occurs in the metals rather than at the junction. This 
great strength of the junction suggests that very localized regions of solid solution 
or compound may have formed. For such solid solution or compound to form, 
diffusion over very small distances is required, in which case time will be a factor 
in determining the strength of the bond. In this case the greater the rate of sliding 
the less would be the adhesion between the two materials. While this explanation 
cannot be wholly discounted, it is difficult to see why the tim e factor should be 
important in the case of Babbitt/steel and cadmium-nickel/steel and not in the case 
of hard steel/bronze. 
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(3) It has been shown by Bowden & Ridler ( 1936 ) that local high temperatures 
may be reached during the sliding of two metals, and,that in some cases the tem¬ 
perature may reach the melting-point of the more fusible material. The greater 
the rate of sliding, the greater the temperature rise to be expected, for then more 
work is being done at the point of contact. An increase of temperature would 
decrease the strength of local welds and so reduce the resistance to ’sliding; and if 
this temperature rise were highly localized, there would be no comparable increase 
in contact area as a result of a reduction in the yield stress of the material. The effect 
would be much greater for materials of low melting-point than for those of high 
melting-point. This seems to be the most likely explanation, although it is not 
immediately obvious why steel/steel should show a reduction in friction with 
increase of velocity, while hard steel/bronze shows no -such effect. The reduction 
with steel/steel is, however, small, and the greater conductivity of bronze might 
in its case reduce the effect to insignificant dimensions. 

On the basis of this hypothesis the effect of running-in in cancelling the speed 
effect might be derived from the greater area of contact resultant upon wear, which 
would decrease the pressure over the contact area, and so reduce the local tem¬ 
peratures. 

On the whole, hypothesis (3) is the most likely of the three, but on the present 
evidence available it is impossible to choose with certainty between them or 
to exclude any other possible explanation. In this report a downward slope of the 
unlubricated yjv curve will be referred to as the 4 dry friction effect 5 , no definite 
assumption being made as to its exact nature. 

B. Tests with lubricant films of varying thicknesses 

The usual procedure in these experiments was to place on the prepared plate 
a 4 1 -molecule 5 or 4 2 -molecule 5 film, measure jjl at all five velocities, then apply 
increasingly thicker films up to excess of lubricant, measuring ju, at each stage. 
By the time the last test had been made, the plate had usually made two or three 
complete revolutions, so results may be slightly affected by running-in effects. 
Such effects are normally small for such a limited amount of running-in. Plates 
previously used for 4 dry 5 experiments were not, however, used without repre¬ 
paration, for a single revolution, unlubricated, may exert a considerable influence 
on the plate. 

Results may conveniently be divided into those obtained with the substantially 
non-polar lubricants—medicinal paraffin and I.C.E.—and those obtained with the 
strongly polar oleic acid. 

Paraffin and I.C.E. Results for Babbitt/steel are shown in figure 2 (with paraffin) 
and figure 3 (with I.C.E.). The addition of a 2 -molecule film of paraffin greatly 
reduces /i below that for the unlubricated surfaces (see figure 1 ) and almost elim¬ 
inates the downward slope. Increasing the thickness of the paraffin film up to 
8 molecules further reduces the coefficient. Between 8 and 20 molecules the curve 
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obtained is constant and has a slight upward slope. With 200 molecules there is a 
slight reduction in /i v and a considerable reduction in w 5 . With 2000 molecules and 
excess there is no change in but a further reduction in /i 5 . Thus with increasing 
thicknesses of lubricant film, the fijv curve changes in two stages: first a reduction 
in /t at all velocities and a flattening of the curve till it becomes horizontal; secondly 
a reduction in /i 5 , with little or no change in ,« 1: so that the curve again develops 
a downward slope. 



Figure 2. Babbitt/steel with solvent-deposited films of paraffin. In this and all subsequent 
diagrams, numbers by curves refer to approximate molecular thickness of lubricant film. 



Figure 3. Babbit/steel with solvent-deposited films of I.C.E. 


With I.C.E. the results observed are essentially similar, but the two stages appear 
to have merged, so that the curve never becomes entirely horizontal. It is inter¬ 
esting to note that under these conditions all the thin-film curves show a minimum 
at speed 4 (0-52 em./sec.). 
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Results for hard steel/bronze with paraffin are shown in figure 4. In this case 
with the thinnest films the /ijv curve has a marked upward slope, but with in¬ 
creasing amounts of lubricant it tends to become horizontal. No experiments were 
made with solvent-deposited I.C.E. 



Figure 4. Hard steel/bronze with solvent-deposited films of paraffin. 



Figure 5. Cadmium-niekel/steel with solvent-deposited films of I.C.E. 

The curves for cadmium-nickel/steel with I.C.E. shown in figure 5 are inter¬ 
esting, in that with thin lubricant films there is a downward slope at the low 
velocities and an upward slope at the higher velocities, with a minimum at an 
intermediate velocity. 

With steel/steel and I.C.E. (figure 6) entirely different results were obtained. 
The [i(v curve which is substantially horizontal when the specimens are unlubri¬ 
cated, develops a marked downward slope with 5- and 10-molecule films, becoming 
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substantially horizontal again with increasing film thickness up to excess. With 
the much rougher surface obtained by machining, a downward-sloping curve is 
retained even with excess. The ju/v curve with a machined surface and excess of 
I.C.E. is shown as an interrupted line in figure 6. 



Figube 6 . Steel/steel with solvent-deposited films of I.C.E, 

Oleic acid . With this lubricant similar effects are observed for Babbitt/steel, 
steel/steel and for hard steel/bronze (figures 7, 8 and 9 respectively). With a 2- 
molecule film the fijv curves have a marked upward slope. With a 6-molecule film 
there is a slight reduction in p at all velocities, with no significant change in the 
slope of the curve. With more lubricant up to excess there is no further change, 
except that ji at high speed for Babbitt/steel drops slightly. 

Discussion 

(1) Before proceeding to a general hypothesis interpreting these results, it may 
be profitable to deal with one observation, which appears curious at first sight. 
With paraffin and I.C.E., and to a much smaller extent with oleic acid, there are 
significant differences between values of ji observed with different nominal thick¬ 
nesses of film, over ranges of thickness in which fluid film lubrication is at least 
very unlikely. It is considered certain that these differences do not imply that 
boundary fil m s between the surfaces can change in thickness according to the 
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quantity of lubricant present, but that the differences are derived from the method 
adopted to apply the lubricant. If the lubricant solution were perfectly evenly 
spread and the surface perfectly fiat, then an even film of lubricant should result 
on the evaporation of the solvent. But the prepared surface has, in fact, hills and 
valleys of large magnitude in terms of molecular dimensions. When the greater 
part of the solvent has evaporated, the remainder will tend to collect in the valleys, 
leaving the hills less well covered. When all the solvent has evaporated the majority 
of the lubricant molecules will be left in the valleys. This segregation will be opposed 
by the tendency of the lubricant molecules to attach themselves to the plate surface 
even while sufficient solvent is present to hold them in solution, which tendency 
will be large for strongly polar lubricants and small for non-polar ones. Thus when 
a 2-molecule film is referred to it should be considered to imply that a mass of 
lubricant sufficient to provide such a film is present, and not that such a film is 
actually in being. This explanation is strongly supported by tests with wiped films 
and with different surface finishes to be dealt with later. The solvent method of 
applying the lubricant can thus be considered to have achieved its object of 
providing transition conditions between dry and boundary friction. 

(2) The results obtained with Babbitt/steel and paraffin (figure 2) showed that 
changes in the ju/v curve with an increasing amount of lubricant take place in two 
* stages. The first stage in which the jijv curve becomes increasingly horizontal, and 
the dry frictional properties increasingly masked, is satisfactorily explained by 
the foregoing hypothesis, and on this basis it appears that a complete boundary 
film is established when a nominal 8-molecule layer has been deposited on the plate. 
The characteristic of the second stage is that there is little change in ft x with 
increasing amount of lubricant, but a considerable change in ft s , up to and beyond 
a 2000-molecule layer. The same change in ft 5 with increasing film thickness is 
found with Babbitt/steel and I.C.E. (figure 3) and to a considerably less extent with 
oleic acid. There is also some evidence of such a change with hard steel/bronze and 
paraffin (figure 4). There can be little doubt that this second stage effect is due to 
the onset of fluid film lubrication. Small irregularities in the surfaces provide the 
opportunity for minute oil wedges to form and support part of the load; the higher 
the speed the greater is the magnitude of this effect. 

This explanation was confirmed by arranging an electrical circuit so that a p.d. 
of 40 jlcV was placed between one slider and the plate. A galvanometer in the circuit 
indicated the current passing. This showed a steady constant deflexion at low velo¬ 
cities, but with Babbitt/steel and I.C.E. it showed fluctuations at 0*52 cm.sec. 
which became more marked as the velocity increased. 

(3) It has been shown that there are two possible sources of a slope in the ft)v 
curve—the properties of the unlubricated system and the transition from boundary 
to fluid film lubrication. Both, however, result in a decrease in /1 with increasing v, 
whereas a number of jjlJv curves have been obtained showing an increase in ft 
with increasing v. There must, therefore, be some effect which results in a change 
in the latter direction. It is hardly likely that a transition from fluid to boundary 
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lubrication can occur with increase of velocity, but a transition from boundary to 
dry friction is much more probable. This latter possibility is suggested by the fact 
that for hard steel/bronze and cadmium-nickel/steel thin films of I.C.E. give upward 
sloping curves, the slope of which is diminished by the addition of more lubricant. 
This strongly implies a sparse-lubrication effect. It has been shown by Bowden & 
Leben ( 1940 ) by Dacus, Coleman & Roess ( 1944 ) and by others that a lubricant 
film is partially destroyed during sliding. Since the specimens are in contact over 
a finite area, when sliding is taking place under boundary conditions the rear end 
of each slider must be in contact with a part of the plate from which the lubricant 
film has partially been removed by contact with the front end. It is improbable 
therefore that a complete film is present during sliding on the whole* of the contact 
area. A higher value of fi than the true one will thus normally be observed. The 
extent of this increase will depend upon the rate of breakdown of the lubricant film. 
It is reasonable to suppose that volatilization and thermal decomposition play a 
large part in this breakdown, which will therefore be greater as the sliding speed 
increases. Thus with increasing sliding speed an increasing tendency may be 
expected for boundary friction to be replaced by dry friction over part of the 
contact area, and a higher value of ji accordingly observed. In this paper the 
effect will be referred to as the 'film destruction 5 effect. 

(4) To summarize the above hypothesis, it is suggested that an increase in 
velocity of sliding may result in: 

(i) A decrease in y due to some effect dependent upon physical properties of 
the unlubricated system. 

(ii) An increase in y due to a transition from boundary to dry friction. 

(iii) A decrease in jlc due to a transition from boundary to fluid friction. 

It is quite conceivable that all three effects may occur simultaneously, for the 
local pressure may vary widely over the contact area. At one point it may be 
sufficiently high to break down the lubricant film, while at another it is low enough 
to allow a fluid film to form. The observed /ijv curve will be the resultant of the 
three effects. 

(5) Assuming this hypothesis to be substantially correct, consider the effect of 
adding increasing quantities of lubricant to the three systems Babbitt/steel, steel/ 
steel and hard steel/bronze, as expressed in figures 2-9. 

Bgbbittjsteel. With thin films, two tendencies act in opposition and the observed 
shape of the curve is the resultant of the two. With paraffin the 'dry-friction 5 
effect is predominant with 2- and 4-molecule films, but with 6-20-molecule films 
the e dry-friction 5 effect and the ' film-destruction 5 effect almost exactly cancel each 
other. With I.C.E. the 'dry-friction 5 effect predominates, except at the l highe$t 
velocity, so that a minimum in the curve results. With oleic acid (figure 6 ) probably 
owing to the formation of a more complete boundary film, the 'film-destruction 5 
effect predominates, and curves with an upward slope result. 

With greater quantities of lubricant, fluid film effects occur with all three 
lubricants, but especially with the more viscous I.C.E. and paraffin. With paraffin 
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there is little evidence of fluid film effects below 0*12 cm./sec. (speed 3). With I.C.E. 
such effects certainly occur above this velocity, but it is difficult to decide whether 
the jijv slope below this velocity is due to fluid film formation or to the remnants of 
a c dry-friction 5 effect. With oleic acid the only evidence of fluid film formation 
is in the difference at the highest velocity between a 6-molecule film and 
excess. 

Hard steeljbronze. The jjbjv characteristics for paraffin and oleic acid are very 
similar. With both lubricants, very thin films result in a fijv curve with a marked 
upward slope (there being no 4 dry-friction’ effect to neutralize it). This slope is 
reduced by increasing the film thickness, possibly because the more complete the 
boundary film the lower is the temperature at the interface and hence the lower the 
rate of film destruction. There is little evidence of fluid film formation with this pair 
of materials, except possibly for fi 5 with paraffin, when there is a difference between 
a 40-molecule film and excess. 

Steel/steel. The behaviour of this system with I.C.E. differs from that of the 
others in that the downward slope of the fi/v curve, slight for the unlubricated 
surfaces, is increased by certain conditions of lubrication. These conditions repre¬ 
sent imperfect boundary lubrication, either by reason of the very small amount of 
lubricant present or of a very rough finish. (As shown later in this paper, a rough 
surface predisposes to imperfect boundary lubrication.) It may be that the effect 
of such conditions of lubrication is to enhance the dry friction effect in some way, 
but it is also possible that with this system there is a fourth source of change of 
coefficient with velocity, and further investigation of this subject is clearly required. 


C. Experiments with rubbed films 

A few experiments were made with rubbed films, with the following objects: 

(а) To examine the hypothesis that incomplete films may result from deposition 
from solvents, even though sufficient lubricant for a complete film is present. 

(б) To obtain confirmatory evidence regarding fluid film formation. 

(c) To examine whether a rubbed film is identical with one produced by forcing 
out lubricant under pressure, as occurs in practice. 

In the first place, a 2-molecule layer of I.C.E. was deposited on a steel plate, 
and /i against Babbitt measured. The plate was then rubbed with a degreased cloth 
and again tested. The results (figure 10) show that there was a significant fall in ju, 
implying a better distribution of the lubricant. This tends to confirm the hypo¬ 
thesis previously stated regarding deposited films. 

Secondly, excess of I.C.E. was dropped on to a steel plate and the friction against 
Babbitt measured. The excess was then removed with degreased cotton wool and 
polished with several changes of degreased polishing cloth. The friction was again 
measured (figure 10). There was a rise in /t 3 . /^ 4 and pt 5 , but no change in ji x and /4 2 . 
Excess was again added, and the original curve obtained. This indicates that with 
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this lubricant there is a tendency to fluid film formation at the higher velocities. 
This experiment was then repeated with oleic acid, but in this case no change was 
observed in [i at any velocity on substituting a rubbed film for excess. This result 
may be attributed to two causes. First, the boundary coefficient is lower with oleic 
acid than with I.C.E., so less difference is to be expected between the friction with 
a boundary film and that with a thin fluid film; secondly, oleic acid has a lower 
viscosity than I.C.E., so fluid films will form less readily. 



Figure 10. Babbitt/steel with solvent-deposited and rubbed films of I.C.E. 
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Figure 11. Hard steel/bronze with rubbed films of I.C.E. 


A similar experiment was made with hard steel/bronze and I.C.E. The results 
are expressed in figure 11. In this case rubbing brings about a significant decrease 
in /i) the addition of excess to the rubbed film brings about no further change. This 
experiment demonstrates two things. First, that rubbing can bring about an 
improvement in the frictional properties of a lubricant film, probably as a result 
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of an improvement in its orientation. Secondly, that the combination hard steel/ 
bronze/I.C.E. shows (with the specimen geometry used in this apparatus) no 
tendency to fluid film formation at speeds up to 2*26 cm./sec,, whereas with Babbitt/ 
steel/I.C.E. such a tendency is present at speeds above 0*12 cm./sec. 

The confirmation given by rubbed-film experiments of the very marked tendency 
of the combination Babbitt/steel to fluid film formation is of considerable interest. 
It appears highly probable that this characteristic is responsible for the known good 
‘anti-friction’ properties of white metals as compared with harder alloys, for, as 
experiments reported here show, the true boundary coefficient of Babbitt/steel is 
little or no lower than that of hard steel/bronze. A series of experiments was made 
to determine whether this property is associated with the yield stress of the metal. 
Sets of sliders were made of pure tin and 1, 2 and 3 % antimony in tin respectively. 
The alloys were annealed to ensure that those containing antimony consisted of 
homogeneous solid solutions. These sliders were then tested against a steel plate, 
firstly with excess of I.C.E. and secondly with a rubbed film of I.C.E. The fijv 
curves obtained with the different sets of sliders are shown in figure 12. It will be 
seen that as the hardness of the sliders increases, the difference between the fijv 
curves for excess and for a rubbed film (representing the tendency to fluid film 
formation) diminishes. In figure 13 the difference between the values of for 
excess and for rubbed films is plotted against Vickers Hardness, and a rough corre¬ 
lation is observable. This relationship is not maintained for the Babbitt sliders (see 
figure 10), which show a difference in jll 5 values of 0*052, although their hardness is 
about 25. This must be attributed to the two-phase structure of this alloy (solid 
solution+ Cu 6 Sn 5 ). 

The dependence of the fluid film forming ability of a material upon its hardness 
is probably due to the relationship between real area of contact and yield stress. 
The area of actual contact which is established between two stationary specimens 
is also the area over which minute oil wedges can form when the specimens are in 
relative motion. The greater this area, the greater the number and size of such oil 
wedges, and hence the greater the proportion of the load they can carry. Thus the 
lower the yield stress of the softer material of a pair the greater the proportion of 
the load carried by oil wedges. 

The oil pressures in such wedges depend not only upon the speed of sli ding but 
also upon the thickness of the oil film. If one surface is very rough, then high spots 
will come in contact with the other surface while other parts of the surfaces are 
separated by an oil film too thick to develop a considerable pressure. Slight surface 
irregularities are, of course, essential to provide the necessary ‘wedges’, but rough¬ 
ness in excess of this requirement will reduce the proportion of the load carried by 
oil films. Experiments, to be described later in this paper using different surface 
finishes, show that this factor has, in fact, a very marked effect upon the coefficient 
of friction when there is a tendency to fluid film formation. 
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Figure 12. Friction/velocity curves with rubbed films and with excess of lubricant 
for tin and tin alloys containing 1, 2 and 3 % of antimony. 



Figure 13. The influence of hardness of homogeneous tin-antimony alloys on the tendency 
to fluid film for mat ion - The difference between fi 5 with excess of lubricant and with a 
rubbed film is plotted against V.P.H. 


29-2 
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D. The effect of other factors 
(1) Running-in with lubricated surfaces 

• The results so far given for lubricated surfaces all refer to tests made on fresh' 
surfaces, ox "with not more than one or two revolutions of the plate, each revolution 
corresponding to a repetition of sliding over the same track. With a lubricant 
present the effect of one or two revolutions is small, but progressive, and after a 
considerable number of revolutions becomes very significant. The practice was 
adopted in each experiment of making all required e fresh-surface 3 measurements, 
then allowing the plate to make 160 revolutions at 2-26 cm./sec. (the maximum 
velocity used) with the customary normal load of 2 kg. apd excess of lubricant. 
The procedure is here referred to as f running-in 5 though the use of this phrase is 
not intended to imply that the changes observed are necessarily analogous to those 
which occur in running-in a bearing. 

In all the cases examined, such running-in has been observed to increase the 
downward slope of the /i/v curve. If the curve has initially a downward slope, the 
effect is to make this slope steeper; if the curve has initially an upward slope, it 
is made horizontal or given a downward tendency. Usually /jl x is increased and /i s 
decreased, but this is not invariably the case, for sometimes the general level of 
the curve is changed. 

Some tests were made to find what degree of repreparation was necessary to 
remove the effects of running-in. In figure 14, pbjv curves for Babbitt/steel with excess 
of paraffin are shown. Curve A was obtained initially, curve B after 160 revolutions. 
It will be seen that running-in has greatly increased /q while fi $ is unchanged. The 
plate and sliders were then rinsed thoroughly with petroleum ether and dried. 
A 20-molecule film was then placed on the plate and a further test made (curve C ). 

has dropped, but pc 5 has increased, since fluid film formation is now restricted. 
Excess of lubricant was then placed on the plate and curve D obtained. This curve 
shows that a substantial change in the /ijv curve can be obtained simply by dis¬ 
solving off the lubricant and replacing with fresh. Lastly, the plate was reprepared 
in the usual way, excess paraffin added and curve E obtained, substantially the 
same as with fresh sliders. A second and similar experiment showed that the 
original £ fresh-surface 5 curve could be partly restored by rubbing the plate hard 
with a polishing cloth. 

Similar effects were observed with hard gteel/bronze and I.C.E. In figure 15 
curve A is the initial curve, and curve B that after 160 revolutions. The plate was 
then rubbed hard (circumferentially) with polishing cloth, and curve C (similar to 
curve A) obtained. If instead of rubbing the plate, the old lubricant is dissolved 
off and replaced by fresh, a curve intermediate between A and B results. 

These tests demonstrated that the e running-in 5 effect is partly at least attribut¬ 
able to changes in the lubricant film, since initial values of ji can be partially or 
completely restored by operations which cannot substantially affect the metal 
surfaces. In the case of hard steel/bronze, rubbing with a cloth can almost com- 
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pletely restore initial values of y, (figure 15, C ), but with Babbitt/steel, the curve 
obtained after such rubbing is still significantly different from that obtained 
initially. It is probable that in the latter case some change in the metal surfaces 
is also involved, possibly transfer of Babbitt to the steel plate. 



Figure 14. Babbitt/steel with paraffin. A> initial with excess of paraffin. B, after 160 revolu¬ 
tions excess of paraffin. <7, plate and sliders cleaned with petroleum ether, 20-molecule film 
added. D , as (7 +excess of paraffin. E, plate reprepared. 



v cm./sec. logarithmic 

Figure 15. Hard steel/bronze with I.C.E. A, initial with excess of I.C.E. B, after 
160 revolutions excess of I.C.E. <7, as B, plate rubbed with polishing cloth. 

The reduction in fi 5 which frequently occurs on running-in can be satisfactorily 
explained by the flattening of the sliders by wear, which provides greater oppor¬ 
tunity for fluid film formation. The tendency for to be increased cannot be thus 
explained. Two experiments were therefore made to determine whether this 
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increase was connected with the sliding velocity during running-in. The systems 
used were hard steel/bronze/I.C.E. and Babbitt/steel/I.C.E., and both were tested 
before and after running-in at 0-01 cm./sec. Results are shown in figure 16. With 
Babbitt/steel (curves X and Y) the effect of running-in is much the same as at the 
normal velocity (2*26 cm./sec.), but with hard steel/bronze (curves A and B) the 
effect is entirely different. In place of the increase in /i x and decrease in ju b , there is 
a decrease in ji at all velocities. It appears therefore that in the case of hard steel/ 
bronze, the effect of running-in at /% is so to influence the lubricant film, possibly 
by changing its molecular orientation, that its low-speed frictional properties are 
adversely affected. It may be noted that this is the only case that has been 
observed of a change in coefficient with velocity not attributable to transition from 
one type of friction to another. 



Figure 16. Babbitt/steel and bard steel/bronze with I.C.E. 

A, initial with excess of I.C.E. 1 

B t after 320 revolutions at (0*01 cm./sec.) / ^ ar< ^ steel/bronze. 

X , initial with excess of I.C.E. 1 

Y, after 320 revolutions at v x (0*01 cm./sec.) J Babbitt/steel. 

(2) Surface finish 

The standard surface finish of the plate was that given by an 0 grade emery 
cloth. A few experiments were also made with plates finished by means of a 1 grade 
emery cloth, and one isolated test was made with a plate polished on a buffing 
wheel to a mirror finish. 

With unlubricated surfaces no significant difference was found between curves 
obtained with a 1 emery finish and those with an 0 emery finish, either for Babbitt/ 
steel or for hard steel/bronze. The two curves for Babbitt/steel are shown in figure 17. 

With Babbitt/steel lubricated with paraffin, the surface finish was found to 
exercise a considerable influence. Figures 18 and 19 show the curves obtained for 
this system with different thicknesses of lubricant film, figure 18 with a polished 
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plate and figure 19 with a 1 emery finished plate. (Results for the standard finish 
were given in figure 2). With a polished plate, the two stages of change in the /ijv 
curve are clearly separated. Stage 1 is complete when a 6-molecule film is present, 
and stage 2 commences with a 12-molecule film, a thinner film than that required 
with the standard finish. This is in accord with the hypothesis that stage 2 is the 
result of a transition from boundary to fluid film lubrication, for a smooth ^surface 



Figure 17 . Babbitt/steel, unlubricated, with two different finishes of plate. 



Figure 18 . Babbitt/steel with polished steel plate and solvent-deposited films of paraffin, 

may be expected to favour the formation of fluid films. With the 1-emery finished 
plate the two stages merge, no horizontal curve being obtained. Values of fi are 
very much higher than with the polished or 0 emery finished plate. Running-in 
tends to emphasize the diff erences between the three finishes. Figure 20 shows 
jJLjv curves for the three finishes with excess of paraffin, initially and after 160 
revolutions. (In this figure, and figures 19 and 20, initial results are shown by 
interrupted lines.) 
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v em./sec. logarithmic 

Figure 19. Babbitt/steel with coarse-emery finished steel plate 
and solvent-deposited films of paraffin. 



0*91 0*033 

v cm./sec. logarithmic 

Figure 20. Babbitt/steel with excess of paraffin, showing initial curves (interrupted lines) and 
curves after 160 revolutions (full lines) with three different finishes of plate. * 
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With oleic acid as lubricant, surface finish has less effect on the fijv curves for 
Babbitt/steel. Figure 21 shows /ijv curves for this system initially and after 160 
revolutions for standard and 1-emery finished plates with excess of oleic acid. 
There is no significant difference in the initial results, but running-in causes a 
greater rise in /t in the case of the 1-emery finish; 



Figure 21. Babbitt/steel with excess of oleic acid, showing initial curves (interrupted lines) 
and curves after 160 revolutions (full lines) with two different surface finishes of steel. 



Figure 22. Hard steel/bronze with excess of paraffin, showing initial curves (interrupted 
lines) and curves after 160 revolutions (full lines) with two different surface finishes of bronze. 

With hard steel/bronze, surface finish of the plate has less influence than with 
Babbitt/steel. With both paraffin and oleic acid as lubricants the rougher surface 
yields rather higher values of ji both initially and after 160 revolutions. The curves 
for two different finishes, with paraffin as lubricant, are shown in figure 22. 

Since surface finish has no influence on the friction of the unlubricated surfaces, 
its influence on lubricated surfaces must be due to an effect on the nature of the 
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lubricant film. In the first place a rough surface may be expected to delay the 
onset of fluid film lubrication. This effect has been observed by Beeck, Givens & 
Smith (1940), who showed, by means of the four-ball top apparatus, that a polished 
surface is much more conducive to fluid film formation than a rough one. In 

addition Lewis (1940) has shown that the minimum point of the jn: — curve for a 

journal bearing is reduced by improved surface finish. Thus when the conditions 
of speed, pressure and lubricant viscosity are such that some degree of fluid film 
formation is possible (as with Babbitt/steel, I.C.E. and higher velocities), lower 
values of jjl should be observed with smoother surfaces. Examination of the results 
recorded shows that this is, in fact, the case. The results also show, however, that 
the surface finish also exerts an influence under conditions when fluid films are 
substantially absent (e.g. at the lowest velocity). A possible reason for this is 
suggested by the observation of Finch & Zahoorbux (1937) that the perfection of 
orientation of the hydrocarbon film on copper is greatly influenced by the surface 
finish of the copper. This explanation is supported by the fact that is much more 
influenced by surface finish with the essentially non-polar lubricants paraffin and 
I.C.E. than with the strongly polar oleic acid. The non-polar molecules must be 
orientated by reason of lateral forces, whereas polar molecules are orientated by 
the attraction for the metal surface of the polar end-group. The latter form of 
orientation is likely to be much more capable of resisting the disturbing action of 
an uneven surface than the former. 

If this explanation is the true one, the relative insensitivity of hard steel/bronze 
to the surface finish of the latter material may possibly be explained by the fact 
that its surface contour at the region of contact will, in any case, largely be 
controlled by the finish of the steel, which is the harder material. 


Summary or results and conclusions 

The observed coefficient of friction for a given combination of materials and 
lubricant depends upon: 


(1) Sliding velocity 

The systems examined have all shown marked changes in friction with velocity 
between the limits 0-01-2-25 cm./sec. These changes may be derived from at least 
three sources. 

(a) From the properties of the clean metal surfaces. Certain combinations of 
materials show a decrease in friction with increasing velocity when unlubricated. 
The physical property or properties controlling this tendency have not yet been 
definitely identified but the fact that the tendency is most marked when one 
component is a soft metal of low melting-point suggests that it may be associated 
with reduction in shear strength of the metal with increasing temperature.. 
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(b) From the transition from boundary to fluid film conditions. This tendency 
is also most marked when one component is a soft metal, in which case the real 
area of contact is greater and the local pressures lower than for two hard metals. 
It results, of course, in a decrease of friction with increasing velocity. 

(c) From some factor present under boundary conditions which makes for an 
increase in friction with increasing velocity. There is evidence to suggest that this 
increase is due to a partial destruction of the boundary film, the rate of which 
destruction rises with increasing sliding speed. 

(2) Quantity and method of application of lubricant 

When insufficient lubricant is present for a complete boundary film to be formed, 
frictional characteristics intermediate between dry and boundary conditions are 
found. On the other hand with excess of lubricant, fluid films may tend to form. 
There is evidence that the frictional properties of lubricant films produced by 
rubbing differ from those of films produced by squeezing out excess under pressure. 

(3) 6 Running-in' 

Running-in brings about changes in the physical condition and geometry of the 
metal surfaces and also in the state of the lubricant film. In some cases, a change 
in the metal surfaces, possibly transfer of material, causes an increase in friction, 
but this may be offset as regards the higher velocities by more favourable con¬ 
ditions for fluid film formation resulting from a flattening of the sliders by wear. 
Running-in at a high velocity has been shown in one instance so to influence the 
lubricant film as to increase the low-velocity friction. 

(4) Surface finish 

For the combinations of metals tested, the influence of surface finish is wholly 
through its effect on the lubricant film, for the friction of the unlubricated surfaces 
is not dependent on surface finish. First, a rough surface delays the onset of fluid 
film conditions. Secondly, a substantially non-polar lubricant forms on a rough 
surface a boundary film less effective than on a smooth surface. It is suggested 
that this may be because the rough-surface film is less perfectly orientated. 
Thirdly, the effect of running-in on the lubricant film is much greater when the 
plate surface is rough than when it is smooth. 

The surface finish of the plate has much more influence in the combination 
Babbitt sliders/steel plate than in the combination hard steel sliders/bronze plate. 
This is not unexpected, for in the latter case the contour of the contact area will 
be controlled by that of the steel surface rather than by that of the bronze. 

Practical implications 

In considering circumstances in which boundary lubrication may occur in 
practice, two distinct cases are to be considered. First, the fluid film may be absent 
because the balance between supply and loss of lubricant is such that insufficient 
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lubricant is present to maintain such a film. Such circumstances ifiay occur, for 
example, in a badly designed bearing, in which oil escapes from regions of high 
pressure by oil grooves, or in any sliding mechanism which has no positive 
mechanical oil feed. The factors which are then important are the boundary coeffi¬ 
cient of friction and the resistance of the boundary film to breakdown during 
sliding. The latter property has been tested directly by Dacus, Coleman & Roess 
(1944), and could also be tested directly with the Tin Research Institute apparatus. 
On the present hypothesis some indication of this property may be obtained from 
the tendency of the pijv curve to show an upward slope. For example, oleic acid 
has a much greater tendency than have paraffin or I.C.E. to give pc/v curves with 
an upward slope, and may therefore be no better as a lubricant under conditions 
of sparse supply, even though its boundary coefficient is lower. 

Secondly, boundary lubrication may occur as a result of high local pressures, 
low sliding speeds and low lubricant viscosity, under conditions of ample supply of 
lubricant. The conditions giving rise to boundary lubrication with ample lubricant 
present have been shown by the experiments described to vary widely with 
different materials. With Babbitt sliding on steel at 2*26 cm./sec. fluid film forma¬ 
tion reduces the observed coefficient to about one-third of its 'boundary 5 value, 
whereas with hard steel on bronze no fluid film formation is observable at this 
velocity. The capacity of a pair of materials to form a fluid film may well be a 
much more important property than their boundary coefficient in many practical 
circumstances. A high capacity for fluid film formation narrows the range of 
operating conditions under which boundary friction and consequent damage to the 
surfaces can occur. The present work has been mainly concerned with two very 
different pairs of materials, but the same or a similar technique might well yield 
valuable comparisons between different bearing materials, and also serve to 
indicate the degree of importance to be attached to other variables, e.g. surface finish. 

Under conditions of ample lubrication, it is doubtful if the resistance of the 
boundary film to breakdown is a very important factor, for areas of real contact 
between sliding surfaces are usually very small, so ample opportunity is afforded 
for film repair. 

In both circumstances, sparse or ample lubrication, the effect of running-in on 
the properties of a combination of materials and lubricant are important as regards 
both effect upon lubricant film or upon the surfaces. 

It .appears, therefore, that the frictional properties of a combination of materials 
can be defined by the following: 

(1) The unlubricated pcjv curve for the two materials. 

(2) The resistance to breakdown of the boundary film. ((1) and (2) are only of 
importance with sparse lubrication.) 

( 3 ) The low-speed value of pc, representing an approximation to the true boun¬ 
dary coefficient of friction. 

( 4 ) The effect of running-in on the low-speed value of pc , and whether this is 
due to change in lubricant film or to an effect upon the materials. In the former 
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case the increase is only important when high-speed sli din g is succeeded by low- 
speed. In the latter case, a change corresponds to a change in the true boundary 
coefficient. 

( 5 ) The tendency to fluid film formation (this might be defined by the sliding 
velocity at which fluid film effects become apparent with a given specimen geo¬ 
metry) and the effect of running-in upon this tendency. 

(6) The effect of surface finish upon the low-speed value of jjl and upon the 
transition from boundary to fluid film lubrication. The relative importance of 
these effects will depend upon the practical circumstances. 

This work was carried out at the Tin Research Institute and formed part of a 
research programme which was undertaken for the Joint Admiralty and Ministry 
of Supply Advisory Service on Lubrication and financed by the Ministry of Supply. 
The authors are indebted to the Director General of Scientific Research (Defence) 
for permission to publish the results, and also wish to express their gratitude to 
Dr D. Clayton for helpful advice at several stages of the research. 
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A cloud-chamber investigation of penetrating showers 
By G. D. Rochester, The Physical Laboratories , The University , Manchester 
(Communicated by P. M. S. Blackett , F.R.S.—Received 18 February 1946 ) 

[Plates 7-9] 

An account is given of a cloud-chamber investigation of penetrating showers. It is con¬ 
cluded that the cloud-chamber data are consistent with Jdnossy’s counter data and also with 
the view that penetrating showers consist of a small number of penetrating ionizing par¬ 
ticles which are mainly mesons. There is no evidence to show that the showers are produced 
by processes other than those postulated in the theory of meson production proposed by 
Hamilton, Heitler & Peng, together with the addition suggested by J&nossy, i.e. the emission 
of small groups of mesons every few centimetres of lead. There are given several photographs 
of showers of penetrating particles which may be examples of the successive production of 
penetrating particles by an incident nucleon and its recoil particles. The spectrum of the 
penetrating particles seems to be approximately of the same form as the meson spectrum at 
sea-level. 

Some 20 % of penetrating showers are accompanied, in the cloud chamber, by what appear 
to be electron cascades. It is shown that these showers cannot be due to knock-on electrons, 
to high-energy electron cascades penetrating the whole thickness of the absorber, or to decay 
electrons unless a meson of lifetime less than 10 -10 sec. is postulated. It is suggested that 
these showers may be due to electrons or photons produced in processes which become 
important at very high energies, e.g. > 10 11 eV. 


1. Introduction 

The counter experiments of Wataghin and his co-workers (1940, 1941), and of 
Janossy and his co-workers (1940, 1942), have established the existence at sea-level 
of showers differing from cascade and knock-on showers which are capable of pene¬ 
trating 50 cm. of lead. These penetrating showers have been shown by J&nossy & 
Rochester (1943) to be produced almost equally by ionizing and non-ionizing 
particles. The showers show a transition effect which appears to be mass-pro¬ 
portional. With a layer of lead 5 cm. in thickness above the pentrating shower set 
approximately 50 % of the penetrating showers are created in tlie lead. The other 
50 % come from the air surrounding the apparatus and are probably parts of 
extensive penetrating showers. 

The recent theory of meson production proposed by Hamilton, Heitler & Peng 
( I 943 ) sterns to give a very plausible explanation of penetrating showers. According 

[Note added in proof 10 September 1946.] Dr E. P. George of Birbeck College, London 
University, has kindly informed the author of an experiment he has recently carried out 
showing the^ occurrence of penetrating particles in bursts. In George’s arrange me nt the 
hursts are recorded by an ionization chamber (surrounded by 7 cm. lead), placed above a 
counter set which selects penetrating showers. George concludes fro m the results that the 
bursts are produced in the 7 cm. lead by extensive (Auger) showers, and that the penetrating 
particles are produced at the same time in the ratio of one penetrating particle to thirty 
electrons and photons. The bursts connected with penetrating showers described in the 
present paper cannot be accounted for in a similar way for they occur below 37 cm. lead. 

[ 464 ] 
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to this theory the showers consist mainly of charged mesons and neutral mesons 
(neutrettos), produced by protons and neutrons, in reactions of the following types: 

P+P -*tf + p+r+ 

N + P ->P + P+ F~ 

P+ Y~->N+ Y°, 

N+Y+->P+Y Q . 

The symbols P and N represent protons and neutrons, Y + and Y~ charged mesons, 
and Y° neutrettos. The charged mesons are of two types, one with a lifetime at rest 
of 10~ 6 sec., which has been observed experimentally, and the other a hypothetical 
particle with a lifetime of 10~ 8 sec. The neutretto is also a hypothetical particle 
since it has not been observed experimentally. In order that these reactions may 
occur, incident nucleons must have energies greater than 2xl0 9 eV. Janossy 
{1943) has shown that, particularly for heavy elements, one should expect several 
mesons emitted from the same nucleus. The calculated total number of mesons of 
all kinds, neutral as well as ionizing, with energies greater than 5 x 10 s eV produced 
when a nucleon of energy greater than 10 11 eV crosses an oxygen nucleus is 5 and 
for a lead nucleus is 18 . To these numbers should be added a small number (< 3 ) 
of recoil protons and neutrons (Peng 1944). These numbers are, of course, only 
average numbers and large fluctuations may occur. Penetrating showers are 
therefore expected to consist of small numbers of ionizing penetrating particles 
formed by a nucleon every few centimetres of lead. The production of small groups 
of mesons in succession will be referred to throughout this paper as plural meson 
production.* 

The published photographs >of penetrating showers fall into two main classes, 
those showing pairs of penetrating particles and those showing groups of pene¬ 
trating particles which in every case appear to originate at one point. Typical of 
the first class are the photographs of Braddick & Hensby (1939), J. G-. Wilson (1940), 
Leisegang (1940) and Seren (1942), taken near sea-level, and of Powell (1940), 
Hughes (1941), Herzog & Bostick (1941), taken at moderately high altitudes. 
Photographs of groups of particles are rarer than pairs, but good examples have 
been obtained by Janossy, McOusker & Rochester (1941), Bose, Choudhuri & 
Sinha (1944), andR. P. Shutt(i946), at sea-level, and by Hazen(i943),Powell (1941), 
Daudin (1944), Bostick (1942), and Wollan (1941) at altitudes of from 6000 to 
14,000 ft. above sea-level. A photograph reproduced by Euler & Heisenberg 
(1938), taken by Eussell, is also clearly a penetrating shower of the same type. 

There is thus ample cloud-chamber evidence that small groups of penetrating 
particles do occur. No systematic cloud-chamber investigation of penetrating 
showers has, however, been undertaken as yet. The difficulty arises from the fact 
that, especially at sea-level, penetrating showers are very rare. Because of this 


* I am indebted to Dr J. G. Wilson for this suggestion. 
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the only efficient method of investigation is to use a cloud chamber controlled by 
a counter arrangement highly selective for penetrating showers. Counter control 
with an arrangement of this type results not only in a considerable saving of time 
and film but reveals features in penetrating showers which otherwise could not be 
recognized. In the investigation described in the present paper 95 % of the photo¬ 
graphs are sig ni ficant for penetrating showers. Had rigid selection not been used 
85 % of the photographs would not have been recognized as penetrating showers. 
Rigid counter selection may, however, result in the loss of showers of certain types. 
Photographs have therefore also been taken with a less rigid selection; in this case 
the only criterion for a penetrating shower is the presence of two or more ionizing 
penetrating particles. 

2. Experimental arrangement 

The experimental arrangement, illustrated diagrammatically in figure 1 , con¬ 
sisted of a cloud chamber ( C) operated by a set of fourteen counters arranged in 
sevenfold coincidence. The counters were placed in three trays with three sets of 
two counters in tray T and two sets of two counters in each of the trays M and B. 
Counters connected in parallel are shown in the diagram connected by lines. 
Three ionizing particles were required to set off the top tray and two to set off each 



Figure 1 . Experimental arrangement. T, M 9 B, counters; C 9 cloud chamber. 










































Roy. Soc. A, volume 187 , plate 9 












467 


A cloud-chamber investigation of penetrating showers 

of the other trays. The counters were of the copper-in-glass type, 40 cm. long and 
3 cm. internal diameter, and were filled with the usual mix ture of 1*5 cm alcohol 
vapour and 10*0 cm. argon. Electron cascade showers from the air were eliminated 
by surrounding the middle and bottom trays with lead 15 cm. in thickness. The 
total vertical thickness of lead was 53 cm. A layer of lead 5 cm. in thickness was 
placed above and at the sides of the tray T in order to increase the rate of 
penetrating showers. J&nossy & Rochester (1944) showed that a sevenfold 
coincidence set with the counters disposed as described was highly selective for 
penetrating showers, and this conclusion was fully confirmed in the present 
experiment. 

Before the cloud chamber was set into operation careful tests were made with 
the counter set alone to find the rate of sevenfold coincidences and the contribution 
of processes other than penetrating showers. The counting rate was 0*026 + 0*003 
counts per hr. It was shown by Janossy (1942) that the main processes which 
simulate penetrating showers were knock-on showers and accidental coincidences. 
In the present experiment the rate of knock-on showers was estimated as 3 x 10 -4 
c.p.hr. and the rate of accidental coincidences as 6 x 10~ 4 c.p.hr. Thus the total 
contribution from knock-on showers and accidental coincidences was 9 x 10 ~* 
c.p.hr.; one was therefore justified in assummg that not more than 5 % of the 
counts were due to processes other than penetrating showers. 

The cloud chamber was placed between the middle and bottom trays. It was 
30 cm. in diameter and had an illuminated depth of approximately 8 cm. Across 
the middle of the chamber was placed a lead plate 2*3 cm. in thickness;'a particle 
which passed through this plate without multiplication and with small scattering 
was classified as ‘penetrating ’ (see § 3 ). Illumination for the chamber was provided 
by two banks of 230 V 200 W tungsten coil-coil lamps flashed for approximately 
0*2 sec. at 400 V a.c. The expansion mechanism was similar to that described by 
Blackett (1934). 

The chamber was filled with a mixture of argon and oxygen in the proportion of 
2:1 by volume to a pressure of 100 cm. Hg. The usual mixture of alcohol and water v 
served to moisten the gas. 

A voltage of 120 V was applied across the chamber and was reduced to approxi¬ 
mately 10 V by a gas-filled relay slightly before and during the expansion. 

Stereoscopic photographs were taken with a pair of matched Boss lenses of focal 
lengths 1*5 in. and apertures of 1 * 9 , on Selo H.P. 3 film. The average rate of photo¬ 
graphs was the same, within the standard deviation, as the rate of counts. 

, 3, PeKETBATENO EABfflBQLBS 

In this section the evidence given by thfe photographs for the existence of 
penetrating particles in the showers is discussed. 

(a) The identification of penetrating particles. A particle is classified as ‘pens- , 
trating 5 if it can penetrate the 2*3 eta, lead plate and emerge as a single pariade 
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without appreciable scattering. The relevant data are given in, tables 1a and 1b, 
and from these data it will be shown that there is only a small chance oiTconfusing 
penetrating particles and electrons above 5 x 10 8 eV. 


Table 1a. Probabilities {P(N)} of less than three particles emerging 

FROM THE 2*3 CM. LEAD PLATE AS A FUNCTION OF THE ENERGY ( E 6 ) OF AN 
INCIDENT ELECTRON 




8* 

P(N) 

P(N) 

9 



(Bhabha & 

(P61ya) 

(Poisson) 

i (deg.) 

K (eV) 

(Arley) 

Chakrabarty) 

% 

% 


(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

7*4 x 10 7 

0*8 

0*5 

90 

95 

20 

5*5 x 10 s 

10*5 

8*0 ■ 

33 

0*18 

2-5 

4*0 x 10* 

64*0 

50*0 

7 ' 

3 x 10~ 28 

0-3 

Table 1b. 

Probabilities or binding iV particles below the 2-3 cm. lead 


PLATE FOR INCIDENT ELECTRONS OF ENERGY E e 


N 

E e (eV) 

7*4 Xl0 7 

5*5x10® 


4*0 x 10 9 

° t 

Polya t 

0*651 

0*133 


0*015 


Poisson 

0*449 

3 x 10- 5 


1*5 xlO- 28 

1 

P61ya 

0*162 

0*108 


0*028 


Poisson 

0*359 

0*00028 


9*6 x XO- 27 

*2 

P61ya 

0*075, 

0*078 


, 0*023 


Poisson 

0*144 

0*0015 


3*1 x 10~ 25 


In the table are given the average number of particles (N) emerging from the 
lead plate when the incident particle is an electron of energy E e . Data in column 
(ii) are taken from Arley (1938) and in column (iii) from the more accurate calcula¬ 
tions of Bhabha & Chakrabarty (1943). As the differences between the two sets 
of data are not significant for present purposes, Arley’s data will be used. In 
columns (iv) and (v) are given the percentage probabilities of finding less than three 
particles below the lead plate with Polya and Poisson distributions. The detailed 
probabilities for N — 0, 1 and 2, when the average is N A (column (ii), table 1 a), 
for different values of E e are given in table 1 b. The values for the P61ya distribution 
have been taken from Arley (1943), who has shown that this distribution gives a 
more accurate picture of the growth of an electron cascade shower than the 
Poisson distribution because the former assumes a growth analogous to biological 
growth, in which one generation succeeds another, whereas the latter assumes 
shower particles to be independent. The number N includes all particles, primary 
as well as secondary. In column (vi) are given values of the mean projected angle 
of scattering calculated from Williams’s scattering formula (1939), 

= (19-5-3-1 log 10 Z)i 600 Ze(Nt)K 

where Z is the atomic number, e the electronic charge in e.s.u., N is the number of 
atoms per c.c., t is the thickness of the absorber in cm., /?=v/c. and E is the momen- 
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turn of the particles (i.e. 300 Hp eY/c.). The value of ip? for fast particles traversing 
the lead plate is 1*38 x 10 9 eV/c.deg. Thus a particle with an energy of 10 9 eV would 
be scattered on the average through 1 * 38 ° in the plane of the photograph. 

It is concluded from table 1a that the identification of penetrating particles 
which are scattered through less than 3 ? is fairly certain above 5*5 x 10 8 eV. The 
identification is, in fact, certainly better than would appear from table 1 a, because 
many of the observed penetrating particles come into the cloud chamber singly, 
whereas an electron would be generally accompanied by other electrons. It is 
therefore considered that identification is reliable for more than 90 % of the 
penetrating particles. 

Mesons with momenta below 2 x 10 8 eV/c. can be distinguished from electrons 
by the increase in ionization in passing through the lead plate (Rossi & Greison 
1941). 

(6) Types of showers of penetrating particles taken with the sevenfold coincidence 
arrangement. Some examples of showers of penetrating particles are given in 
figures 4 to 8, plate 7 . In figure 4 three penetrating particles can be seen and 
a fourth particle which is stopped by the plate. Figures 5 and 6, plate 7 are good 
examples of showers of at least three penetrating particles. It will be noticed that, 
particularly in the case of figure 5 , the tracks cannot be reprojected back to a 
single point, suggesting that they might have been formed in succession by a single 
proton or Neutron and their recoil particles. An equally valid explanation is, 
however, that the penetrating particles have been formed at one point, but that 
the tracks do not reproject bapk to a point because of scattering in the lead above 
the chamber. * 

Other examples of showers of penetrating particles are shown in figures 7 and 8, 
plate 7. A single penetrating particle can be seen in figure 7 , and to the left side an 
explosion has occurred in the plate. Figure 8 is an example of a shower of particles 
most of which are stopped in the plate, and two accompanying penetrating particles 
(marked e p-p') which can be seen faintly in the background. There are so many 
tracks that it is difficult to correlate tracks above the plate with those below. The 
two penetrating particles which can be definitely identified make such a large angle* 
with each other that it is doubtful if they can have been created at one point. 

(c) Examples of showers of penetrating particles taken with a fivefold coincidence 
arrangement . Although the sevenfold coincidence gives a rigid selection of pene¬ 
trating showers, the selection might be so rigid that other interesting showers are 
excluded. The arrangement might, for example, have a strong bias against showers 
consisting of pairs of penetrating particles, a type observed frequently before. 
A coincidence arrangement of lower multiplicity would tend to remove this bias. 
For this reason a number of photographs have been taken with a fivefold coin¬ 
cidence arr a n g ement which consisted of two counters out of each of the trays 
T, M and JB, chosen such that they were directly above and below the chamber. 
The two counters in the top tray were connected in parallel. Estimates of the 
contributions of knock-on showers and accidental coincidences to the fivefold rate 
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showed that nearly all the photographs were due to double knock-on showers. 
In this case, therefore, the only criterion which could be used to select a pene¬ 
trating shower was the presence of more than one penetrating particle. Three 
examples of showers with this arrangement are shown in figures 9 to 11 . Figure 9 , 
plate 7 is a good example of a shower containing at least four penetrating particles, 

, and it will be noticed that the tracks are almost parallel. This is the largest shower of 
penetrating particles obtained in the present experiment. It may well be an 
example of plural meson production. Figure 10 , plate 8'shows two penetrating 
particles with an associated shower starting in the plate. Figure 11, plate 8 is one of 
the few examples we have obtained of a pair of penetrating particles. Unfortunately, 
..the photograph is technically poor, for the tracks are broadened by field doubling 
and a slight shift occurs between the upper and lower parts of the chamber. 
Nevertheless, the most probable explanation of the photograph is that it repre¬ 
sents a pair of penetrating particles starting in the lead immediately above the 
chamber. 

(d) The density of the showers . Using the criteria outlined in § 3(a), fifty photo¬ 
graphs taken with the sevenfold arrangement have been examined for penetrating 1 
particles. The size distribution is given in table 2. 

Table 2 

number of number of 

penetrating particles photographs with N 
per photograph (N) penetrating particles 

0 32 

1 10 

2 3 

3 5 

The most striki n g feature of the distribution is the low density of the showers. 

(e) The scattering of the penetrating particles . Detailed measurements have been 
made of the scattering, in the 2*3 cm. lead plate, of thirty-two penetrating particles 
selected from sixteen photographs taken with the sevenfold arrangement, and two 
photographs taken with the fivefold arrangement. The measurements were made 
with a microscope fitted with a goniometer eyepiece, and four independent settings 
were made on the tracks in the upper and lower parts of the chamber for each 
stereoscopic picture. The angles of scatter are therefore the mean of eight in¬ 
dependent readings. The average setting error on good tracks was about 0*3°. 
The results are given in figure 2 a. Since the main error was likely to be distortion 
in the cloud* chamber a number of photographs of single mesons were taken with 
a replica hollow wooden box in place of the 2-3 cm. lead plate. The box was made 
of light wood 4 mm. in thickness, and the surfaces were thickly gilded to prevent 
the scattering of light. On the assumption that the gold was 0*02 mm. in thickness 
the total scattering was given by Efid = 1 x 10 8 eV/c.deg. Since at least 95 % of 
the mesons have momenta above 2*5 x 10 8 eV/c., the scattering produced by the 
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box can be neglected. The results of measurements on twenty-six tracks, given in 
figure 26 , shows that all the particles are scattered by less than ± 2 °* 5 . It is clear 
that this scattering is spurious and is due to distortion in the cloud chamber. Thus 
because of the possibility of distortion no reliance was placed on scattering angles 
less than‘2°. It should be added that the tracks with the lead plate in the chamber 
were uniformly better than those taken with the wooden box. 


number of tracks 



Figure 2 a. Scattering of the penetrating particles in the 2*3 cm. lead plate. 


number of tracks 
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The distribution of scattering angles is given in'table 3, from which it is seen 
that only two of the particles are scattered through more than 6°. A rough-energy 
spectrum has been obtained by using Williams’s scattering formula (§ 3(a)), and 
the results are given in column (iv). The percentages of particles observed between 
these energy limits are given in column (iii), and these values may be compared 
with the actual percentages of mesons in cosmic radiation at sea-level, given in 
column (v), taken from the data of J. G-. Wilson (1946). It is seen that there is 
significant agreement in spite of the large statistical fluctuations and the use^of 
projected angles instead of actual angles of scatter. 

Table 3. Scattering op penetrating particles in the 2-3 cm. lead plate 


range of 5 

number 

percentage 
of total 
number 

energy limits 
from Williams’s 
scattering formula 

percentage of 
mesons in 
energy range 
given by 
(v) from 

(deg.) 

of tracks 

5<6° 

(eV) 

Wilson’s data 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

0*0- 1*9 

21 

70 

7-3 x 10 8 -oo 

86 

2 *0- 3*9 

6 

20 

3-5 x 10 s —7-3 x 10 s 

11 

4*0- 5*9 

3 

10 

2-3 x 10 8 -3-5 x I0 8 

3 

6*0- 7*9 

0 

0 

— 

— 

8*0- 9*9 

0 

0 

—: 

— 

10*0-11*9 

1 

— 

— 

— 

18*0-19*9 

1 

— 

— 

— 


Two of the penetrating particles are scattered through large angles, namely 
10*2 and 18 - 0 °. The scattering of the first of these particles can be fully accounted 
for in terms of multiple scattering. The scattering of the second particles'may be 
multiple if the particle is an electron or ‘ large-angle ’ if the particle is a meson or 
a proton. 

4 . Comparison with Janossy’s counter data (1942). 

It is of interest to compare the present data with J&nossy’s counter data both 
as regards the absolute rate of penetrating showers and the size distribution of the 
showers. 

(a) The absolute, rate. Janossy found that the rate of penetrating showers was 
1 / 12,000 of. the rate of cosmic-ray particles penetrating 50 cm. of lead. The relevant 
data for the present experiment are collected in table 4 . The threefold rate gives 
the total flux of cosmic-ray particles through the apparatus. Taking the sevenfold 
rate to be 0-030 c.p.hr., the ratio of the rate of penetrating showers to cosmic-ray 
particles which can penetrate 50 <^n. lead is 

0 - 030:315 = 1 : 10 , 000 . 

This figure is so close to Janossy’s that it gives strong support to the conclusion 
that the same phenomenon is being observed in the two experiments. 
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multiplicity 

number of 
counters 

counts 

Table 4 

photo¬ 

graphs 

time 

(hr.) 

rate per hr. 

±S.D. 

threefold 

14 

557 

— 

1-75 

315± 13 

sevenfold 

14 

71 

— 

2710*91 

0026 ± 0*003 

sevenfold 

14 

— 

50 

1479*96 

0*034 + 0*005 


(b) The size distribution of the showers. The size distribution of the showers has 
been obtained by counting the number of particles entering the top of the lead 
plate placed across the chamber. In order to exclude most electrons of radioactive 
origin, i.e. all below 2 x 10® eV, only particles leaving straight tracks have been 
counted. (The average projected angle of scattering of an electron of 5 x 10® eV, 
in a path 10 cm. long in the chamber is ~ 4°.) Janossy’s data refer to counters 
surrounded on all sides by 50 cm. lead, whereas the cloud chamber had no lead 
round its sides but only a relatively thin layer of absorber, mainly glass a few 
millim etres in thickness. For this reason, data have also been obtained for the 
number of particles entering the lead plate within an angle marked A in figure 1 
which was well covered by the lead absorber above the chamber. These data are 
given in figures 3 ai and 3 b. These data confirm J&nossy’s conclusion that pene : 
trating showers are a mixture of showers of different sizes, the larger part being 
showers of low density. 

It will be noticed that 20-30 % of the photographs show no particles entering 
the top of the lead plate. These blank photographs cannot have been due to 
accidental coincidences, for the rate of accidental coincidences was hot more than' 
2 % of the rate of penetrating showers. Thus it is unlikely that more than one 
blank photograph could be due to an accidental coincidence. It is, in fact, highly 
improbable that even one photograph was* due to this cause for most of the acci¬ 
dentals were due to overlaps between pulses from sixfold coincidences and single 
counters. A sixfold coincidence would in general result only from a shower which 
would have several particles in the chamber. Further, none of the blank photo¬ 
graphs can be explained by ‘knock-on’ showers; for the measured rate of this type 
of shower is exceedingly sihall. 

It is concluded that none of the photographs with N == 0 are spurious. These 
photographs provide additional evidence that most penetrating showers are of low 
density. Reference to figure 1 will make it clear that a shower of low density icould 
miss the lead plate in the chamber. 

^feb^he ill umin ated part of the lead plate, is approximately equal in area to 
• ..--objimtecs, it is possible to make a direct comparison of .the 

prbhaWfty particular's counter with the probability of finding 

one or more particles entering the lead plate. The probability of discharging one 
H counter is given by the following expression: 
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where a n represents the number of cases in which n counters are discharged, and 
n takes the values 0->8. The value of P(l), calculated from J&nossy’s data after 
making allowance for the fact that most of the records ti = 0, 1 are due to knock- 

on 5 showers, is P(l) =0-4±0-1. 



Figure 3a. Size distribution of the showers for particles entering 
the lead plate from any direction. 



Figure 36. Size distribution of the showers for particles entering 
the lead plate within the solid angle A (figure 1). 
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The corresponding value from cloud-chamber data is 0-7 ± 0-1. The two values are 
sufficiently dose to show that both sets of data indicate showers of low density. 
The small difference between the two values may be due to the following factors. 
(1) The areas of the illuminated part of the lead plate and a single H counter are 
' almost the same, but the dimensions are quite different, being 28 x 8 cm. 2 for the 
lead plate and 3-5 x 60 cm. 2 for an H counter. A change in geometrical form might 
have a large effect on the value of P(l). (2) The value of P(l) refers to any counter 
out of the H set whereas the cloud chamber is in a position corresponding to one 
of the middle counters. 


5. Large showers 

(a) Frequency and size distribution. Although most penetrating showers consist 
of showers of low density there occur also afciumber of showers of surprisingly high 
density. Data given in table 5 indicate the number of photographs on which there 
are not less than ten particles within the solid angle A (figure 1) above the lead plate. 
Examples of these large showers are given in figures 12 to 16, plate 8. 


Table 6 



number of 

% number of 

•theoretical number 
of showers with 

number of 

photographs 

photographs 

not less than 

particles 

with not less 

with not less 

N particles 

(N) 

than N particles 

than N particles 

(knock-on theory) 

(i) 

(ii) 

(iii) 

(iv) 

10 

7 

14 

0*0950 

20 

4 

8 

0*0180 

30 

3 

6 

0*0060 

' 40 

3 

6 

0*0010 

50, 

.2 

4 

0*0007 


Figures 12 anc(»13 are examples of the very large showers of some forty and fifty 
particles respectively. Figure 12 is of especial interest because it is a large, shower 
which definitely shows an associated penetrating particle (marked e p-p’, ip. the 
figure). Approximately half of the large showers seem to have associated pene¬ 
trating particles, but a number of the showers are so dense that it is difficult io 
say whether penetrating particles are present or not. - ■■ 

Both of the largest showers observed are of the form of the shower shown in 
figure 13. . ’ ; : 

(b) The origin of the large showers. These large showers occur belcw 40 om. of lead 
and'consist mainly of particles which are stepped in the 2-3 cm) lead ^Shse- 
over, they must have at least three pfetipies at the tray T, two pa^hlehal; the 
tray Jf, ten particles in the cloud chaffibur, and two at the tray £$ - life therefore 
clear that part of the showers mppt bp jvery penetrating. It cep b© asswhqd that 
the penetrating part consists ofjipai^hg particles such as fhps&©b$^ed5©n'other 
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photographs of penetrating showers (§ 3 ). In this case the showers would be 'soft' 
secondary radiation accompanying the penetrating particles. This description would 
commend itself if the 'soft' secondary particles could be ascribed to a knock-on 
process in which a meson knocks on an electron in the lead close above the cloud 
chamber. The electron then produces the cascade shower observed in the chamber. 
The meson should accompany the shower, but it may not be observed if the 
shower is very dense or if the core of the shower lies to the edge of the illuminated 
part of the chamber. The probability of getting a shower of a certain size is a 
function of the probability of a meson of given energy producing a knock-on elec¬ 
tron and the number of mesons with this energy. Lovell (1939) has calculated this 
probability, and from his results the number of showers to be expected in the 
cloud chamber has been estimated. Each penetrating shower has been assumed 
t#contain ten mesons. The results are £gven in column (iv) of table 5 . The observed 
values are given in column (ii), and a comparison of the two sets of figures shows 
clearly that the large showers are not knock-on showers. 

The second possibility is that the showers are high-energy electron cascades 
which have traversed the whole of the lead absorber. Janossy has estimated that 
a cascade shower which can penetrate 50 cm. of lead would require an electron of 
energy 10 19 eV. Assuming an incident spectrum of the form 

js(E)$E = H/El 

where H = 6 x 10 9 hr./m. 2 , y = 1-50 and E 0 is the energy of the electron measured 
in units of the critical energy, the rate of electrons with energies 10 19 eV is estimated 
at 2 x 10~ 7 /m. 2 /hr. Thus the rate of high-energy electrons on the absorber T' 
(area 0*1 m. a ) above the cloud chamber would be 2 x 20~ 8 /hr, Taking the total time 
of the experiment to be 50 x 35 = 1750 hr., the expected number of large showers 
would be 3 x 10~ 5 . This number is again so small that none of the observed photo¬ 
graphs is likely to be a large cascade shower which has penetrated the lead. This 
estimate would be invalidated if there were any breakdown inffche fundamental 
processes of radiation loss and pair production at very high energies. 

A third possibility is that the showers are large meson showers. This is unlikely 
for the following reasons: (1) many of the showers have the typical form of electron 
cascade shower, (2) most of the particles in the showers have ranges less than the 
thickness of the lead plate; if these particles were all mesons they would have ion 
densities appreciably greater than is observed; and (3) very few penetrating 
particles are observed in the large showers. 

A fourth possibility is that the showers are electron cascades resulting from decay 
electrons produced in the lead above the cloud chamber. The probability of getting 
a shower of a certain size is a function pf the probability of a meson of certain 
energy producing a decay electron and the number of mesons with this energy. 
An electron which can produce ten or more particles in a layer of lead a few 
centimetres in thickness must have an energy greater than 10 9 eV. Thus the least 
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energy of the meson which can produce such a shower is approximately 2 x 10® eV. 
It is clear that the chance of the decay of an ordinary meson of energy greater than 
2 x 10® eV in the lead absorber is negligibly small. It is worth examining, however, 
if the showers could result from the decay of mesons of lifetime ‘10 -8 sec. or much 
less. 

' The probability of a meson of lifetime r 0 decaying in a distance D is given by. 

Djl-ffl Dp 
P Totf r,E’ 

where ji is the mass of the meson at rest and E is its momentum. Let the number 
of mesons with momenta between E and E+SE be N8(E) 8E, where N is the total 
number of mesons above 2x10® eV. Thus the number (V) of large showers will be 
given by the formula 

, DfiN r« 8(E) 8E 

r 0 J 2x io 9 E 

Assume that the mesons have the same energy spectrum and the same mass as 
the ordinary mesons found at sea-level. Assume further that each penetrating 
shower contains on the average ten mesons of all kinds; then N cannot be greater 
than 100. The expression under the integral sign can be evaluated numerically, 
and taking D — 5 cm. the total number of large showers is found to be 0-02. This 
number is to be set against the observed number of seven large showers. It is 
clear that the electron cascades cannot be due to the decay of a meson of lifetime 
10~ 8 sec.; it would, in fact, require a lifetime less than 10~ 10 sec. to account for 
the showers in this way. There is, at present, no theoretical foundation for assuming 
the existence of such a meson. , 

Hamilt on, Heitler & Peng have suggested that new processes are to be expected 
for energies greater than 10 11 eV; it is therefore possible that the large showers 
are produced by the interaction of particles of very high energy with matter. 
Extrapolation of the ordinary meson spectrum to high energies shows that enough 
particles of very high energy fall on the absorber T' to account for the showers. 

6. - Showers starting in the lead plate 

Several examples of showers starting in the lead plate have been observed; 
Examples are given in. figure 7, plate 1, and figures 16 to 18, plate 9. The shower 
shown in figure 16 seems to have been initiated.by a neutral particle, but the shower 
of figure 17 may have been initiated by either a. neutral or an ionizing particle. Two 
of the particles of the latter shower are heavily ionizing suggesting that they are Slow; 
protons or slow mesons. Another example of a shower is shown in figure TS. It is 
suggested that' this shower might be a £aseade shower, since it has fyfepxfff a; 
cascade and a group of # particles enter the top of the plate near the otjgin of the 
shower. 
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Hazen ( 1944 ) has observed many similar showers and he has concluded that they 
are due almost equally to high-energy neutrons and protons. The low-energy stars, 
which have been observed very frequently, are due mainly to neutrons. Particles 
produced in low-energy stars are observed to be distributed in all directions 
whereas the particles from ‘disintegrations’ produced by high-energy particles 
are largely collimated in the direction of the incident particle. The collimated stars 
are presumably penetrating showers starting in the lead plate. According to the 
theory of Hamilton, Heitler & Peng they would be expected to be produced eq ually 
by neutrons and protons. 

On many, of the photographs heavily ionizing particles are observed, e.g. 

' figures 7, 9, 12,16 and 17. Seventeen heavily ionizing particles have been observed 
in the fifty photographs. 

I wish to thank Professor P. M. S. Blackett, F.R.S., for the interest he has shown 
in this work and for useful comment on the paper. I wish also to express my thanVa 
to Dr L. Janossy for the benefit of many valuable discussions and much help 
during the course of this work. I am indebted to Mr D, Broadbent, B.Sc., for help 
ifi r unnin g the cloud chamber during the latter stages of the work. 
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Description oe Plates 7-9 


S, sevenfold; F, fivefold. 


Plate 7 

Figure 4. A penetrating shower with at least three penetrating particles and a fourth particle 
which is stopped in the plate. (S 5.) 

Figures 5 and 6 . Photographs of penetrating showers containing at least three penetrating 
particles which do not appear to originate at a single point. These showers may he ex¬ 
amples of plural meson production. One Of the penetrating particles of figure 6 is scattered 
through 10’2°. (S 28 and S 48.) 

Figure 7. A penetrating shower with at least one penetrating particle and an explosion in 
the plate. One of the particles emerging from the plate is so heavily ionizing that it is 
probably multiply-charged. (S 31.) 


Figure 8 . A penetrating shower in which most of the particles in the cloud chamber stop in 
the lead plate. The shower contains two penetrating particles marked ‘p-p’ which may 
be seen faintly in the background. (S 47.) 

Figure 9. A penetrating shower containing at least four penetrating particles with almost 
parallel tracks. This photograph seems to indicate plural meson production. (F 9 .) 


Plate 8 

Figure 10. A penetrating shower containing at least two penetrating particles and an asso¬ 
ciated electron-cascade shower which starts in the lead plate, (F 17.) 


Figure 11 . A pair of penetrating particles starting in the lead immediately above the cloud 
chamber. The photograph is technically poor, for there is field separation of the positive 
and negative ions and a slight shift between tracks in the upper and the lower parts of 
the chamber. (F 7.) 

FIguiIe? 12 . A large shower of some 40 particles associated with a penetrating shower. One 
penetrating particle, marked c p-p’, can be clearly distinguished. (S 50.) 

Figure 13. A large shower of at least fifty particles in the cloud chamber. It is thought that 
this shower is a large electron-cascade shower produced in the lead immediately above 
the cloud chamber. (S 45.) ' , , 

Figures 14 and 15. Examples of large showers which are associated with penetrating showers. 

< (S 49 and S 27.) 


Plate 9 

Figure 16, An example of a shower which starts in the lead plate, (S 37.) 

Figure 17. Another example of a shower starting in the lead plate. This shower seems ho be 
an explosion which contains heavy particles* (S 21.) 

Figure 18. An electron-cascade shower starting in the lead plate, (S 29~) 



Stability of viscous flow between rotating cylinders. II. 
Cylinders rotating in opposite directions 

By D. Mek&yn, D.Sc. 

{Communicated by Professor G. Temple , F.R.S.—Received 28 February 1946) 

1 . Introduction and summary 

In a previous paper (Meksyn 1946 ; it will be referred to as Part I) the problem of 
stability of viscous fluid between coaxial cylinders, rotating in the same direction, 
was solved by expanding the integrals in inverse powers of a large parameter. 

The question was first considered theoretically and experimentally by Taylor 
( I 9 ^ 3 )? fhe problem being solved by expanding the integrals in orthogonal Bessel 
functions. 

The aim of the present paper is to extend the solution to the case when the 
cylinders rotate in opposite directions. 

The important difference between the two cases in its mathematical aspect consists 
of the following. 

It is necessary to find the asymptotic integrals of a certain linear differential 
equation. 

In the case whep the cylinders rotate in opposite directions, these integrals become 
infinite within the range under consideration; namely, approximately at the point 
where the mean velocity of rotation is equal to zero, and the asymptotic expansions 
change their form in passing through this point. 

It is, therefore, necessary to find the law of transformation of these integrals; 
that requires a rather extensive mathematical investigation. 

For the sake of convenience the work is divided into two separate parts, hydro- 
dynamical (Part II) and mathematical (Part III). ' * 

In the present paper (Part II) the transformations are only quoted, whereas in 
the mathematical part the detailed solution of the equations is developed. 

The main results obtained are as follows. 

The spacings of the vortices and the critical angular speed Q x of the inner cylinder 
are found from the equations 

. ' u * 4*05 3 _ 8i2f {l-fiRl/RD 2 

1 , 1-546’ d x ■ 

where d x = R 0 —R x , R x and R 2 (R 2 > R x ) are the radii of the cylinders, R 0 ( 2 * 10 ) is the 
radius where the mean velocity V vanishes, and fi = Q 2 /Q x ; 2tt/A is the wave-length 
parallel to the axis of the cylinder. 


[ 480 ] 
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The critical velocities were evaluated and found in good agreement with Taylor’s 
experimental results. 

The agreement, however, greatly depends on the accuracy of measurement of 
R 1 when the distance between the cylinders is small and — y is large. 


2 . Equations of motion 


For the sake of convenience certain results are given here which will be needed 
below; the details are found in Part I. 

The radii of the two cylinders are denoted by 2? x and R 2 respectively (R 2 > Rj). 

• If r is the distance,of a point from the axis, then the mean velocity V, in steady 
motion, is 


F — Ar4-— A - ~~A-fi 

r’ • l-R\jR\ ’ 


B = 


R\Q x {l-y) 
i -R\IR\ ’ 


( 2 - 1 ) 


where and Q 2 are the angular velocities of the two cylinders and y = Q 2 jQ v 
The velocities of the 'disturbed motion are u, V+v and w, where u is along r, 
V+v perpendicular to the meridian plane and w the component along the axis. 

It is assumed that 


u = u 0 cos Az e 0 *, v — v 0 cos Az e rf , w = w 0 sin Az e^, 


( 2 - 2 ) 


and it can be shown (Part I) that the solution is reduced to the integration of the 
following differential equation for v 0 : ■ ^ 

dr 6 r dr 5 \r 2 1 / dr* \ r 3 r /dr 3 

+ (_^^ +A}+2AU ,)^(«_«^ +M± |^)^. 
+ £ (^ + ^)> = 0 . ( 2 - 3 ) 

where for the sake of brevity the subscript of v was dropped; A is the large parameter, 
and 

A? = A 2 + ?. • " ' (2-4) 


The boundary conditions are (Part I) 
«o = °= 


at r = E x and r = R z . 
To solve (2-3) assume 


dr* 


*-o. 


dr 3 


v == Ce£, 


( 2 - 5 ) 


<: (2*6) 


where £ is a function of r, and it contains the large parameter A; and 6 is aslowly 
varying function of r. ; , , 
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Substituting (2*6) in (2-3), equating to zero the two terms of the. highest order 
respectively, and integrating, then £' aijd C are given by 


/(£')=I'® - (2Af+A 2 ), £' 4 +(A*+2A 2 Af) £' 2 - A 2 AJ - ^ ( a *+- 


r'mZ'WT ‘ 

i 

where primes denote differentiation with respect to r. 
To obtain £ integrate £' with respect to r, whence 


(2*8) 
J n 

where r = r 0 corresponds to the critical point of the asymptotic expansions, namely, 
where df (£')/9£' vanishes, i.e. r = r 0 is the root of the equation (Part III, § 4) 



The solution of the equation (2*3) can now be completed, which will only be given 
for the case when A x == A, i.e. when cr = 0. 


Let r — i? 0 be the radius where the velocity V vanishes; thus from (2*1) it is found 
that , 


, \ 

s _ JR, 

0 . (1-^1/i? 2 )** 

(2-10) 

! 

Put 

v = R,-\-x } 

(2-11) 

then from (2*1) 

(i?l/i?l-l) 2 ii 0 ** 

(2-12) 

where terms of order ( x/B 0 ) 2 and higher were disregarded* 


Denoting for brevity 

, _ (1-fiRljRlf 

vW(RHR\-lfR 0 ’ 

(2-13) 

it is found that £' is equal to (2- 7) 



£' = ±A[l+w(Aa;)i]i, 

(2-14) 

where co is any root of 

(0 s = 1, ‘ 

(2-15) 

whence 

±*( X [l+aj(hz)t]tdx, 

J X 0 

(2-16) 

where x 0 is the root of 

1 +hx = 0. 

(2-17) 


£ is evaluated for the case when <o = 1, and x is negative,' since only this expression 
will be needed in our computations. 
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Changing the notation, let 

L = [(-hx)i-Ifdx. (2-18) 

J £C, 

Putting (— hx)* — 1 = q z , (2-19) 

then L = — ^[( — hx)*— 1]*|-—+ (2-20) 

whence the corresponding values of £ are 

. £=±A %L. (2-21) 


It is worth while noticing that the expression for L (2-20) is valid if w =]= 1, provided 
that a suitable cube root is taken; care, however, is needed to get the correct argu¬ 
ment of L. 


3. Integrals and their transeormations 


Now construct the six integrals for positive and negative values of x respectively. 

First find six particular integrals for positive and negative values of x. A certain 
set of solutions is assumed for positive x, and their transformations are given for 
negative x. 

Let (2-15) = e ini , = e^\ o) 3 = e 2 ”, (3-1) 

and denote x — x v when r = R t , x = x 2 , when r — R 2 . (3-2) 

The particular integrals are all of the form (2-6), (2-7) 


rKm'm'T v ' 

where £ is found from (2-16); for the case when o> = 1 the explicit expression of £ 
is given by (2-20). 

It is easily obtained from (2-7) that 


3/ 


d£‘ 


7 = enr-A 2 ?, 


(3-4) 


whence the assumed system of integrals for positive a; is as follows (Part III, (9*8)): 

e -frri e h eh 


r 1 = 

r.- 

y r = 


r*(fi)* (hx)*’ 
eh 

w 

— eh 


r 2 = 

Ll = 


ri(£^(hxr 

— 

W 

eh 


5 ~ r^gs)* (fox)*’ 


(3*5) 


The particular constants in the integrals were taken for theoretical, reasons; 
namely, to simplify the lay^s of transformation in passing through the critical point. 


Vol. 18 7* A. 
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The integrals for negative values of x are denoted by Z V Z 2) ...,Z 9 , and are 
obtained from Y X ,Y Z ,...,Y 6 by substituting instead of x the quantity * 

x = (-x)e ni . (3-6) 

For mstanoe, Z, - Z *" < 3 '’> 

where the corresponding arguments of (i), £' and £ are given in tables 1 and 2. 


Table 1 . x>0, arg# = 0, £ = A f [1 +u)(lix)*] i dx, arg£' = arg£. 

J Xo 


Y n 

In 

0) 

argln 

£(«,)*[! +«(te 1 )*3 4 


Yx 

II 


7T/3 

a 

00 

Y * 

la 

S- ni 

2tt/3 

— a 

0 

Y a 

la 

e 2ni 

7r 

— $0 

0 

Y, 

I* 

e% ni 

4?r/3 

— a 

0 

y 5 

I. 


5tt/3 

a 

00 

Y e 

la- 

1 

0 

a* 

00 

Table 2. 

x<0, 

arga; = n, £ = } 

lP[l + e*™a>( 

— hxffldx, arg£ = arg £'+7 t’. 




J &0 

&K*i) 


Zn 

In 

0) 

argln 

= [14* e* 7r ^( - &%)*]* 


Zx 

k 

e t*< 

3tt/2 

&0 

P 

Z 2 

la 

e* ni 

Htt/6 

6 

00 

Z a 

la 

i vi 

1377/6 

5 

00 

Z, 

la 


57T/2 


p 

Z* 

la 


17tt/6 

-6 

0 

Z* 

la 

1 

7 tt/6 

-5 

0 

The letters a and b are introduced for the sake of brevity. The arguments of £' and £ 

are evaluated for | hx 

| infinite, except in the case of Z x and Z 4 , where the arguments 

of and £ are 

i valid for finite (hx) provided that 

| hx | > 1; in the last column it is 

indicated whether the integrals tend to infinity, 

to zero, or are periodic for large 


values of | hx |. 


The system of integrals selected as a solution of (2-3) and their transformations, 
are given in table 3. 

Table 3 



x>0, arga; 

= 0 

a?<0, arga; = 

7 T 

% 

?! 

00 


P 


Y% 

0 

-Z t +z x 

co, p 

^8 

y*+y 3 

0, 0 

z s +z 1 

00, p 


Y< 

0 

Z t -Z 3 

P, 00 

*>5 

Y s -Y e 

00, 00 

Z s 

0 


Y* 

00 

1 

1 

Js 

• p, 0 


The integrals v x ,..v 9 were selected to simplify the computation of the character¬ 
istic determinant (4-6), as will be shown below; table 3 is easily derived from table 6 
(Part III). 
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4 . Boundary conditions ; characteristic equation 
Assume, now, that the general solution of (2-3) is 

v = A 1 v 1 +A 3 v. i + ... + A e v li . 

The boundary conditions are (2-5) 

„ d z v „ d 3 v ..dv 


d z v 

V = °’ W z = °> 


dr 3 dr ’ 


at r = and r = i? 2 , since it is assumed that A x = A. 

The following notations are introduced: 

(i) r = J? 2 , x — x 3 , x>0. 

ef = e®>= A% 2 , e 2 < 2 > =f = A 2 a 2 , ei 2 > = = A 2 <~ 

= — ^ 2) = A 3 a(a 2 — 1), tjP — — yP = — A 3 d(d z — 1), • (4-3) 

%s 2) = “ ^6 2) = - A 3 a 0 (a| -1). 

(ii) r = R 1 , x = x x , %<0. 

e i v — e 4 p — A 2 6 2 , e'D = e" = A 2 6 2 , e^> = e ^ = A 2 6V 

= -9?i x) = A 3 6 0 (6 2 -1), vP = = A 3 6(6 2 —1), • (4-4) 

= A 3 5(5 2 -l). 

It is clear that the boundary expressions (4-2) for, say, Y x (the outer cylinder) are 

Y v 6?%,- ( 4 - 5 ) 

respectively, with the corresponding expressions for Z v where in the differentiations 
only the dominant terms were retained. 

Making use of (4-1), (4-2), (4-3) and (4-4), and eliminating the constants A v A 2 . 

A e , one finds the characteristic equation 


Yv 

Y>, 

7 2 +F 3 , 



eP>Y» 

e fy 2+e fy 3 , 


Vl 2] Y v 

VPY Z , 

vPY 3 +vPY 3 , 


-Z v 

— Z 3 +Z x , 

+ Z x , • 


-epz v 

-epZ 2 + epZ v 

ePZ 3 + epZ v 


~ v pz x , 

-yPZ 3 +yP>Z x , 

vPZz+vm; 



Y„ 

Yz~Y 6 , 

Y e 


e?%, 

e 5 ®y 5 -e 6 (2) y 6 , 

« 


vA 

yPY 5 -ri%, 



Y &— Z 3 , 

z s , 

— Z 1 —Z i 


ePZt-ePZ 3 , 

epZ 5 , 

-4»Z x -epZ, 


vPZ t -y£%, 

VPZ* 

-ypz t -ypz 6 


= 0. (4-6) 


3X-3 
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As can be seen from table 3 the integrals v x ...v 3 are so selected that a large Y 
corresponds to a small, or periodic Z, and vice versa; accordingly, if only terms of the 
highest order are retained, the determinant (4-6) can be transformed, by suitably 
rearranging the columns, into products of two factors, namely, 

*i. y 5 -y 6 , f 6 

,.A= efWi, e<% 

vm, y?% 

-z,+z v z 3 +z v z i ~z 3 

-epZi+epZi, e£%+el»Z v eFZ t -e?Z t =0, (4-7) 

- vPz 3 + ipz lt + n pz v yp Zi _ v (i>z s 

and, since the first determinant is not equal to zero, the second determinant has to 
vanish, whence 

-Z 2 +Z v Z 3 +Z x , z t -z 3 

-ei 1) Z 2 + e^Z 1 , e^Z 3 +e^Z v e^%-e^Z 3 = 0. (4-8) 

' -vFZ t +ypz x , ypz 3 + v pz v r t PZ i -7,pz 3 

Adding the second column to the third one, neglecting Z x in comparison with Z 3 
and Z 3 in the remaining columns, then, after few simplifications, 

1 > 1 > Z 4 + Z x 

Z 3 Z 3 e| x ), e^, e^(Z i + Z x ) = 0, (4*9) 

yl x \ vP, -vPiZt-zj 
whence, evaluating the determinant, 


\vFep- e 2 (1) vP efO-efJj {Z * + Zl) = Z *~ Z * 

Making use of table 2 and (4-4), then 


eP-ejU 
Now (table 2) 


_-eW ‘P~ e P 


__ — g~$7ri 


Vl 1 ' b 0 e • 


(4-10) 

(4-11) 


bo - [1 + e”( — hxji]* = e*^[( -hxji— 1]* = e i7ri l, (4-12) 

where the letter l is introduced for brevity; and let 

b = \\+e ini (—fix i y\* = Ke ik , . (4-13) 

where & f-v if | [ -> co. whence 


6 = - [1 + «W( - Jixji]* = Ke-u, K=[l + (-hx 1 )i+{- hsctf? 


and finally 


vF ejp-eP yi 2 

yjpep—ejp ~ il Koos ( k+ ^- 


(4-14) 

(4-15^ 
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2 ^ 

Now evaluate the ratio : ——pf ■ 

Z l +Z 1 

Hence from (2-21) and table 2 

k = *AZ, g 4 = -iXL, & = 

whencb (table 2) Z 1 ~—e iXL , Z t - e~ irri er iXL . 

Substituting in (4*16), then 

= ” * tan (XL + i»r). 

Froga (4-10), (4-15) and (4-19) the characteristic equation follows: 

2K 

tan (XL + In) — —^— cos (Jc 4 - ^tt). 

<> , 


487 

( 4 * 16 ) 

( 4 * 17 ) 

( 4 * 18 ) 

( 4 - 19 ) 


( 4 * 20 ) 


5 . Solution of the characteristic equation 

Collecting the results obtained, the question is reduced to the solution of the 
following two equations: 

tan (A L+lrr) - j- cos (& + \n), h - ^^ R y _ga_ ^ 2 ^., (5*1) 


where, 


j, (WOjgg 

L = — |[(-A* 1 )*-1]* j-—+ —, 

•Ke ik = [l + e^-^i) 1 ]*, 


( 5 - 2 ) 


where &->'f n when \hx\~*co 

l = [(-hx x )i- 1]*>0, 

and (4*14) K = [l + ( — Aa: 1 ) i -(-(—ArJ*]*. (6 - 3) 

R 0 is the radius where the mean velocity V vanishes, and x x is the value of x on the 
inner cylinder, i.e. x 1 = R 1 -R 0 . (5-4) 

The two equations (5*1) in the three unknown quantities £2^ h and A have to be 
solved under the additional condition that Q ± is minimum for variable h; i.e. under 
the condition that ^ d(hW)_ (5 . 5) 

dh ~ dh 


As a first, and a very rough approximation, one can put 

X—[(—Aa^)*— ■ ( 6 ‘ 6 ) 

where terms of order (—hxff were neglected; it is also assumed that the right-hand 
side of the first equation (6* 1) changes slowly with the change of A; accordingly it is 

necessary to find the minimum of , 

; Q x ~Wh? (5-7) 
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for variable h, under the condition that (5-6) 

A£~[( —&»!)*-1]* A = const., (5-8) 

whence (—fcej* = 3. (5-9) 

To find a better approximation, assume a set of values for (— hx x )$, starting with 
the above (5-9); from the first equation (5-1) is found the corresponding A; the value 
of £2 t is then obtained from the second equation (5-1). 

Plotting Q x against {-hxf then the (-hx^ corresponding to minimum of Q x 
can be found. 

Once the required value of (-hx^ is obtained, the general.expression for A and 
Q 1 follows; whence their values for different radii and different /t can be evaluated. 

In order that the equation (5-1) may have a real solution L must be real, i.e. the 
condition | hx x \ > 1 has to be satisfied; that puts an upper limit on A. 


6 . NUMERICAL RESULTS. COMPARISON WITH EXPERIMENT 

Below are given the results of these computations; the value of ( — hx^ corre¬ 
sponding to minimum of Q x is 

(-&%)* = 4-05. (6-1) 

Denoting by d x the distance between the inner cylinder and the corresponding 
point where the mean velocity vanishes, i.e. 

d x — x x = Bq — R x , - (fi‘2) 


-W 4 1 053_66^3_ 8£f (1-^j/lg )» 

then 1-546’ h ~ d x ~ d x ~ v 2 A 4 — l) a i2 0 ' 63 

The corresponding relations in the case when the cylinders rotate in the same 
direction are - „ 

o T 

M ~ ’ p 2 A 4 l-JRl/Rl 2 ~ 5 ’ 

where d is the distance between the cylinders, R 0 is now' the mean radius and 
2r 0 = »t 

The computation leads also to the result that 


| XL \ =2-8. (6*4) 

Now, it has been assumed in evaluating the determinant (4*6) that certain of the 
T functions are large, i.e. that the value of [ XL | corresponding to the outer cylinder 
is sufficiently large. 

Since L is approximately prop 9 rtional to the distance of the corresponding 
cylinder from the point where the velocity V vanishes, the distance —i2 0 should 
only be slightly less than d x ; hence the conclusion follows that the solution is, valid 
provided that —/i is not much smaller than half. 
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The spacings of the vortices are very sensitive to fluctuations of the minimum 
£? x ; for instance, when (R 1 = 3-80 cm.) 

QJv = ZZ6±2, 

the corresponding spacings are about 

0*173 ±0-016 cm. • 

In fact, Taylor ( 1923 ) and Lewis ( 1927 - 8 ) found considerable fluctuations in the 
observed values of the spacings. 



Table 4. 

jBj. = 3-00 cm., 

JS 2 = 4*035 CM. 





QJv 

DJv 

-/* 


7T/A 

calculated 

observed 

0-565* 

0-550 

' 0-850 

40-0 

37*2 

0-60 

0-543 

0-826 

41-6 

41*4 

0-703 

0-493 

0-763 

46-3 

42-3 

0-905 

0-429 

0-664 

56-0 

52-0 

1-073 

0-388 

0-599 

64-4 

62-8 

1-285 

0-345 

0-534 

75-6 

79*6 

1-48 

0-314 

0-485 

86-5 

87-9 

1-67 

0*288 

0-445 

97*5 

97-0 

2-00 

0-252 

0-390 

117*7 

118-0 

2-37 

0-221 

0-342 

141-9 

137-0 



Table 5. 


3-55 cm., i? 2 = 

4*035 cm. 

QJv 




Q l /v 

QJv 

calculated 

-/* 

di 

7T/X 

calculated 

observed 

by Taylor 

0*479 

. 0*307 

0-474 

80-8 

80*7 

79-0 

0-585 

0*284 

0-439 

90-4 

89-9 

84-8 

0*591 

0*283 

0*437 

90-8 

91*0 

84-0 

0-689 

0*264 

0-409 

98*7 

96*2 

— 

0*793 

0-247 

0-382 

109-8 

106-5 

— 

0-800 

0-246 

0-381 

110-5 

105-6 

— 

0-843 

0-240 

0-371 

114*8 

109-4 

— ■ 

1-000 

0*219 

0-339 

130*7 

128-9 

— . 

1-129 

0-205 

0*317 

144-0 

135*9 

— ' 

1*244* 

0-193 

0*299 

156-5 

148-0 

— 

1*302 

0*188 

0*291 

163*0 

161-1 

, , — 

1-347 

0*184 

0-285 

167-9 

— 

172-8 

1-489 

0-173 

0*267 

184*2 

177-3 

• — 

1-63 

0*163 

0*252 

200*7 

183-7 

— 

1-795 

0-153 

0-236 

220-9 

209*4 

— 

1*925 

0-146 

0*225 

236*6 

215-0 

— 

2-00 

0-142 

0*219 

246*3 

237*3 

— 

2*17 

0*134 

0-207 

268*2 

235-9 

— 

2-32 

0*127 

0-197 

288*2 

249*8 

— 

2*53 

0*119 

0-184 

317*2 

"280-2 

— 

2*68 

0*114 

0-177 

337*4 

306*0 

— 

‘2-84 

0*109 

0-169 

360*2 

318-0 

i — 

3-25 

0*098 

0-152 

( 421-0 

393-0 

— 
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Table 6 . B-, = 3-80 cm., B 2 = 4-035 cm. 



dx 

7 r/A 

QJv 

calculated 

®ilv 

observed 

calculated 
by Taylor 

0-46 

0*156 

0*241 

206-7 

219*0 

209*0 

0*553 

0*147 

0*227 

224-0 

219-1 

222*0 

0*621 

0*140 

0*216 

241-6 

227*0 

230*0 

1*00 

0*112 

0*173 

336-1 

320*0 

— 

1*16 

0*103 

0*159 

381-7 

345*3 

— 

1*26 

0*099 

0*153 

401-7 

367*0 

— 

1*36 

0*094 

0*146 

431-9 

396*6 

— 

1*428 

0*092 

0*142 

460-1 

415*5 

— 

1*500 

0*089 

0*138 

470-6 

— 

475*0 

1*605 

0*085 

0*132 

602-7 

447*5 

— 

1*996 X 

0*073 8 

0*114 

620-7 

553*0 

—' 

2*51 

0*062, 

0*097 

791-4 

666*0 

— 

2*891* 

0*056 4 

0*087 

826-7 

733*0 

— 


Table 7. 

Spacings oe vortices. 

= 3-80 CM., B z = 4-035 

-p, 

calculated 

observed by Taylor 

0*640 

0*213 

0-232, 0-228 

0*716 

* 0*204 

0-201, 0-203, 0-198 • 

1*000 

0*173 

0-150, 0-165, 0-160, 0-157 

1*20 

0*158 

0-156, 0-165 

1*37 

0*145 

0-143, 0-146 

1*78 

0*124 

0-09, 0-105,0-115 


QJv 



Figure 1. 0 = Observed points. 
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In tables 4-7 and figures 1 and 2 are given the calculated and Taylor's observed 
values of the critical QJv, and the spacings. 

Since Q x is proportional to d x * 3 the correct value of R x is very important, par¬ 
ticularly in the case of small (jB 2 —-^i) and large -/&. 


njX 



Figubb 2. Spacings of vortices (7r/A) ; R x = 3*80 cm. 

0 = Observed points. 

For that reason the agreement between the observed and calculated values of 
Q x becomes worse when {R^-Rf) gets smaller, and —ja larger. 

The agreement is very close for the cases when R x = 3*00 cm. and R 1 = 3*55 cm., 
and rather poor for the case when R x — 3*80 cm. and laj’ge values of —ji. 

The measured value R x - 3*80 cm. is, it seems, not accurate enough; a small 
change in the latter, namely, R x = 3*79 cm., would account for the greater part of 
the difference between the observed and calculated values of Q x . Sir Geoffrey Taylor 
has kindly pointed out to me that the poor agreement in this case is probably due 
to a slight error in alinement of the outer cylinder. 

As can be seen from tables 5 and 6 our critical values of Q x , namely, 

QJv - 167*9, QJv = 470*5, 

are in close agreement with the corresponding calculated results of Taylor; so are 
the values of the spacings, as can be seen from table 8 , where Taylor's values for 
the spacings were found from the equation (Taylor 1923 , p. 321) 

A d = 1*73tt, 

d being the distance between the cylinders. 


Table 8 


Rx 

-fi 

spacings (6*3) 

Taylor’s value 

3*80 

1*500 

0*138 

0-136 

3*55 

1-347 

0-285 

0*280 
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Stability of viscous flow between rotating cylinders. III. 
Integration of a sixth order linear equation' 

By D. Meksyn, D.Sc. 

(Communicated by Professor 0. Temple, F.R.S.—Received 28 February 1946) 

1. Introduction 

The aim of this paper is to derive the asymptotic integrals, and their transformations 
through the critical points, of a certain linear differential equation of the sixth order 
containing a large parameter. 

This particular equation is of importance in connexion with the question of 
stability of viscous flow between rotating cylinders. 

Since, however, similar equations occur in all questions of stability of viscous 
flow, a development of proper methods of solution of such equations is of very great 
importance for problems of viscous flow at high Reynolds numbers. 

The method of finding asymptotic integrals of linear differential equations con¬ 
taining a large parameter is well known; it was developed by Horn ( 1899 ), Schlesinger 
( 1907 ), Birkhoff ( 1908 ) and Fowler & Lock ( 1922 ). 

The main difficulty of the problem consists in the following. 

The coefficients of the differential equation are expressions like X<j>(x), where A 
is a large parameter, and <f(x) is a slowly varying function of the independent 
variable; the function <j>(x) usually vanishes within the range of x under considera¬ 
tion, with the result that the asymptotic expansions become infinite at such critical 
points, lose their validity round these points and change their form in passing through 
such points. 

The main problem of integration consists, thus, in finding the transformations 
of the asymptotic integrals in passing through critical points. 

' This problem was considered by Jeffreys ( 1924 , 1942 ), Kramers ( 1926 ) and 
Goldstein ( 1928 , 1932 ) for certain second-order equations. 

Langer ( 1931 ), using a different method, discussed several cases of second-order 
equations; a summary of methods used and results obtained was also given by 
Langer ( 1934 ). 

A case of a fourth-order equation was solved by Meksyn (in Press). 

2. Method ox solution 

In order to explain the idea of the method, consider the case treated by Jeffreys 
( 1924 ). 

Integrate y" + \<p(x)y = 0 , ( 2 - 1 ) 

where A is a large parameter, and <f(x) is a slowly varying, bounded function of x. 

[ 492 ] 
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To solve (2-1), assume that y = Ae^ x \ (2-2) 

where A is a slowly varying function of x, and E contains the large parameter. 

It is easily found that the asymptotic solution of (2-1) is 

± iA* f [$(£)]* dx 



y = [?J(a:)]-*exp • 


Let <p(x) vanish at x = 0; it is clear that y becomes infinite at that point, which is, 
accordingly, a critical point of the expansion; and in passing through this critical 
point, the integral becomes transformed into a linear combination, with constant 
coefficients, of two particular integrals. 

The problem consists in finding these coefficients. 

To that end, expand <j>(x) round the critical point, and let 

<p(x) = 4>'{b)x+\(j)'\0)x i + (2-4) 

where ^'(0) + 0. 

Consider the auxiliary equation 


If 


y"+A<j>'{0)xy = 0. 


l<t>"{0)x 
2 0'(O) 


< 1 , 


(2-5) 

( 2 - 6 ) 


the two equations (2-1) and (2-5) will behave similarly round the critical point x = 0; 
and if the law of transformation can be found for the integrals of (2-5), the corre¬ 
sponding law of transformation can be derived for equation (2-1). In the present 
case, (2*5) can be solved in Bessel functions. 

It is clear, therefore, that for the success of this method it is necessary that A 
should be sufficiently large, so that Acc may be large for sufficiently small values 
of x,; and that f(x) should be a slowly varying function with a limited variation-. 

The problem, therefore, consists in the following. It is necessary: 

A. To find the asymptotic integrals of a certain equation, and their critioal points. 

B. To derive the auxiliary equation, integrate it, and find the transformations 
' of its asymptotic integrals. 

C. To find the transformations of the asymptotic integrals of the original equation, 
and to derive the expressions for the integrals close to the critical points. 


A. ASYMPTOTIC INTEGRALS OF THE ORIGINAL'EQUATION 
3. Asymptotic integrals 
Integrate the differential equation (Part II, (2-3)) 


dff 3 dfifr 
dr ® r dr 6 


-£ + W + a 


+ 2AHA^ + ! 

. / 27 j 6A? + 3A/45 6Af+3A» Aj+2A»A| \# 

+ r* +Al+ A Vdlr^lr 5 f r / dr 



494 IX Meksyn 

where A and A x are two large parameters, which are of the same order of magnitude, 
and A % \v % and ABjv 2 are constants of the order of magnitude A 4 ; r is the independent 
variable; it is positive, of order of unity, and it changes round a value r = J? 0 , so that 

Mq ■*— ARq ^ t < jKq H" A JSq, 
i.e. r does not reach the zero point. 

To integrate (3-1) assume ^ =? Ce (3*2) 

where £ is a function of r, and it contains the large parameter, and G is a slowly 
varying function of r. 

Substituting (3* 2) in (3* 1) and equating to zero terms of order A 6 and A 5 respectively, 
then 

rf.rif- \ ii:n.Tiy’\ i;n.°T[y \ 

(3-3) 


dm 1C dM')CdW)„ , 

^/(5) = y, <-> -TFT +H7 —m~ + Sttr 5 =’ u > 


2r dg' ' 2 tig' 2 

where /(f) = g' 6 -(2A 2 + A 2 )g'<‘+(Af + 2A 2 A 2 1 )g' 2 -A 2 A}-^(4 2 +^), 

where primes denote differentiation with respect to r. 

Integrating (3*3) one finds 0 , and the particular integrals of (3*1) are of the form 


ijr~r 


»[W|"*ef 

L ar J 3 


(3-4) 


where g' is found from the equation/(g') = 0, and g' is integrated between appropriate 
limits; there are six particular independent integrals. 

In what follows it is assumed that A x = A, which corresponds to steady motion, in 
the hydrodynamical problem. 


4. The critical points 

Since r does not Vanish within the range under consideration, the critical points 
are found from the condition (3-4) 

m')_ 0 

~w 0i <* l- > 

whence from (3-3) and (4-1) g'(g' 2 —A 2 ) = 0, (4-2) 

or, making use of the expression for/(g') (3-3), the critical values of r are found from 


and 


o. 

., AB 

^ 2 +-t- = 0 . 


(*4-3) 


(4-4) 


In the hydrodynamical problem, where this equation is important, these critical 
points turn out to be very close together; accordingly, the critical point is selected 
as that corresponding to g' = 0, i.e. 

/„. ab\ 


4 
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AB 

Let r = J? 0 be the root of A 2 + = 0, (4-6) 

and put r = B 0 +x. (4-7) 

Retaining only terms linear in x, i.e. neglecting terms of order (x/B 0 ) 2 and higher 
the expression (4-5) can be written as , 

1 + ^( 4 ’ + w)- 1 + to . (*-8) 

where h is a constant. 

Substituting (4-8) in/(£') (3-3), and, solving with respect to £', then 

£'-±A[l+«(»*)*]*, (4-9). 

whence £ = + A f [l+Mihxf^dx, (4-10) 

J X o' 

where x 0 is the root of the equation 

1+ *» = <), (4-11) 


and <u is any cube root of unity; x 0 is taken as the lower limit of integration, since 
£' has to vanish at the critical point (4-11). 

. To integrate (4-10), put 1 +oj(hx) i = q 2 , (4-12) 

and it can be seen that our selection of the critical point (4-11) leads to a somewhat 
simpler result than that to which the critical point x — 0 would lead; accordingly 

£ = ± -j- [1 +w(hx) i ]* { »L — — + jfsj. (4‘13) 

Making use of the expression for /(£') (3-3), then, finally, the six particular in¬ 
tegrals of (3*1) are given by (3-4) 

ir~r-i{E,')-l(hx)-iet, (4-14) 

where the six values of £' and £ are found from (4-9) and (4-13). 


B. INTEGRATION OF THE AUXILIARY EQUATION 
5. The auxiliary equation 

To find the auxiliary equation, it is convenient first to transform (3*1). 

Put fr = y/r*. . (5-1) 

Substituting (5-1) in (3-1), dropping all terms with powers of r in the denominators, 
except the term ABjr 2 , and making use of (4-8), the auxiliary equation follows; 

= («> 

where the independent variable was transformed to' x, and A x is put equal to A. 
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The disregarded terms do not contribute to the dominant term of the asymptotic 
integral; in the equation (3-1) the term hx was only valid in the first approximation, 
for-sufficiently small values of x; in the auxiliary equation (5-2) the expression l+hx 
is valid for all values of x. 


6. Integration of the auxiliary equation 
The equation (5-2) is of known type, and it can be solved in definite integrals. 

Let y = je ix <f>(t)dt. (6-i) 

Substituting in (5*2) then the equation will be satisfied if <p(t) satisfies 

(i« _ 3A 2*4 + MW - A 6 ) <f>(t) + A%^ = 0, (6-2) 

whence *, + AV-A««)), (6-3) 

and the* solution is 

s "J^-^-^t AV - A,, )+ te } <i ‘' («-4) 

provided that the integration is taken between such limits that the expression 

I IF 3A 2 i 5 


(6-5) 


I 1 IF 3A 2 i 5 \ 

eXp (-^(7- —') + «*( 

vanishes. 

Assume that the path of integration starts from infinity where (6-5) vanishes 

proceeds to zero and returns to infinity'along a suitable different path, where (6-5) 
again vanishes. ■ ' 

In order that (6-5) may vanish at the two extremities of the path, the real part of 
t must be positive for infinite values of *, since h can be taken as positive; the para¬ 
meter A is assumed to be real. v 


Let arg t = & if |<|->oo, 

m ordej that (6-5) might vanish at infinity, the condition 

2irn - \-n < ^6 < 2-nn + \-n, 
where n is a positive integer, must be satisfied; whence 

2tto i a 27rn , 

~7 rt 77 < & < -y+^ir. 


( 6 - 6 ) 

(6-7) 

( 6 - 8 ) 


7. Asymptotic integrals 

whtS° d ^r Wem * hx I* is larger than unit y 011 the boundaries; in 

could be con,,-? imp ° rtant ^ as f ss approximately the argument of £; the discussion 
could be considerably simplified by neglecting unity in comparison with (hx)* in 
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(4*9), i.e. the Integrals of (5*2) are considered for very large values of x; whence, 
instead of the rigorous expression for y (6*4) it can be assumed that 

2 /~|e X p|-~+ **}«. . (7-1) 

To find the asymptotic behaviour of y the path of integration is deformed so that 
it passes through the stationary points of the integrand, namely, through the 
points which satisfy 

dF d I tf \ 

< 7 ' 2 > 

along the path of the steepest descent, the new notation F(t) being introduced for 
brevity; accordingly, the stationary points are at 

, t 0 = vrX(hx)^, (7-3) 

where w is here the sixth root of unity. 

Let «i=*o + e, (7*4) 

whence, retaining only terms of the order e 2 , 

m = F(t 0 + e)zF(t 0 ) + $F”(t 0 )e\ 

F(t 0 ) = fymfacQix)*, 

F'%) = -~w*(hx)*. 



Combining now (7-2) with (7-5), and, extending the integration with respect to e 
to infinity along a suitable path’, the asymptotic values of y can easily be evaluated. 

As an example one case will be considered in detail, and only the final results will 
be given. The paths of steepest descent are indicated approximately in figures 1 and 2, 
in which are given the general schemes of integration for positive and^ negative values 
of x, the arguments of* being zero and n respectively. 

The complex plane is divided into fourteen sections (6*8) where the integrand 
(7-1) tends alternatively to infinity and zero. 

The path of integration starts in a section where the integrand vanishes at infinity, 
proceeds along any suitable path to zero and returns in a different section, where 
the integrand again vanishes at infinity, the patft being described in the anti¬ 
clockwise direction. 

^These sections are denoted in figures 1 and 2 by I, II,..., VII. 

To find the asymptotic values of the integrals these paths are deformed as in¬ 
dicated in figures 1 and 2. 

Consider now the case of the integral corresponding to the region Hl-H, and 
for x positive. 


The stationary point is (7-3), 


w(hx)*. 
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where nr is a sixth root of unity, and t 0 must lie anywhere between the sections 
III and II inclusive, i.e. 

&7r>arg* 0 >&7r. (7-7) 

It is evident that the only value of ru which satisfies these conditions is 

w x = whence t 0 = e iJri (hxf. • ■ (7-8) 

It is easy to see that the path of the steepest descent is given by 


t = t 0 + e = t 0 +ye 

6 


where y is real; whence 

F(t 0 ) = fgWa#fee)*, F"{t 0 ) = - 

and the integral (7»1), which is denoted by y v tends to 


y x — gf*****®®)*! J* e^ ni exp j— e ini (hx)$ y % | dy 

= — J e’^ihx)-^ exp jfe i,r< Aa:(&r)«j. 


(7-9) 

(7-10) 


(7*11) 


In tables 1 and 2 are given the results of these computations; the integrals for 
negative x are denoted, for shortness, by the letter z. 

Inserting in the y integrals a negative x, namely, 

' x = (—x)e’ ri , ' (7-12) 


the corresponding z integrals are obtained. 

The signs of z x , z 2 and z 6 were ohanged in order that the corresponding y integrals 
may become identical with z when the substitution (7-12) is made; it should be borne 
in mind, however, that z n is, generally, not a continuation of y n through the critical* 
point. 

Table 1. x> 0 , argce = 0, m 6 = 1, t 0 = urA(te)*. 


seotion 

TUn 

Vn 

n-i 

^6=1 

Vs = J(hx)~&exp{%Ax(hzft} • 

iii-ii 


y x = - J e$”\hx)~& ex pffe^Aa;^)^} 

iv-iii 

= 6 %”* 

: y % = J e*” 1 (hx)~& exp '' 

V-IV 

zcr 3 = e ni 

y 3 - -J^yj e^(M _A exp {fe^AaK&r)*} ; 

yi-v 

II 

Vi = J ^ 1 (te)-*exp{fe^(^^} , 

i-yii 


y s = J e% ni {Kx)-t* exp 

Vol.187. A. 




3 ? 
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Table 2. *<0, argas — n, w s = — l, t 0 = A ru{—hx)K 


section 

II-I 

m n 

w, = e^ ni 

—z 6 = J j e^'i — hx)~& exp $e% ni \x( — hxfi} 

III-II 


- Zl = - J(^y) «*"*(-*«)“*e*P(f«*"’AaK -hxft} 

TV-Ill 

3 

to 

li 

1 

- 2 a = J 6&"\ - kx)~& exp {f**"%( - hxft} 

Y-IV 

V7, = 

z 3 = - J “ *»)"* ex P {fe*"*Aa>( - hxft} 

YI-V 

vj< = 

z 4 = J e* ni { - Kx)~& exp {f - &*)*} 

I-VII 

3 

II 

z s = J j e^"\ -hx)~& exp {§e^ ni Ax( - has)’} 


• 8. Transformation op integrals 

4 

It will now be shown, as an example, how an integral for positive values of x is 
transformed when x becomes negative, and, then, the final result will be given. 
Consider the region II-I. 

(a) x>0. 

From figure 1 it is seen that the path of integration passes through two points, 
and w Q , and from table 1 is obtained the corresponding integral 

Vs-Vi, ( 8 - 1 ) 

since the path is described in the anti-clockwise direction. 

(b) x<0 

From figure 2 it is seen that the path of integration passes only through the point 
and from table 2 is obtained the corresponding integral 

.( 8 - 2 ) 

whence one concludes that the asymptotic integral y§—y x is transformed into — 2 6 
when x changes from positive to negative values, the arg# being equal to 7r. 

In table 3 are given the transformations of the corresponding integrals, and it is 
indicated whether they tend to infinity, zero or are periodic for large values of | x [. 

As can be seen from table 3, there ure seven integrals; they are not, however, 
independent; adding them up, it is found that the sums,at the y’ s and the z’ s vanish 
asymptotically. 

At first sight there appears a kind of ambiguity in the above transformations; 
for instance, from the first and second lines (table 3) it is found that y 6 is transformed 
to —z l9 whereas from the sixth and seventh lines it appears that y 6 is transformed 
into — z 4 ; the two functions z ± and z 4 are not, however, asymptotically equal. 

This difficulty is explained as follows: from figure 1 it can be seen the two y 6 
functions are different for small values ofx. 
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Table 3. 


region 

n?>0, arg# 

= 0 

. a?<0, argzc 

= rr 

II~I 

2/6 ~2/i 

00, 00 


0 

III-II 

Vi 

00 


p 

IV-III 

2/2 

0 

— z 2 +z x * 

oo, p 

v-w 

2/3 

0 

% + % 

00, OO 

VI-V 

2/4 

0 


P, 00 

vii~vi 

-2/$ 

00 


p 

I-VII 

S/5"2/6 

00, 00 

% 

0 


C. TRANSFORMATION OF THE INTEGRALS OF THE ORIGINAL EQUATION 

/ 

9. Transformation of the integrals 


It is necessary now to make use of the transformations (table 3) of the integrals 
of the auxiliary equation (5-2) in order to find the transformations of the integrals 
of the original equation (3-1). 

To that end one has to find how the two sets of integrals are related. 

The integrals of the equation (3T) are all of the form 


hot* 

where /(if) = (£' 2 -A a ) 3 -A*(l + &r),\ 

£' = ±A[l+a>(Ar)*]*, 

£ = ± A f [1 +(o(hx)*] i dx, 

J ». 

w 3 = i, '■ ■ y 

and x 0 is the root of 1+hx = 0 , 

A being a constant. 

The integrals (9-1) can be transformed into 

(hxj-iet (a; > 0),1 
A 2 r~ i (^')- i (~hx)-i (a?< 0 ).J 


(9-1) 


(9-la) 


(9*2) 


Inserting the values of £' (9*1 a) in the expressions ( 9 - 2 ), and comparing them with 
those in tables 1 and 2 , it is noticed that they are identical for large values of j x\, 
except for the factor r* and the arbitrary constants A. ■ 

Now select the constants A, and the values of <w, so that the two sets ofinfeegrals 
should be equal for large values of x, except for the irrelevant factor r*- .' ; 

In tables 4 and 5 are given the values of# and theargumehts of £(When 
| x | tends to infinity, for the integrals of the original equation (3-1). t ; - 

By comparing, for large x, an integral ( 9 ‘ 2 ) of the original equation with a £. 
(tables 4 and 5 ) equal to £ of auxiliary equation {tables 1 and 2 ), and,bearing in mind 

- ■ •. ■ • a®-? 
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the values of arg£' (tables 4 and 5), the constants A can be found so that the two 
integrals shall be equal. 

The integrals of the original equation are denoted by the letters Y and Z, so that 
Y n> Z n correspond to y n and z n respectively. 


Table 4. x > 0, arg« = 0, § = ± A f [l+<u(Aa:)*]*da;, arg£' = argg 

J X o 


Yn » 

arg£„ Y n 

0) 

arg£» 


Y* ' • e* ni 

7T/s r„ 

e% ni 

47t/3 


r 8 e* ni 

2tt/3 Y s 

e^ ni 

5tt/3 


y 3 , ' 

77 r 6 

1 

0 


Table 5. x< 0, arga: = 

77, £=+a[ [1 +we i,ri (- 
J X 0 

-Aa;) 4 ]* dx, arg£ 

= argg'+7r. 

Z n (i) 

arg|„ • -Z„ 


arg| n 


Z x 6*" 

377/2 Z 4 


577/2 


Zi ^ 

1177/6 Z 5 


1777/6 


Z 3 e 2ni 

1377/6 2, 

1 

777/6 


We now shay, as an example, how the constant 

A is found; and, then, give the 

final results. 

y Ael* 

2 r^{h X y 




Consider Y 2 , where 

! 


(9-3) 

From table 4 

arg^ = |^» 



(9-4) 

whence 

„ .46-4"* e& 

2 11 A(hx)^ 



(9-5) 

the corresponding integral y 2 (table 1) is 





eini e**. 


(9-6) 

Comparing (9-5) and (9-6) then 








(9*7) 


The following are the particular integrals for positive x: 


x>0, arga; = 0. 

_ e~* ni eh v _ -e i7ri e^ 

__ e ini - e irri 

2 ~rt(QHhxr 

y _ e& ■ y ei e • 

8 **(£mw e ~rH&)i(hx)i- 


(9*8) 
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The particular integrals for negative x are 

x < 0, arg x = n 


7 

1 (-**)»’ 

e -iwi e | 3 


- e £i 'j 

4 r^fi-iixr 

„ _ —e ini e^ 

8 “»*(£)* (-**)*’ 
^ ^ e i 7 ri e£« ■ 


(9-9) 


where in (9-8) and (9-9) the irrelevant factor (7 tAA/3 )* was disregarded; it has, how¬ 
ever, to be accounted for in the expansions for small values of a; (10-2). 

Making use of table 3 the transformations of the above integrals are immediately 
found. 


Table 6. Transformation of the integrals 


x>0 t arg x = 0 

x<0, arg x = 7T 

x>0, argx = 0 

X<0, &TgX = TT 

Y,-Y 1 

-z* 

r 4 

Z\ — Z 3 

r» 

-Z 1 

Y, 

Z* 

^3 

— Z 2 + Z 1 
+ Z 2 

Y s -Y e 

Z 5 


,10 . Expansions very close to the critical point 

\ 

It remains to show how the integrals are found for very small values of x, where 
the asymptotic expansions are no more valid. 

The integrals of the original and the auxiliary equations are connected by (5-2) 



( 10 - 1 ) 


Consider now Y x ; the integral y x of the auxiliary equation can be utilized; the 
path of integration may be selected along a straight line within region III, inclined, 
say, at an angle fy r, from infinity to zero; and, then along any straight line within 
the region II back to infinity; for example, along a line inclined at an angle frr. 
Accordingly, one obtains (6-4), bearing in mind the direction of the path, 

- / o \^1 ( /*ooe^ I'coet 7 * ) 

Y x = ^|| exp {<f>(t) + tx}dt— exp{^(<) + to}*|, (10-2) 

where ^ jy — fA 2 ^ + A 4 ^ 3 — A 6 tfj. (10*3) 

Expanding now (10*2) in powers of x , then \ 1 


(10-4) 
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where the factor (3/7rM)* was introduced to compensate its disregarding in the 
asymptotic integrals (9-8) and (9*9). 

I wish to thank Professor G. Temple, F.R.S., for his interest and encouragement, 
and the Department of Scientific and Industrial Research for a grant which enabled 
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References 

Bkkhoff, G. D. 1908 Trans. Amer. Math. Soc . 9, 219. 

Fowler, R. H. & Lock, C. N. H. 1922 Proc. Lond. Math. Soc. (2), 20, 127. 
Goldstein, S. 1928 Proc. Lond. Math. Soc. ( 2 ), 28, 81. 

Goldstein, S. 1932 Proc. Lond. Math. Soc. ( 2 ), 33, 246. 

Horn, J. 1899 Math. Ann. (52), 271, 340. 

Jeffreys, H. 1924 Proc. Lond. Math. Soc. 23, 428. 

Jeffreys, H. 1942 Phil. Mag. 33, 451. 

Kramers, H. A. 1926 Z. Phys. 39, 828. 

Langer, R. E. 1931 Trans. Amer. Math. Soc. 33, 23 (and subsequent papers). 
Longer, R. E. 1934 Bull. Amer. Math. Soc. 40, 545 . 

Meksyn, D. Proc. Lond. Math. Soc. (in the Press). 

Schlesinger, L. 1907 Math. Ann. 63, 277. 



INDEX TO VOLUME 187 (A) 

Adsorption of vapours on mercury. I. Non-polar substances (Kemball & Rideal), 53. 

Adsorption of vapours on mercury. II. The entropy and heat of adsorption of non-polar 
substances (Kemball), 73. 

Algebra related to elementary particles of spin § (Madhavarao, Thiruvenkatachar & 
Venkatachahengar), 385. 

Andrade, E. N. da C. & Dodd, 0. The effect of an electric field on the viscosity of liquids, 
296. 

Application of quantum electrodynamics to multiple processes (Jayaratnam Eliezer), 210. 

JBagnold, R. A. Motion of waves in shallow water. Interaction between waves and 
sand bottoms, 1. 

Basic reactions in the upper atmosphere, I (Bates & Massey), 261. 

Bates, D. R. & Massey, H. S. W. The basic reactions in the upper atmosphere, I, 261. 

Bhagavantam, S. & Bhimasenachar, J. Elastic constants of diamond, 381. 

Bhimasenachar, J. See Bhagavantam & Bhimasenachar. 

Bibhutibhusan Sen. Two-dimensional boundary-value problems of elasticity, 87 

Chalmers, B., Forrester, P. G. & Phelps, E. F. Emetic friction in or near the boundary 
region. I, Apparatus and experimental methods, 430, 

Cloud-chamber investigation of penetrating showers (Rochester), 464. 

Dirac’s theory of quantum electrodynamics: the interaction of an electron and a radiation 
field (Jayaratnam Eliezer), 197. 

Distribution of stress in the neighbourhood of a crack in an elastic solid (Sneddon), 229. 

Dodd, (J, See Andrade & Dodd. 

Effect of an electric field on the viscosity of liquids (Andrade & Dodd), 296 

Elastic constants of diamond (Bhagavantam & Bhimasenachar), 381. 

Experimental study of the blast from bombs and bare charges (Grime & Sheard), 357. 

Forrester, P. G, Kinetic friction in or near the boundary region. II. The influence of 
sliding velocity and other variables on kinetic friction in or near the boundary 
region, 439. 

Forrester, P. G. See Chalmers, Forrester & Phelps. 

Free radical polymerization of the vapours of certain vinyl derivatives (Jones & Melville), 
37. 

Freudenthal, A. M. The statistical aspect of fatigue of materials, 416. 

Gadsby, J., Hinshelwood, C. N. & Sykes, K. W. The kinetics of the reactions of the 
steam-carbon system, 129. 

Grime, G. & Sheard, H. The experimental study of the blast from bombs and bare 
charges, 357. 

Hinshelwood, C. N. See Gadsby, Hinshelwood & Sykes. 

* 

Jayaratnam Eliezer, C. On Dirac’s theory of quantum electrodynamics: the interaction 
of an electron and a radiation field, 197. 

[ 505 I 



506 Index 

Jayaratnam Eliezer, 0. The application of quantum electrodynamics to multiple pro r . 
cesses, 210. 

Jones, T. T. & Melville, H. W. The free radical polymerization of the vapours of certain 
vinyl derivatives,. 37. 

Jones, T. T. & Melville, H. W. The photochemical polymerization of methyl vinyl 
ketone vapour, 19. 

Kemball, 0, The adsorption of vapours on mercury. II. The entropy and heat of 
adsorption of non-polar substances, 73. 

Kemball, C. & Rideal, E. K. The adsorption of vapours on mercury. I. Non-polar 
substances, 53 

Kinetic friction in or near the boundary region, I. Apparatus and experimental methods 
(Chalmers, Forrester & Phelps), 430. 

Kinetic friction in or near the boundary region. II. The influence of sliding velocity and 
other variables on kinetic friction in or near the boundary region (Forrester), 439. 

Kinetics of the reactions of the steam-carbon system (Gadsby, Hmshelwood & Sykes), 129. 

Krishnan, R. S. The Raman spectrum of rock-salt, 188. 

Krypton vacuum wave-length measurements (Littlefield), 220. 

Lattice points'in w-dimensional star bodies. I. Existence theorems (Mahler), 151. 

Littlefield, T. A. Krypton vacuum wave-length measurements, 220. 

Long, L. H. & Norrish, R. G. V T The thermochemistry of oarboin: Valence states, heats 
of sublimation and energies of linkage, 3371 

McDowell, C. A. & # Moelwyn-Hughes, E. A. Some thermodynamical properties of gaseous 
sulphur dichloride, 398. 

Madhavarao, B. S., Thiruvenkatachar, V. R. & Venkatachaliengar, K. Algebra related 
to elementary particles of spin 385. 

Mahler, K. pn lattice points in ^-dimensional star bodies. I, Existence theorems, 151. 

Massey, H. S. W. See Bates and Massey. 

Mechanism of ionospheric ionization (Woolley), 102. 

Mechanism of ionospheric ionization, II (Woolley), 403. 

Meksyn, D. Stability of viscous flow between rotating cylinders, I, 115. 

Meksyn, D. Stability of viscous flow between rotating cylinders. II. Cylinders rotating 
in opposite directions, 480. 

Meksyn, D. Stability 6f viscous flow between rotating cylinders. HI. Integration of 
a sixth, order linear/equation, 492. 

Melville, H. W. See Jones & Melville. 

Moelwyn-Hughes, E. A. See McDowell and Moelwyn-Hughes. 

Motion of waves in shallow water. Interaction between waves and sand bottoms 
(Bagnold), 1. 

Norrish, R. G. W. See Long & Norrish. 

Note on R. A. Bagnold’s empirical formula for the critical water motion corresponding 
with the first disturbance of grains on a flat surface (Taylor), 16. 

Phelps, E. F. See Chalmers, Forrester & Phelps. 

Photochemical polymerization of methyl vinyl ketone vapour (Jones .& Melville), 19. 




Index 507 

Raman spectrum of rock-salt (Krishman), 188. 

Ridoal, E. K. See Kemball & Rideal. 

Rochester, G. I). A eloud-ehamber investigation of penetrating showers, 464. 

Sheard, H. See Grime & Sheard. 

Sneddon, I. N. The distribution of stress in the neighbourhood of a crack in an elastic 
solid, 229. 

Stability of viscous flow between rotating cylinders, I (Meksyn), 116. 

Stability of viscous flow between rotating cylinders. II. Cylinders rotating in opposite 
directions (Meksyn), 480. 

Stability of viscous flow between rotating cylinders. III. Integration of a sixth order 
linear equation (Meksyn), 492. 

Statistical aspect of fatigue of materials (Freudenthal), 416. 

Sykos, K. W. See Gadsby, Hinsholwood & Sykes. 

Taylor, Sir Geoffrey. A note on R. A. JBagnold’s empirical formula for the critical water 
motion corresponding with the first disturbance of grains on a flat surface, 16. 

Thermochemistry of carbon: valence states, heats of sublimation and energies of linkage 
(Long & Norrish), 337. 

Thermodynamical properties of gaseous sulphur dichloride (McDowell & Moelwyn- 
Hughes), 398. 

Thiruvenkatachar, V. R. See Madhavarao, Thiruvenkatachar & Venkatachaliengar. 

Two-dimensional boundary-value problems of elasticity (Bibhutibhusan Sen), 87. 

Vonkatachaliongar, K. See Madhavarao, Thiruvenkatachar and Venkatachaliengar. 

Woolley, R. v. (1. R. The mechanism of ionospherio ionization, 102. 

Woolley, R. v. d. R. Tho mechanism of ionospheric ionization, II, 403. 


END OE THE ONE HUNDRED AND EIGHTY-SEVENTH VOLUME (SERIES A) 




I.A.R.I. 75 

INDIAN AGRICULTURAL RESEARCH 
• INSTITUTE LIBRARY, NEW DELHI. 


Date of i»sue Date of Isgue Date of Issue 



GtPNLK—11-40 I .Afll.1,—29-4-55—15,000 * 






